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Abstract 
 
Based on the rippling deformations, a nonlinear continuum elastic model is developed to analyze the transverse vibration of single-

walled carbon nanotubes (SWCNTs) embedded on a Winkler elastic foundation. The nonlinear natural frequency has been derived ana-
lytically for typical boundary conditions using the perturbation method of multi-scales. The results indicate that the nonlinear resonant 
frequency due to the rippling is related to the stiffness of the foundation, the boundary conditions, the excitation load-to-damping ratio, 
and the diameter-to-length ratio. Moreover, the rippling instability of carbon nanotubes, as a structural instability, is introduced and the 
influences of several effective parameters on this kind of instability are widely discussed.   
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1. Introduction 

Carbon nanotubes (CNTs) were discovered by Sumio Iijima 
in 1991 [1]. Because of their novel electronic, mechanical, and 
other physical and chemical properties, CNTs have received 
extensive interest, drawn a great deal of research of science 
and hold substantial promise as building blocks for nanotech-
nology [2-8]. There are several reasons confirming that accu-
rate theoretical models for vibrational behavior of carbon 
nanotubes (CNTs) are very important. For instance, most of 
the nanodevices such as nano resonators work on the basis of 
vibrating CNTs. Hence, the natural frequencies of nanotubes 
play a significant role on the operation of nano-
electromechanical systems (NEMS). In addition, the effective 
Young’s modulus of a nanotube can be determined indirectly 
from its measured natural frequencies or mode shapes if a 
sufficiently precise theoretical model is used. 

Molecular dynamics (MD) method simulates the mechani-
cal behavior of CNTs accurately. However, MD simulation is 
limited to systems with a small number of atoms (say less than 
1016), remains time consuming and expensive [8]. For large-
scale systems, continuum mechanics approach has widely and 
successfully modeled vibrational characteristics of CNTs and 
there are many researches use this method for modeling nano-
structures and nanotubes recently [9-13].  

The high elastic modulus of CNT (higher than 1 TPa) and 
remarkable bending flexibility (up to 20%) without breaking, 
exhibit new phenomena in bending vibration of nanotubes, 
called rippling deformations. This configuration affects di-
rectly the resonant frequencies, the bending stiffness, and the 
effective Young’s modulus of a CNT. Liu et al. [14] deter-
mined the Young's modulus of a CNT by measuring reso-
nance frequency and using the modulus-frequency relation 
resulting from the linear vibration theory. They showed that 
the Young's modulus of CNT decreased sharply, from about 1 
to 0.1 TPa with increasing diameter D from 8 to 40 nanome-
ters, corresponding to unusual rippling mode in bending. Fur-
thermore, the investigators confirmed that the results from 
linear bending theory might be invalid in such measurements. 
Hence, a nonlinear generalized local quasi-continuum method 
was applied to investigate the effective stiffness of multi-
walled carbon nanotubes (MWCNTs) with rippling deforma-
tion by Arroyo and Belytschko [15]. They found that the pre-
dicted effective modulus both in bending, and torsional de-
formations were much smaller than those predicted by linear 
elasticity. Wang et al. [16] constructed a three-dimensional 
finite element model based on orthotropic theory of finite 
elasticity deformation, to obtain a nonlinear bending moment–
curvature relationship of CNTs, which represented the rip-
pling deformation in bending mode. Utilizing this relationship, 
the effective bending modulus of carbon nanotubes with dif-
ferent cross-sections was obtained by means of a bi-linear 
theory and a simplified vibration analysis method. A more 
precise model was developed by Wang et al. [17] to estimate 
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the effective bending modulus of CNT with the rippling con-
figuration. The bending moment–curvature relationship was 
derived using finite element method, expressed as a ninth 
order polynomial equation. A nonlinear vibration analysis 
method was used to calculate the effective modulus of a CNT 
with rippling mode. The results declared that the effective 
bending modulus of carbon nanotubes decreased substantially 
with increasing diameter. 

Moreover, in recent years, many investigations have been 
devoted to the application of CNTs as a reinforced phase in 
nanocomposites and considerable attention is focused on me-
chanical and vibrational behaviors of CNTs embedded in an 
elastic matrix such as polymer and metal [7, 10].  

