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UNIQUELY REMOTAL SETS IN ¢,-SUMS AND /¢*-SUMS OF
FUZZY NORMED SPACES

A. K. MIRMOSTAFAEE AND M. MIRZAVAZIRI

ABSTRACT. Let (X, N) be a fuzzy normed space and A be a fuzzy bounded
subset of X. We define fuzzy ¢°°-sums and fuzzy cp-sums of fuzzy normed
spaces. Then we will show that in these spaces, all fuzzy uniquely remotal sets
are singletons.

1. Introduction

A famous problem in approximation theory is whether or not sets having unique
farthest point property are singletons. Klee [14] proved that any positive answer to
this problem in Hilbert spaces implies that all Chebyshev sets are convex. There
are many cases in which this problem can be answered affirmatively, such as in
finite dimensional spaces [1], in compact sets [14] and in the case that the farthest
point map is continuous [6], etc. We refer the reader to [4, 5, 9, 12, 18, 19, 20] and
[21] for further results in this direction.

The celebrated paper of Zadeh [23], motivated some authors to develop fuzzy
set theory to different branches of pure and applied mathematics [7, 11, 16, 22].
The concept of fuzzy norm was introduced by Katsaras [13] in 1984. Felbin [10]
introduced an alternative definition of a fuzzy norm on a linear space. In 2003,
following [8], Bag and Samanta in [2] and [3], introduced and studied an idea of a
fuzzy norm on a linear space in such a manner that its corresponding fuzzy metric
is of Kramosil and Michalek type [15].

In [17], we introduced the notion of fuzzy remotal sets and discussed closability
of farthest point maps in fuzzy normed spaces. Given a family of fuzzy normed
linear spaces {(X,, Ny)}yer, in Section 3, we use an idea from [18] to define fuzzy
co-sum and fuzzy £>°-sum of the family {(X,, N;)}yer. Then we will show in these
fuzzy normed spaces that every set with unique fuzzy farthest point property must
be a singleton.

2. Preliminaries and Some Elementary Results

In this section, we will define and discuss some ideas which will be used in the
sequel. To start with, following [2] and [3], we will give the notion of a fuzzy normed
space.
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Definition 2.1. Let X be a complex linear space. By a fuzzy norm on X, we
mean a fuzzy subset of X x [0,00) such that the following conditions hold for all
xz,y € X and scalars ¢, s, t:

(N1) N(z,0) =0 for each z # 0;

(N2) = =0 if and only if N(z,t) =1 for all ¢ > 0;

(N3) N(cz,t) = N(z, %C‘), whenever ¢ # 0;

(N4) N(z+y,s+t) > min{N(z,s), N(y,t)} (the triangle inequality);

(N5) limy_yoo N(z,t) = 1.
A linear space X with a fuzzy norm N, will be denoted by (X, N) and is called a
fuzzy normed space. It follows from (N2) and (N4) that N(z,.) is an increasing
function for each z € X. In fact, if x € X and 0 < s < t, then

N(z,t) > min{N(z,s), N(0,t —s)} = N(z,s).

Example 2.2. Let (X, |.||) be a normed linear space. It is easy to verify that

_t z#0
N(z,t) = { i+|\w|\ v 0

defines a fuzzy norm on X.

Throughout the rest of this section, unless otherwise stated, we will assume that
a € (0,1) and (X, N) is a fuzzy normed space.

Definition 2.3. A subset A of X is said to be fuzzy a-bounded if there is a real
number m such that N(a,m) > « for all a € A. It is called fuzzy bounded, if there
is some m > 0 such that for each o € (0,1), N(a,m) > « for all a € A.

Example 2.4. In Example 2.2, each bounded subset of (X, ||.||), as in usual sense,
is a fuzzy a-bounded subset of (X, N), but (X, N) has no fuzzy bounded subset,
except the set {0}. Note that even nonzero singletons are not fuzzy bounded in
this case.

Definition 2.5. Let A be a fuzzy a-bounded subset of X. For z € X, we define
Qa(A, ) to be

{a€ A: if 0 < s <tthen N(z —a,s) > « implies N(z —b,t) > « for all b € A}.

