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Abstract

In this paper, a prey-predator system that called human immunodeficiency virus (HIV) models is
considered, and sliding mode control (SMC) is used to stabilize this system. The basic model is a
3-dimensional nonlinear ODEs that describes the interaction of the HIV with target cell, CD4* T
cell and macrophage. Lyapunove function is constructed to establish the global asymptotic
stability of the uninfected and infected steady states by describing sliding surface (SS), after that
by considering the derivation of SS as zero, someone can achieve the equivalent control that
inbreed system stays on SS and tends to equilibrium point in infinite horizon.
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1. Introduction

HIV is one of the more perilous malady in the world and the control of HIV growth requires
special attention. The mathematical modeling of HIV has been approached by a few number of
researchers, hence there are variety of models over the past decades ([1-4]).

Optimal treatment scheduling of HIV infection using a control theoretic approach is the subject
of substantial research activity. In [5, 6, 7, 8, 9], open-loop type optimal controllers are designed
using the Pontryagin’s Maximum Principle (PMP). A major drawback of open-loop optimal
controllers is their lack of robustness against disturbances/model uncertainties. In fact, HIV
dynamics are poorly known, this leads to model inaccuracies and parameter uncertainties. Also,
another source of disturbances may arise from immune system fluctuating or immune effect of a
coinfection, in addition to the measurements errors and estimation errors when using an observer
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to estimate the unmeasured states. Therefore, the design of optimal treatment schedules based on
open-loop optimal controller, may lead to undesired results. To overcome this problem, we have
to design a feedback controller, which inherits a certain robustness to disturbances. Feedback
control for HIV has been studied by [10, 11, 12].

In the last few years, model predictive control (MPC) method is developed for determining
optimal treatment schedules for HIV patients [13, 14, 15]. The MPC method obtains the
feedback control by solving a finite horizon optimal control problem at each time instant using
the current state of the system as the initial state for the optimization and applying “the first part”
of the optimal control. The study of stabilizing property of such schemes has been the subject of
intensive research in recent years.

The concept of sliding mode control (SMC) introduced as a second order system by Emel’yanov
[16] in the late 1960s based on the conceptions of variable structure control (VSC) in which the
second order system trajectories has been driven towards a line in the state space termed as the
sliding line and enforcing the trajectories to the origin.

SMC which is a particular type of control, known as variable structure control (VSC), is a
powerful and robust control, and it has been extensively studied in the last three decades for
many classes of linear and nonlinear systems, from theoretical concepts to industrial
applications, including autonomous underwater robot [17], continuously stirred tank reactor [18],
PUMA 560 robot [19], finger for a prosthetic hand [20], cable suspended loads [21] and four
rotors helicopter [22].

On the other hand, many methods based on sliding mode and output feedback control schemes
have been also proposed for robust stabilisation of uncertain systems [23, 24]. El-Khazali and
DeCarlo [24] have designed sliding surfaces for linear time-invariant systems without
disturbances using eigenvalue assignment and eigenvector techniques. Zak and Hui [23] have
developed a geometric condition to guarantee the existence of a SS and the stability of the
reduced order sliding motion. Most established results are based on the matched disturbances,
i.e. the disturbances acts in the channels of the inputs. Even when there are uncertainties in the
system with unknown structure, SMC is an appropriate control design method. When the system
is in a sliding mode, the dimension of the system is reduced and it is the same the SS. This
subsystem is termed the reduced-order system, and the stability of the original system depends
on the stability of this subsystem.

In this paper, a novel method is proposed to design an appropriate SS and SMC for a
mathematical model of HIV diseases, to enforce the system trajectories tend to the equilibrium
point along the SS. This method guarantees a sliding mode motion and system stability so the
HIV patient stay at a stable situation. Moreover, the proposed approach is straightforward
without requiring any predication or conditions on the initials and using any iterative algorithm.
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This paper is organized as follows: Section 2 briefly introduces HIV model. Section 3 addresses
the proposed SMC approach. In Section 4, two examples are presented to illustrate the
procedure and its validity of the proposed control design. Finally, conclusions are given in
Section 5.