The wavelike rippling morphology of a CNT in bending de-
formation affects the structural characteristics and causes the 
bending stiffness to be a function of deformation. Hence, in a 
vibrating CNT, the vibrational behavior becomes related to the 
dynamical deformation and instantaneous curvature of nano-
tube. Furthermore, the rippling deformation makes the relation 
between the bending stiffness and the deformation nonlinear 
[16, 17], and the linear bending theory is not applicable and 
appropriate to the transverse vibration of CNTs. The motiva-
tion behind this study is to investigate the nonlinear effects of 
the rippling configuration on the vibrational behavior and 
stability of CNTs.  

In the present work, based on the rippling phenomena, a 
nonlinear elastic beam model is improved for transverse vibra-
tion of a single-walled carbon nanotube (SWCNT) on an elas-
tic foundation. Following this model, the nonlinear resonant 
frequency is derived using the perturbation method of multi-
scales for the case of typical and standard boundary conditions. 
The influences of the medium stiffness, boundary conditions, 
the excitation load-to-damping ratio, and the diameter-to-
length ratio on the nonlinear resonant frequency are discussed. 
Additionally, for the first time, the structural instability caused 
by rippling deformations is introduced and the influences of 
the various parameters on the stability of vibrating CNTs are 
widely explained. 

 
2. Vibration model 

The equation of vibration of a SWCNT on an elastic foun-
dation with a harmonic excitation force F(x, t), caused by an 
external electrical field, can be expressed as 

 
( , ) ( , ) 2 ( , ) ( , ) ( , )eM x t k w x t w x t Aw x t F x tμ ρ′′ + + + =& &&   (1a) 

( , ) ( )cos( )F x t G x tω= %   (1b) 

 
where M(x, t) denotes the bending moment, w(x, t) the beam 
deflection function, ke Winkler constant determined by the 
material stiffness of the surrounding elastic medium, μ the 
damping coefficient of CNT, F(x, t) the excitation load meas-
ured per unit length, and ( , )w x t′  and ( , )w x t& the partial de- 

rivatives ( , )w x t
x

∂
∂

 and ( , )w x t
t

∂
∂

, respectively. 

2.1 Boundary conditions 

In this research, typical boundary conditions named 
clamped-clamped (C-C), cantilever or clamped-free (C-F), 
hinged-hinged (H-H) and clamped-hinged (C-H) boundary 
conditions have been noticed to analyze the effects of the 
stiffness due to the boundaries of CNTs as follows:  

 
C-C boundary conditions: 

(0, ) (0, ) 0, ( , ) ( , ) 0w t w t w L t w L t′ ′= = = =  (2) 
C-F boundary conditions: 

(0, ) (0, ) 0, ( , ) ( , ) 0w t w t w L t w L t′ ′′ ′′′= = = =  (3) 
H-H boundary conditions: 

(0, ) (0, ) 0, ( , ) ( , ) 0w t w t w L t w L t′′ ′′= = = =  (4) 
C-H boundary conditions: 

(0, ) (0, ) 0, ( , ) ( , ) 0.w t w t w L t w L t′ ′′= = = =  (5) 

 
2.2 Nonlinear vibration model 

When a CNT bends, the rippling formation occurs specially 
for the relatively and locally large deformation. In these cases, 
the linear relationship between bending moment and curvature 
of the CNT is not applicable anymore. The nonlinear effect of 
rippling mode for a bent CNT has been calculated using FEM 
simulation [17]. Fig. 1 shows the bending moment M versus 
the bending curvature κ with the length-to-diameter ratios L/D 
= 10, and 20 from FEM simulating results [17]. 

Using beam bending theory and curve fitting technique, a 
ninth order polynomial equation can be introduced the behav-
ior of bending moment M against the bending curvature κ [17]. 

 

( )2 2 4 4 6 6 8 8
3 5 7 9( , ) 1M x t EI a D a D a D a Dκ κ κ κ κ= − + − +  (6)  

 
where ( , ),x tκ κ= 3

3 1.755 10 ,a = × 6
5 2.0122 10 ,a = ×  7a =  

91.115 10×  and 11
9 2.266 10a = × . 