If there is no danger of ambiguity, we denote Q,(A,x) simply by Qu.(z). Each
element a € Q,(x) is called a fuzzy a-farthest point of A from x and the map
x — Qu(x) is called the a-farthest point map associated with A. The set A is said
to have the fuzzy a-farthest point property (or to be fuzzy a-remotal) in X if for
each ¢ € X, Qu(x) is nonempty. A is called a-singleton if for each a,b € A and
each t > 0, the relation N(a — b,t) > « holds. Clearly, A is singleton if and only if
it is a-singleton for all @ € (0,1). If Q. () is a-singleton then we say that x admits
an a-unique a-farthest point in X. A is said to have the fuzzy a-unique a-farthest
point property (or to be fuzzy a-uniquely remotal) in X if each z € X admits an
a-unique a-farthest point in A.
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Remark 2.6. If for some z € X, Q,(x) is not empty, then A is fuzzy a-bounded.
To see this, let a € Qq (). By (N5) there is an sg > 0 such that N(z —a, sg) > «a.
Thus for tg = sp + 1 and each b € A we have N(z — b,ty) > a. Moreover, we
can find some ¢; > 0 such that N(x,t;) > «. Thus for m = to + t; we have
N(b,m) > min{N(b — x,tg), N(z,t1)} > « for each b € A. This shows that A is
fuzzy a-bounded. So we logically will assume that A is a-bounded in our discussion.

Lemma 2.7. A fuzzy a-uniquely remotal subset A of X is a-singleton if and only
if a € Qu(a) for some a € A.

Proof. Let a € Qq(a). Thus for each b € A and t > 0 we have N(a — b,t) > a,
since N(a — a,s) =1 > « for each s. Therefore, we have

t t
N(by — ba,t) > min{N(b; — a, 5), N(a — b, 5)} > a,

for each by, by € A.
The converse is obvious. O

We need the following result.

Proposition 2.8. Let A be a fuzzy a-uniquely remotal subset of X. Then A is
a-singleton if and only if for each t > 0,

maX{N($_QQ(x)7t)7N(y_QQ(y)vt)} <a (1)
implies that N(qq(x) — qa(y),t) > a.

Proof. Let z,y € X, qu(z) € Qu(z) and ¢, (y) € Qu(y). If the inequality (1) holds
for each t > 0, then by our assumption,

N(Qa('r) - qec(y)7t) > a,

and hence, by the definition, A is a-singleton.

Conversely, assume that the inequality (1) implies that N(go(z) — qa(y),t) > «

and let ¢ > 0 be arbitrary. We will show that N(ga(z) — ¢u(y),t) > . This

will prove our result. If the inequality (1) does not hold for ¢ and for each ¢ > 0,
t—r

N(z — go(2), ﬁ) > «, then for each 0 < r < ¢, if we put ¢ = ==, the relation
N(z — qo(z),r = IL“) > « holds. It follows that

N(z — qo(z),7) >, Vr>0.

Hence by Lemma 2.7, A is a-singleton. Similar argument shows that if for each

¢>0, Ny —qaly), ﬁ) > a, then A is a-singleton. Hence, we can assume that

there are positive real numbers ¢; and ¢y such that

N(@ = (o), 1) < 0 Ny = alw): 15) <o &)
Let ¢ = max{ci, c2}. By (2),
N — ga(@), ——) < &, Ny — ga(y), ——) < a.

1+c 1+c
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Therefore, by our assumption,

N(qa(2) = qa(y),t) = N(¢a(z) — ga(y) !

— ) >
’1+c)_a

O
Lemma 2.9. Let A be a subset of X and Q. denote the a-farthest point map
associated with A. Let a € A and for some qo(x) € Qu(z),

N(a—qa(2),t) >
for allt > 0. Then a € Qq(x).