2. HIV basic model

In the literature, the basic model for mathematical modeling of HIV considers only three state
variables (expressed as cell counts in blood per cubic millimeter) inside a whole body model.
The model is mathematically described by [25]:

T=s—dT+BTV (2.1)
[=BTV—ul (2.2)
V=klI—-cV (2.3)

where T denotes the healthy CD4* cells, I denotes the infected CD4* cells, V denotes the free
virus particles. Free virus particles infect uninfected cells at a rate proportional to the product of
their abundances, BTV . Infected cells produce free virus at a rate proportional to their abundance,
kI. Infected cells die at a rate ul, and free virus particles are removed from the system at rate cV'.
The simplest assumption is that uninfected cells are produced at a constant rate, s, and die at a
rate, dT.

By considering T =0, [ =0, and V = 0 someone can achieve the equilibrium point of the
dynamical system (2.1)-(2.3) as T = 2, V =0, and I = 0. In the next section, we define an

appropriate transformation such that change the equilibrium point from (2 0, 0) to the origin,

then define sliding surface (SS) that cross from the origin and equivalent control which enforce
motion stay on the SS.

3. Sliding surface design

Consider the following nonlinear time varying system

x(t) = f(t,x) + B(t,x) u(t) + p(¢, x), (3.1)
where x € R™ is the state, u € R™ is the control input and p(t,x) € R™ is the disturbance. It is
assumed that 1 < m < n.

Let s : R™ - R™ is a function where define the following hyper plane,
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S={xeR":s(x) =0} (3.2)
Definition 3.1 Suppose there exists a finite time t, such that the solution of (3.1) represented by
x(t), satisfies

s(x(t)) =0 forallt > t,,

then an ideal sliding motion is said to be taking place for all ¢t > t,. Time t, is termed the
reaching time.

Assumed that at time t,, the system trajectories (3.1) lie on the surface (3.2) and an ideal sliding

motion takes place. This fact can be mathematically expressed as s(t) = 0 and s(t) = Gx(t) =
0 forall t > t,, where G = Z—;. Substituting for x(t) from (3.1) gives

Gx(t) =G f(t,x) + GBM) u(t) + Gp(t,x) =0 forallt >t,. (3.3)
Suppose the matrix G is such that the square matrix GB(t) is nonsingular.

Definition 3.2 The equivalent control associated with the nominal system (3.1) is defined to be

the unique solution to the algebraic equation (3.3), namely

-1

Ueqg = —(GB(®)) G (f(t,x) + p(t,x)). (3.4)
The ideal sliding motion is then given by substituting the expression (3.4) into equation (3.1)
which results in a free motion, i.e. a motion independent of the control action and given by

x(t) = (I, — B(t)(GB(t))™1G) f(t,x) + p(t, x) forall t > t; and Gx(t;) = 0.  (3.5)
In the sequel, the control system of HIV is considered as follow:

T=s—dT+LTV(1-V) (3.6)
[=BTV—-ul—BTVU (3.7)
V=kI-cV, (3.8)

where 0 < U(t) < 1. The most drug efficiency is in the case U = 1 which means CD4* T
cells are not infected by viral load anymore. At the other side, U = 0 is the case which the drug
does not change the disease progression. Then, the regular form of HIV control system is as:

T=s—dT+LTV(1-U) (3.9)
T+l=s—dT —ul (3.10)
V=kI-cV. (3.11)

Now, by assuming x; = 2— T,x,=1+T— 2 and x; = V, (3.9)-(3.11) changes to:
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ﬁZ—dM+ﬁG—xJ%ﬂ—U) (3.12)
Xy =dx; — (X2 +x1) (3.13)
X3 =k (x; +x1) —cx3. (3.14)

For the dynamical system (3.12)-(3.14) define the SS as follow:

Sx) =x, + a((d —Wx, + kx3) =0, (3.15)
or
x; = —a((d — Wx, + kx3), (3.16)

where « is an adequate positive number, and by considering S(x) = 0, the equivalent control

achieves as

Ueq =ﬁ<—dx1 + B (E—xl)x3+a((d—,u)(dx1—u(x2+x1))+k(x2 + x;) —

a1
xs)) (3.17)
Thus the control action of system is described as
_ (U, = —Lsign(5(t)) 0<t<t
U—{%q se (3.18)

where L is an adequate positive number and U, is denoted for reaching control (the control

imposed to system before reaching SS). We have the following stability theorem:

Theorem 1. The dynamical system (3.12)-(3.14) is asymptotically stable (by Lyapunove sense)
if the SS define as (3.16), control function define as (3.18) and a,L € R* be chosen as an

adequate positive number.
Proof. Define the Lyapunov function V (x,, x3) from R? to R by:

1
V(x,x3) = 3 (2 x5 + x37x3).

Now,

V(xg,%3) = x5 %5 + %3 %3 = x5 (d %3 — p (3 +%1)) + x3(k (xy + ;) — cx3) = —puxZ —
cx2 +x,((d— pwx, + kx3) + kxyxs,
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by SS equation (3.16) and since the trajectories function x,,x,, and x5 are bounded, one can

choose a such that
V(xp Xx3) = —pux3 —c x3 —ixf + kxyx3 < 0.

Choosing U as (3.18), when t < t,, by imposing reaching control U,., we have S(x) S(x) < 0, so
trajectories tend to the SS. Now, on the SS (3.16) (¢t = t,), using the U, as (3.17), tends to

V(x)V(x) < 0, and this fact guarantee the asymptotically stable (by the sense of Lyapunove) of
the system (3.12)-(3.14) on the SS (3.16). m

In the next section, we illustrate two numerical examples to demonstrate the applicability of our

method.

4. Numerical example
Example 1. Consider the following data for an illness [26]:
c=2,d=0.007,k=40.67, s=7,u=0.0999,5 = 0.00000042163.
Thus, the SS defines as follow:
x; = —a((0.007 — 0.0999)x, + 40.67x5),
and, Ugq is

1
Ueqg =
0.00000042163(1000—x)x3

0.0999)(0.007 x; — 0.0999 (x, + x1)) + 40.67 (x, + x;) — 2x3)) — L sign(S).

(—0.007 x1 +0.00000042163 (1000 — x4)x3 + ((0.007 —

We solve this problem with @ = 0.001, where the initial point on SS is taken as (1004, 50, 10).
Figure 1 shows the action of the equivalent control, and the behavior of the states using this
SMC.

One can compare these trajectories with results that achieve by using discretization method in
[27] and can see that our results are more accurate than them.

Example 2. The same dynamical system as Example 1, with the following data from [28]:
c=2,d=0.00136,k =50, s =0.272,u = 0.33,5 = 0.00027.
Thus, the SS defines as follow:
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x; = —a((0.00136 — 0.33)x, + 50x;),
and, ugq is

1
U. =
¢4~ 0.00027(200 — x;)x3

(—0.00136x, + 0.00027 (200 — x,)x; + ((0.00136 — 0.33)

(0.00136 x; — 0.33 (x, + xl)) + 50 (x, + x;1) — 2x3)) — L sign(S).

We solve this problem with « = 0.0005, where the initial point on SS is taken as
(201.2484,10,50). Figure 2 shows the action of the equivalent control, and the behavior of the
states using this SMC.
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Figure 1. Trajectories and control function of Example 1.
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Figure 2. Trajectories and control function of Example 2.
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5. Conclusion

A novel strategy for treating HIV is proposed by designing of sliding plane, and equivalent
control for asymptotically stabilizing (by the Lyapunove sense). By choosing an appropriate
control (called equivalent control), it is shown that the Lyapunove stability condition V V < 0 is
satisfied on sliding surface S(x,t) = 0. The easy and straight forward method implemented in
this paper, provides a frame for further research instabilizing treatment of diseases.
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