The two orders of partial derivatives with respect to x in Eq. 
(1), gives 

 
Fig. 1. The bending moment of CNT against the bending curvature for 
two different L/D [17]. 
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Based on the large deflection deformation, the relation be-

tween the bending curvature ( , )x tκ  and the beam deflection 
( , )w x t  can be expressed as 
 

( ) ( )

( )

3
22

2 4

2

( , )( , )
1 ( , )

3 151
2 8

( , ) 1

w x tx t
w x t

w w w

w x t r w

κ
′′

=
⎡ ⎤′+⎣ ⎦
⎡ ⎤′′ ′ ′= − + −⎢ ⎥⎣ ⎦

⎡ ⎤′′ ′≅ −⎢ ⎥⎣ ⎦

L    (8) 

 
where substituting Eq. (8) into Eq. (7), yields 

 

( ) ( )

( ) ( )

2 22
3

3 2

( , ) { 3 2

2 6 }.

M x t EI w a D w w w w

r w w w w w w

⎡ ⎤′′ ′′′′ ′′ ′′′ ′′ ′′′′= − +⎢ ⎥⎣ ⎦
⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′− + +⎢ ⎥⎣ ⎦

  (9) 

 
The nonlinear vibration equation will be obtained by substi-

tuting Eq. (9) into Eq. (1) 
 

2 ( ) ( , )eEIw k w w Aw EIN w F x tμ ρ′′′′ + + + = +& &&
    (10a) 

 
where N (w) denotes for the nonlinear part of equation as fol-
lows:  

 

( ) ( )

( ) ( )

2 22
3

3 2

( ) 3 2

2 6 .

N w a D w w w w

r w w w w w w

⎡ ⎤′′ ′′′ ′′ ′′′′= + +⎢ ⎥⎣ ⎦
⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′+ +⎢ ⎥⎣ ⎦

   (10b) 

 
Making all the variables in Eq. (10) dimensionless by using 

the characteristic length L, time 2L A EIρ  and force 
3EI L , gives 

 
* *2 ( , )ew k w w w N F x tμ′′′′ + + + = +& &&    (11a) 

* * * * *( , ) ( )cos( )F x t G x tω= %    (11b) 

 
where 

 
* * 2 4

2 3 3

, , , ,

, , .
e ex x L t t EI A L w w L k k L EI

L EI A N N L G GL EI

ρ

μ μ ρ

= = = =

= = =

  

 (12) 
 
The associated dimensionless boundary conditions handled 

in this paper are given as follows: 

C-C boundary conditions: 
* * * *(0, ) (0, ) 0, (1, ) (1, ) 0w t w t w t w t′ ′= = = =    (13) 

C-F boundary conditions: 
* * * *(0, ) (0, ) 0, (1, ) (1, ) 0w t w t w t w t′ ′′ ′′′= = = =   (14) 

H-H boundary conditions: 
* * * *(0, ) (0, ) 0, (1, ) (1, ) 0w t w t w t w t′′ ′′= = = =  (15) 

C-H boundary conditions: 
* * * *(0, ) (0, ) 0, (1, ) (1, ) 0.w t w t w t w t′ ′′= = = =  (16) 

 
2.3 Nonlinear analysis 

The fundamental linear frequency of a vibrating CNT corre-
sponding to each previous boundary condition is introduced 
as *ω . Pursuant to non-linearity, the non-linear frequency 

*ω% deviates slightly from *ω . The perturbation method of 
multi-scales has been applied to calculate the resonance fre-
quency ω~  for a CNT on elastic foundation with rippling 
deformation [18]. The beam deflection w can be expanded, 
using small perturbation parameter ε, into u=u0+εu where the 
initial displacement u0 should be zero. To make all terms in Eq. 
(10) be of the same order in w, the parameters 

2μ ε υ= and * 3 *( ) ( )G x g xε=  are determined [17] and the 
non-linear Eq. (10) becomes: 

 
2 2 2 * *2 cos( )e uu k u u u N g tε υ ε ε ω′′′′ + + + = + %& &&    (17) 

 
where 

 

( ) ( ) ( )

( ) ( )

2 2 2
3

3 2

3 2

2 6 .

uN a D L u u u u

r u u u u u u

⎡ ⎤′′ ′′′ ′′ ′′′′= +⎢ ⎥⎣ ⎦
⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′+ + +/⎢ ⎥⎣ ⎦

   (18) 