Proof. Let s <t and N(x —a,s) > «. Then for e =t — s,
N —ga(e)os+35) > min{N(w—a,s),N(a—qa(@),5)}
> min{a,a}
= a.
Let b € A. Sincet = s+¢ > s+ 3, the definition of Q () implies that N(x—b,t) >
a. Thus a € Qq(x). O

Corollary 2.10. Let A be a fuzzy a-uniquely remotal subset of X. If Qu(z) N
Qa(y) # ¢, then Qu(z) = Qa(y).

Proof. Let a € Qu(x) N Qa(y). Then for each gq(z) € Qu(x), ¢a(y) € Qaly) and
t > 0, we have

N(a — go(x), %) >« and N(a — g (y), %) > a.

Therefore
. t t
N(qa(l‘) - qa(y)vt) > mln{N(a - qa(I)7 §)a N(CL - qoé(y)a 5)} > o
Therefore, by Lemma 2.9, Qn(2) = Qu(y). |

3. Fuzzy cp-sums and Fuzzy (*°-sums of Fuzzy Normed Spaces

Given a family of fuzzy normed spaces, we will define fuzzy ¢°°-sums and fuzzy
co-sums of the family. Then we will show that in this spaces, all fuzzy uniquely
remotal sets are singleton.

Definition 3.1. Let {(X,, N;)}yer be a family of fuzzy normed spaces. Let X =
IT,er X, . Define
N(I7t) = inf{N’Y(‘T’Wt) Y € F}a (3)
where 2 = (2)yer € X. Then the co-sum of the family {(X,, Ny)},cr, is defined
by
co( Xy, Ny)qer

= {(zy)yer € X : {v:N,(x,,¢) < a} is finite for each o € (0,1) and € > 0}.

We also define the £°°-sum of the family by

(X, Ny)yer = {z = (xy)yer € X : tlggo N(z,t) =1}.
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Proposition 3.2. Let {(X,, Ny)}yer be a family of fuzzy normed spaces. Let
X = co(Xy, Ny)yer and Y = (X, Ny)yer. Then (X,N) and (Y,N) are fuzzy
normed spaces, where N is the fuzzy set defined by (3).

Proof. Tt follows from the definition that (N1) is satisfied. Hence, we have to show
that the conditions (N2)-(N5) of Definition 2.1 hold.

(N2) If x = (x,) = 0, then for each v € I, x, = 0. Therefore N,(z,,t) =1 for
each t > 0. It follows that

N(z,t) =inf{N,(z,,t):y €T} =1, Vt > 0.

Conversely, if N(z,t) = 1 for each ¢ > 0, then for each vy € T and ¢ > 0,
N, (x,t) = 1. Therefore z, = 0 for each v € " and hence z = 0.
(N3) Let ¢ be a nonzero scalar. Then

N(cz,t) = inf{N,(cxy,t):v €T}
. t
= N (o ) 7 €T)

t
= N(z,—).
(N4) If 2,y in X or Y and s,t > 0, then for each v € T,
NV($W+y778+t) Z min{N’Y(I’Y?S)v N’Y(y’Y7t)}
> min{N(z,s), N(y,t)}.
Therefore
N(z+y,s+1t) = min{N(z,s),N(y,)}.

(N5) Let = (z4) € X. Given a € (0,1), by definition, there is a finite subset
Iy of I, such that

Ny(xy,1) > o, ¥y ¢ T4
For each + in the finite set I'y, there is a t, such that N(z,,t,) > a. Put
t = max{t, : v € I'1}. Thus
N(z,t) > a, VyeTl.
Since « € (0,1) is arbitrary, lim;_, . N(z,t) =1 for all x € X. This proves
(N5) for (X, N). It follows from definition that (N5) holds for (Y, N).
In the reminder of this section, assume that « is a fixed element in (0, 1).

Lemma 3.3. For each v = (uy) € co(Xy, Ny)yer there is a vo € I' such that for
allveT,
Ny (tqyg, s) < a or Ny(uy,t) >« (4)
if0<s<t.
Proof. By definition, for each € > 0 the set
Ue = {7 : Ny(uy,€) < a}

is finite. If U, is empty for all € > 0, then there is nothing to prove. Let U, is
non-empty for some £ > 0. Fix such an € > 0. First note that it is sufficient to
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prove that there is an element vy € U,, such that the relation (4) holds for each
v € Ug. In fact, if for each vy € Ug, there is some v; € I' such that

N’Yo (uvov 50) > o> N% (U’hﬂto)
,0 them since N, (tq,,€) < «, we have s9 > € and therefore,
Ny (U, €) < Ny, (uqy, t0) < €.
Hence v, € U..
Let for each n € N, P(n) denote, the following statement:
For a nonempty subset V,, C U., with n element, there is some g € V,, such
that (4) holds for each v € V,.
Then P(1) trivially holds. Let P(n) holds and V;,11 be a subset of U, with n + 1
elements. Let v,41 be an arbitrary element of V1. Then V,, = V01 \ {141} is

a subset of U, with n element. By our assumption, P(n) holds for some vy € V,.
If for some 0 < sg < to,

N’Yn+1 (U’Yn+1 ) 50) > o> N’Yl (u‘h ) to), (5)

for some y1 € V41 Y1 # Ynt1, since sg > tg. Therefore, v; € V,, and by assumption,
N (U, s0) < . We will show that (4) holds for each v € V1. If 0 < s < ¢, them
by the assumption, (4) holds for each v € V,,. If N, . (u,,,,t) < a, then by (5)
s <t < sg. Hence

N’Yo (U’YO’S) < N’Yo (uVov 50) <a.
This proves our induction. Since U, is finite, the lemma follows. O

Definition 3.4. X is called a-zero if for each © € X and t > 0 we have N(z,t) > «a.

Theorem 3.5. Let I' be any set with |T'| > 1, and (X, N) be a fuzzy co-sum of the
family {(X, Ny)}yer of fuzzy a-nonzero normed spaces. Then every a-uniquely
remotal subset A of X is an a-singleton.

Proof. Let z,y € A. Applying the above lemma for u = £ —q,(z) and u = y—q.(y),
respectively, we can find 1,72 € T such that for all v € T,
Ny (24, = qa(@)qy,8) < @ or Ny(zy — qa(2)4,1) = @
and
Nos (Y12 = 4a(y)y258) < @ or Ny(yy = qaly)y,t) > @
ifo<s<t.
Two cases may happen:
(a) It is possible to choose y1 # 7.
In this case let z = () be defined as

b = { Ty Y # Y2
v = _
Yy Y =72
We claim that ¢, (), ¢a(y) € Qu(z). Indeed, we have to show that for all b € A,
N(z —ga(x),s) <aor N(z—"b,t) > «

and
N(z—=ga(y),s) <aor N(z—b,t) >«
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if0<s<t.
Let t > 0 be arbitrary. By Proposition 2.8, we may assume that

maX{N(x - q&(x)at)v N<y - qa(y)at)} <a.

We will show that N(z — ¢u(2),s) < « for all 0 < s < ¢ . This proves that g,(z) €
Q«(z). On the contrary, suppose that for some 0 < s < ¢, N(z — go(x),s) > .
Then

N’h (xm - qa(‘r)“/ns) 2 N(Z - q&(x)a S) 2.
By the property of 1,

Ny(zy — qa(2)4,t) > Vy el

Hence N(z — qo(z),t) > a which contradicts our hypothesis. Similar argument
shows that ¢, (y) € Qa(z). Hence by Corollary 2.10, Q. (x) = Qa(2) = Qu(y).

(b) It is not possible to choose 71 # 7s.