 
In the above formula, * *( , )u x t and *( )g x are, respectively, 

expanded as 
 

* * * * * *

1 1

( , ) ( ) ( ), ( ) ( )n n n n
n n

u x t q t x g x g xφ φ
∞ ∞

= =

= =∑ ∑   (19) 

 
where nφ for n = 1, 2, 3 . . . represent the normalized mode 
functions of the beam from the linear vibration analysis due to 
the specified boundary condition. Meanwhile the mode func-
tion nφ  satisfies the following formula: 

 
1 * * *

0
( ) ( ) , 1, 2, ...i j ijx x dx i jϕ ϕ δ= =∫    (20) 

 
and ijδ  represents Kronocker delta. Substituting Eq. (19) 
into Eq. (18) and utilizing Eq. (20), we have 

 
*2 3 * *

1 1 1 1 1 1 1 1 12 ( ) cos( ).eq q k q q g tε υ ω ε α ε ω+ + + = + %&& &  (21) 
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In addition, based on linear analysis of the beams, the first 
order of inherence frequency corresponding to the fundamen-
tal mode of vibration *

1 ,ω have been given in Table 1. Ac-
cording to Eq. (21), it is obvious that the fundamental linear 
frequency of CNT is *2 *2

1 ekω ω= + . 
Eq. (21) represents a third order nonlinear oscillation equa-

tion (called damping forced Duffing’s equation) [18], which is 
yielded by the parameter α. α is the parameter depends on 
normalized mode functions of the beam, the associated 
boundary condition and the diameter-to-length of CNT. This 
parameter is calculated for each case as follows:  

 
For C-C condition 

( ) ( )
1 2 2 * 5

1 1 1 1 1 1
0

2 1.546729013 10dxβ φ φ φ φ φ⎡ ⎤′′ ′′′ ′′ ′′′′= + = ×⎢ ⎥⎣ ⎦∫  (22a) 

( ) ( )
1 2 2 *

2 1 1 1 1 1 1 1
0

2 6 2846.499985dxβ φ φ φ φ φ φ φ⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′= + + =⎢ ⎥⎣ ⎦∫  (22b) 

( )
( )

( )

2
3 1 2

2 5
3

2

3

3 1.546729013 10 2846.499985

28536.86783 4269.749978

a D L r

a D L r

D L

α β β= +

≈ × × + ×

≈ +

 (23) 

 
For C-F condition 

( ) ( )
1 2 2 *

1 1 1 1 1 1
0

2 119.6dxβ φ φ φ φ φ⎡ ⎤′′ ′′′ ′′ ′′′′= + =⎢ ⎥⎣ ⎦∫    (24a) 

( ) ( )
1 2 2 *

2 1 1 1 1 1 1 1
0

2 6 20.1939dxβ φ φ φ φ φ φ φ⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′= + + =⎢ ⎥⎣ ⎦∫   (24b) 

( )
( )

( )

2
3 1 2

2
3

2

3

3 119.6 20.1939

793.533 30.3555

a D L r

a D L r

D L

α β β= +

≈ × + ×

≈ +

   (25) 

 
For H-H condition 

( ) ( )
1 2 2 * 8

1 1 1 1 1 1
0

12
2

dxβ φ φ φ φ φ π⎡ ⎤′′ ′′′ ′′ ′′′′= + =⎢ ⎥⎣ ⎦∫    (26a) 

( ) ( )
1 2 2 * 6

2 1 1 1 1 1 1 1
0

12 6
2

dxβ φ φ φ φ φ φ φ π⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′= + + =⎢ ⎥⎣ ⎦∫   (26b) 

( )

( )

( ) 62

682
3

21
2

3

750307894131

2
1

2
13

3

ππ

ππ

ββα

.LD.5

rLDa

rLDa

4 +≈

×+×≈

+=

  (27) 

For C-H condition 

( ) ( )
1 2 2 *

1 1 1 1 1 1
0

2 31818.0102 8dxβ φ φ φ φ φ⎡ ⎤′′ ′′′ ′′ ′′′′= + =⎢ ⎥⎣ ⎦∫   (28a) 

( ) ( )
1 2 2 *

2 1 1 1 1 1 1 1
0

2 6 1321.67787 9dxβ φ φ φ φ φ φ φ⎡ ⎤′′ ′ ′′ ′′′ ′ ′′′′= + + =⎢ ⎥⎣ ⎦∫  
 (28b) 

( )
( )

( )

2
3 1 2

2
3

2

3

3 31818.0102 8 1321.67787 9

12943.0222 2 1982.51681 8

a D L r

a D L r

D L

α β β= +

≈ × + ×

≈ +

  (29)

 
 
Furthermore, the nonlinear frequency *ω% can be expressed 

by perturbation parameter 1ε  as  
 

* *2
1 1.ekω ω σε= + −%    (30) 

 
The solution for the Eq. (21) and the dimensionless excita-

tion force can be stated respectively as 
 

*
1 10 0 1 1 11 0 1( , ) ( , ) ( , )q t q T T q T Tε ε= + +L    (31a) 
2 * * 2 *2

1 1 1 1 0 1cos( ) cos( ).eg t g k T Tε ω ε ω σ= + −%   (31b) 

 
Substituting Eqs. (31) into Eq. (21), and comparing coeffi-

cients of the identical power of 1ε , we have 
 

( )20 2 *
1 0 10 1 10( ) : 0eD q k qε ω⎛ ⎞

+ + =⎜ ⎟
⎝ ⎠

   (32a) 

( )21 2 *
1 0 11 1 11 0 1 10 0 10

3 *
10 1 1 0 1

( ) : 2 2

cos( )

eD q k q D D q D q

q g T T

ε ω υ

α ω σ

⎛ ⎞
+ + = − −⎜ ⎟
⎝ ⎠

+ + −

 (32b) 

where ( 0,1).n
n

D n
T
∂

= =
∂

 

 
The generating solution can be obtained from Eq. (32a) 
 

*2 *2
1 0 1 0

10 1 1( ) ( ) .e ei k T i k Tq A T e A T eω ω+ − += +    (33) 
 
Substituting for q10 into Eq. (32b) gives 
 

( )

( )

*2
1 0

*2*2 1 0 11 0

22 *
0 11 1 11

*2 2
1 1 1 1 1

1

33
1 1

2 ( ) ( ) 3 ( ) ( )

1( )
2

e

ee

e

i k T
e

i k T Ti k T

D q k q

d A T A T i k A T A T e
dT

A T e g e cc

ω

ω σω

ω

υ ω α

α

+

+ −+

⎛ ⎞
+ + =⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞
⎜ ⎟− + + +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

+ + +

  

  (34) 
 

where cc stands for the complex conjugate of preceding terms. 

Table 1. The first order of inherence frequency due to boundary condi-
tions. 
 

Boundary condition *
1ω  

C-F 3.516 

C-C 22.37328786 

C-H 15.41820327 

H-H 9.8696044 
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Secular terms will be eliminated from the particular solution 
of Eq. (34) if we choose A to be a solution of  

 

1

*2 2 1
1 1 1 1 1

1

12 ( ) ( ) 3 ( ) ( ) 0.
2e i T

d gA T A T i k A T A T
dT e συ ω α

⎛ ⎞⎛ ⎞
+ + − − =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

  

  (35) 
 
To solve Eq. (35), we write A in the polar form 
 

1 1 1
1( ) ( )exp( ( ))
2

A T a T i Tβ=    (36) 

 
where a and β are real functions of slow time scale 1T . Then 
by separating, the result into its real and imaginary parts  

 

( )

( )

1
1*2

1

3 1
1*2 *2

1 1

1 sin ( ) ,
2

3 1 cos ( ) .
8 2

e

e e

ga a T
k

ga a T
k k

υ γ
ω

αβ γ
ω ω

′ = − −
+

′ = − +
+ +

  (37) 

 
where 1 1 1( ) ( ) .T T Tγ β σ= + . 

For the steady-state response in the neighborhoods of singu-
lar points, every small perturbation motion has to decay, and 
this occurs when 0,α γ′ ′= = therefore  

 

( )

( )

1
*2
1

3 1
*2 *2
1 1

1 sin ,
2

3 1 cos .
8 2

e

e e

ga
k

ga a
k k

υ γ
ω

α σ γ
ω ω

=
+

− =
+ +

  (38) 

 
By omitting γ from Eq. (38), it can be written as 
 

( )2 *2 2 *2 2 2 2
1 1 1

3 1 .
8 4e ek a k a a gυ ω σ ω α⎛ ⎞+ + + − =⎜ ⎟

⎝ ⎠
  (39) 