Since |I'| > 1, in this case, we can find some 7y # 1. Since A is a-bounded,
there is an m > 0 such that N(a,m) > « for all a € A. Since X, is not a-zero,
there is an element u € X,, with N(u,to) < « for some ty > 0. Let w,, = Qt—’()”u

Then N, (w,,2m) = Ny, (u,ty) < o. Define w = (w,) as

Wa = Wy Y =70
v 0 otherwise

We claim that
Noyg (Wag = ga (W), 8) < @ or Ny(wy — ga(w)y,1) >
if 0 < s < t. To see this let s < m. Then

a > N'YO (w707 2m)
2 min{N’Yo (w’m - qa(w)’yovm)vN’Yo (th(w)’Yo?m)}
2 min{N’Yo (w’)'o —la (w)’ym m)v O‘}'

Thus Ny, (W — ga (W), 8) < .
On the other hand, if s > m and ~ # g, then

Ny (wy = o (w)y, 1) No (0 = ga(w), 1)

> Ny(ga(w)y,m)
> .
Therefore
N% (ww - qa(w)"/ws) < aor N’Yo (w% - qa(w)“/rnt) Z Q,
for all 0 < s < t. By Case (a), Qa(z) = Qu(w) = Qu(y). O

Lemma 3.6. Let u= (uy) € £>°(X,, N,)yer. Then there is a sequence {v,} in T
such that for each 0 < s < t, there is some ng, such that for each n > nyg,

N, (uny,,s) < aor Ny(uy,t) > a VyeT. (6)
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Proof. If N(u,t) > « for each t > 0, then for each v € I', N, (uy,t) > a. Otherwise,
by (N5) we can find some ¢y > 0 such that

N(u,s) < o and N(u,t) > « (7)

for each 0 < s < tg < t. Hence for each n € N, the set U,, = {y € I' : Ny (uy,to —
1) < a} is not empty. Let v, be an arbitrary element of this set. We will show
that for each 0 < s < ¢, there is some ng € N such that for each n > ng, (6) holds.
On the contrary, suppose that there are vy € I' and 0 < s < t such that for each
ng € N, there is some n > ng with

Ny,

(Un,s §) > @ > Ny (U, t).
Therefore ty — + < s for infinitely many n. Hence tg < s <t. By (7), N(u,t) > a.
Therefore N, (u.,t) > «, for each v € T, which contradicts the choice of ~. O

Theorem 3.7. Let T be any set with |T'| > 1, and (X, N) be a fuzzy £>°-sum of the
family {(X, Ny)}yer of fuzzy a-nonzero normed spaces. Then every a-uniquely
remotal subset A of X is a-singleton.

Proof. Let x,y € A. By Lemma 3.6, there are sequences {v,} and {7/} in T" such
that
Ny, (@5, = qa(@)y,,8) < @ or Ny(zy — ¢a(2)y,t) >

and
NW;L (y'y,ﬁL - Qa(y)'y,flas) < aor N’y(yv - Qa(y)'yvt) >«
for all v € T', 0 < s < t and large enough n.
Two cases may happen:
(a) It is possible to choose 7, # ~,, for each n,m € N.
In this case let z = (2z,) be defined by

- { 2y Y & (Vi tmen

Yy Y € {Vmtmen
Let t > 0. We will show that
N(Z - qa(iL'),S) < «a and N(Z - QQ(y)vs) <«

if 0 < s < t. This proves that Q,(z) = Q.(z) = Qu(y). By Proposition 2.8, we
may assume that

maX{N(‘T - Q(x(x)at)v N(y - QQ(y)at)} <,
so that for all 0 < s <t and large enough n,
max{N,, (x% - qa(a?)%,s),N% (?JW;L - Qa(y)vins)} <a.
It follows from the definition of z that for large enough n,
maX{N(Z - Qa(x)a 8), N(Z - (Ia(y)a S)}
< max{N,, (2., — Qa(x)'ynas)an{l (y'y;, - qa(y)m@as)} <a.

This proves our result in this case.
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(b) ¥n = 7., for all n,m € N. It is easy to see that in this case there exists some
Yo € I' such that for all v € T,

N (2o = ga(@)rg, 8) <@ or Ny(2y = qa()y,t) 2

and
Noyo Uy — 4a(Y)yos8) < @ or Ny(yy — qa(y)y,t) > @

if 0 < s < t. The rest of the proof is similar to the Case (b) of Theorem 3.5, hence
it is omitted. g
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