 
In the previous equation, the maximum vibration amplitude 

α and phase angle β will be calculated simply by removing 
secular terms as 

 
1

*2
12 e

ga
kω υ

=
+

   (40) 

 
and 

 
*2 2
1

3 .
8ek aσ ω α+ =    (41) 

 
In Eq. (41), σ represents a variable of maximum vibration 

amplitude a and dimensionless parameter of Winkler constant 
ek , and is written as 

( )

2

2 1
*2 *2 *2
1 1 1

2
1

3 2*2 2
1

3 3

8 8 2

3 .
32

e e e

e

ga
k k k

g

k

α ασ
ω ω ω υ

α

ω υ

⎛ ⎞
⎜ ⎟= =
⎜ ⎟+ + +⎝ ⎠

=
+

  (42) 

 
At last, the nonlinear resonance frequency of the CNT on 

Winkler-like foundation with rippling effect *ω%  can be de-
termined as  

 

( )
2

* *2 *2 1
1 1 1 13 2*2 2

1

3

32
e e

e

gk k
k

αω ω σε ω ε
ω υ

= + − = + −
+

%  (43) 

 
where  

 

1
1 3 2, .Gg and μυ

ε ε
= =    (44) 

 
Substituting Eq. (44) into Eq. (43). 
 

( )
2

* *2 1
1 3 2*2 2

1

3 .
32

e

e

Gk
k

αω ω
ω μ

= + −
+

%    (45) 

 
In addition, the nonlinear resonant frequency ratio r can be 

introduced as 
 

( )
* 2

1
* 2*2 2

1

31 .
32 e

Gr
k

ω α
ω ω μ

= = −
+

%
   (46) 

 
3. Results and discussion 

Eq. (46) represents the ratio of the nonlinear resonant fre-
quency, caused by rippling configuration of a SWCNT, to the 
linear frequency. In fact, the second term of this equation re-
veals the nonlinearity of the model, caused by the rippling 
formation. As it is seen, this nonlinearity is a function of linear 
natural frequency *

1ω , Winkler constant ek , exciting load-to-
damping ratio , boundary conditions, and diameter-to-length  

ratio D
L

. According to this model and for verification, the  

obtained nonlinear frequency has been adopted with results 
from Refs. [13] and [16] which shows good agreement in the 
case of long slender CNTs without the elastic medium. 

In Fig. 2, the nonlinear frequency ratio r is plotted as a func-
tion of dimensionless Winkler constant ek  for different val-
ues of D/L with C-C boundary condition. As it shows, while  

the excitation load-to-damping ratio 1G
μ

 remains constant,  

the nonlinear frequency decreases with increasing the diame-
ter-to-length ratio D/L. Moreover, for a given value of D/L, as 
the stiffness of medium increases, the nonlinear effects of 



990 P. Soltani et al. / Journal of Mechanical Science and Technology 26 (4) (2012) 985~992 
 

 

rippling formation decreases and the nonlinear frequency ratio 
r tends to 1. Meanwhile, for the long slender CNTs with D/L 
smaller than 0.02, the nonlinear frequency ratio is approxi-
mately equal one ( 1r ≅ ) for all values of dimensionless 
Winkler constants ek . In this case, the nonlinear effects of 
rippling deformation can be neglected and the geometric 
nonlinearity of the structure can be out of account. 

The effect of the excitation load-to-damping ratio on the 
nonlinear frequency has been plotted in Fig. 3 for 5eK = . It  
can be seen from the figure that the nonlinear frequency ratio r 
decreases sharply for large values of D/L, especially when the  

excitation load-to-damping ratio 1G
μ

 is almost high. In other  

words, the nonlinear effect of rippling deformation exagger-
ates by raising the excitation load amplitude or by reduction of 
the damping of the model. 

Another important factor, which influences on the nonlinear 
resonant frequency of CNT, is boundary conditions. α is the 
parameter which represents this effect in Eq. (26) and causes 
changing in the nonlinear frequency ratio r . Figs. 4-6 show 
the variation of r with D/L for the typical boundary conditions 

mentioned in the previous section. In all of these figures, the  

excitation load-to-damping ratio 1G
μ

 is equal to 1 while the 
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Fig. 4. The effects of boundary conditions on the nonlinear frequency 

ratio when. 15, 1e
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Fig. 5. The effects of boundary conditions on the nonlinear frequency 

ratio when 120, 1e
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Fig. 6. The effects of boundary conditions on the nonlinear frequency 

ratio when 130, 1e
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Fig. 3. The effects of excitation load-to-damping ratio on the nonlinear 
frequency ratio with C-C condition when 5ek = . 
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dimensionless Winkler constant ek  is 5, 20 and 30 respec-
tively. According to these figures, for a CNT with a given 
diameter to length ratio D/L, by reducing the stiffness of the 
system, due to the boundary conditions, the effect of rippling 
nonlinearity decreases and the ratio r take values closer to 1. 
Furthermore, for CNTs with small values of D/L (say 

/ 0.02D L < ), the nonlinear frequency ratio r is very close to 1 
especially when the stiffness of the medium is relatively small 
(see Fig. 4). Hence, for long slender CNTs embedded in a soft 
elastic medium, the effect of rippling deformation can be ig-
nored. 

Rippling formation may cause structural instability on the 
vibrating CNT under certain conditions, especially in locally 
large deformations. Indeed, in this case, the presence of wave-
like configurations of the inner side of the bent CNT should 
diminish bending stiffness to zero, and lead to the vibrational 
amplitude approaches infinity. In our model, when the nonlin-
ear frequency ratio r takes non-positive values, the model 
shows rippling instability. Hence, the instability threshold is 
introduced as r=0. Consequently, the effects of variables in-
fluence on the rippling instability can be calculated from Eq. 
(46). In the instability threshold (r = 0), the variations of di-
ameter-to-length D/L against Winkler constant and boundary 
conditions are shown in Figs. 7-9 while the load-to-damping 

ratio 1G
μ

remains constant in each figure. It is seen that rip- 

pling instability happens in larger values of D/L as the sur-
rounding stiffness rises. In other words, as the foundation of 
vibrating CNT becomes stiffer, the instability due to rippling 
occurs in CNTs with the larger diameter in the constant length. 

Our investigation shows that boundary condition is another 
important factor, which influences on the rippling instability. 
As the stiffness of the model due to the boundary conditions 
decreases form C-C to C-F, (in Figs. 7-9) rippling instability 
occurs in larger values of D/L in the same Winkler constant. 
Meanwhile, when the stiffness of medium is relatively small, 
the different between curves decreases and rippling instability 
happens almost in the same D/L for all kinds of boundary 
conditions. This means that for very compliant and soft medi-
ums, instability should occur in the same values of D/L re-
gardless of the end conditions of CNTs. In addition, as it is 
seen in these figures, the slopes of C-C curves are near to zero, 
and in consequence, the effect of Winkler constant can be 
ignored while, for C-F, the stiffness of the surrounding me-
dium plays an important role on the rippling instability. 

 
4. Conclusion 

Based on the rippling deformation, a nonlinear elastic beam 
model was presented for transverse vibration of a SWCNT. 
The stiffness of medium was included in the formulation as 
Winkler foundation to determine the vibration behavior of 
CNT more precisely for embedded CNTs. The nonlinear fre-
quency ratio has been derived for C-C, C-H, H-H and C-F 
boundary conditions. Results predicted by present model show 
that the stiffness of medium (Winkler constant), boundary 
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Fig. 7. The effects of Winkler constant ek  and boundary conditions 

on the stability of CNT due to rippling when 1 0.5G
μ
= . 
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Fig. 8. The effects of Winkler constant ek  and boundary conditions 

on the stability of CNT due to rippling when 1 1.5G
μ

= . 

 
 

 
Fig. 9. The effects of Winkler constant ek and boundary conditions on 

the stability of CNT due to rippling when 1 2.5G
μ
= . 
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conditions, the diameter-to-length ratio and the excitation 
load-to-damping ratio affect the nonlinear frequency obvi-
ously. As the Winkler constant decreases or the excitation 
load-to-damping ratio increases the nonlinearity effect due to 
rippling increases. 

Moreover, for the first time, the rippling instability has been 
introduced as a structural instability. In fact, the appearance of 
wavelike distortion on the inner radius of the bent CNT dimin-
ishes the bending stiffness and may lead to nanotube becomes 
unstable. Our nonlinear analysis can predict the conditions 
deal with the rippling instability and indicates that as the stiff-
ness of the medium and/or the stiffness due to the boundary 
condition decrease, the rippling instability happens in smaller 
values of the diameter-to-length ratio. 
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