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In this article, optimal control problems for a class of time-delay nonlinear systems subject to mixed control–state
constraints are studied. The delays in the systems are on the state and/or on the control input. The theory of
optimal control based on measure theory, functional analysis and linear programming (LP) is extended in order
to optimise a definite objective function, and to design an appropriate optimal control for the nonlinear time-
delay systems. Using an embedding process, the problem is first transferred to a new optimal measure problem
and then this new problem is replaced with one in which minimising a linear form over a subset of linear
equalities is required. It is shown that this minimisation is global and the embedding procedure allows one to
develop a computational method to find a solution using a finite-dimensional LP techniques. Numerical
examples are also presented to illustrate the procedure of the design method.
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1. Introduction

The dynamics of many control systems may be

expressed by time-delay equations. The delay(s) may

appear in the system state, control input and/or output

(Fridman, Shaked, and Suplin 2005; Levaggi and

Punta 2006). Delays in the control input arise in

many chemical processes and radiation problems in

physics. Delays may also appear because of physical

properties of equipment used in the system, signal

transmission or measurement of system variables. For

example, actuators, sensors and field networks which

are involved in feedback loops may exhibit delays.

Time-delay systems are also used to model several

different mechanisms in the dynamics of epidemics.
Many problems such as incubation periods,

mechanics, viscoelasticity, physics, physiology, popu-

lation dynamics, communication, information technol-

ogies and stability of networked control systems,

maturation times, age structure, blood transfusions

and interactions across spatial distances or through

complicated paths have been modelled by the intro-

duction of time-delay systems (Busenberg and Cooke

1992; Boukas and Liu 2002).
Whilst the delay equations were introduced in the

eighteenth century by Bernoulli, Euler and Condorcet,

the important issue of the design of stabilising control

of delay systems has been extensively studied in the

past two decades using many alternative approaches.

The control design and the stabilisation of such systems

are normally achieved using the Lyapunov–Krasovskii
method (Fridman 2001) or Lyapunov–Razumikhin
functions (Gu, Kharitonov, and Chen 2003) or quasi-
polynomial analyses (Malakhovski and Mirkin 2006).
In fact, Krasovskii has extended the Lyapunov method
by introducing Lyapunov functionals associated with
time-delay systems in the 1950s (Krasovskii 1956,
1963). Razumikhin extended the theory and presented
appropriate Lyapunov functions which have been
widely used (Niculescu 2001; Gu et al. 2003).

During the past two decades, extensive research has
been made in the analysis and synthesis of uncertain
systems with time-delay. Based on the Lyapunov
theory of stability, various results have been obtained
that provide finite-dimensional sufficient conditions
for stability of many classes of these systems in which
the delays are in the states or control input variables.
However, most of these works have been done for
linear time-delay systems using classical linear finite-
dimensional techniques. In addition, during this time,
many approaches have been developed for control of
linear and nonlinear time-delay systems with and
without uncertainties including sliding mode control
(Koshkouei and Zinober 1996; Luo, De La Sen, and
Rodellar 1997; Niu, Ho, and Lam 2005), backstepping
techniques (Hua, Guan, and Shi 2005; Mazenc and
Bliman 2006; Jankovic 2009), H1/H1 approach
(Fridman, Shaked, and Suplin 2005; Wu and Zheng
2009), output tracking (Shtessel, Zinober, and
Shkolnikov 2003), neural networks and adaptive
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control (Ge, Hong, and Lee 2003), the theory of
noncommutative algebra and a nonlinear version of
the Roesser model (Xia, Márquez-Martı́nez, Zagalak,
and Moog 2002; Márquez-Martı́nez and Moog 2004);
extension of the Lie derivative for functional differen-
tial equations (Oguchi, Watanabe, and Nakamizo
2002); flatness (Mounier and Rudolph 2008); feedback
linearisation (Germani, Manes, and Pepe 2003) and
input-to-state stabilising state-feedback control (Pepe
2009). Linear matrix inequality techniques are also
used to design a controller/observer or to prove the
stability of a time-delay system (Koshkouei and
Burnham 2009). However, the control of a nonlinear
time-delay system is relatively complicated, particu-
larly when there are uncertainties in the system.
Therefore, to simplify the problem it is usually
assumed that the system is linearisable and/or the
uncertainty is matched (Shin, Choi, and Lim 2006).

The optimal control (regulator) problem for linear
systems has been solved in 1960s (Kwakernaak and
Sivan 1972; Fleming and Rishel 1975). Since then,
many attempts have been made to solve optimal
control problems for many classes of linear/nonlinear
time-delay systems. These approaches have been pro-
posed based on the type of delays, the structure of the
system and assumptions (Malek-Zavarei and Jamshidi
1987; Kolmanovskii and Shaikhet 1996; Kolmanovskii
and Myshkis 1999; Dion 2001; Boukas and Liu 2002),
using the maximum principle (Kharatashvili 1967) or
dynamic programming method (Oguztoreli 1966).
Most earlier studies were focused on the time-optimal
criterion: for linear systems (Oguztoreli 1963) or the
linear quadratic optimal control (Eller, Aggarwal, and
Banks 1969; Delfour 1986; Uchida, Shimemura, Kubo,
and Abe 1988) or by applying the duality principle to
the solution of the optimal filtering problem.
Numerous studies of optimal control for time-delay
systems are related to linear systems with delays in
either the state or the input control. The optimal
control problem of linear systems without delay is now
well-established and can be solved using classical
methods (Kwakernaak and Sivan 1972). Moreover,
many applications using the optimal control tech-
niques have been reported since the Second World War
(Kwakernaak and Sivan 1972; Fleming and Rishel
1975; Burl 1999). During the past two decades, many
methods based on linear programming (LP) have been
proposed for designing optimal solution for various
systems including designing an optimal control for a
multidimensional diffusion equation (Kamayad,
Rubio, and Wilson 1991; Rubio 1995, 2000), the
linear wave equation (Farahi, Rubio, and Wilson
1996), shortest path problems (Zamirian, Farahi, and
Nazemi 2007) and optimal nonlinear control problems
(Kamayad, Keyanpour, and Farahi 2007).

In this article, the optimal control of nonlinear
systems with delays in the state and control variables
subject to mixed control–state constraints are consid-
ered. A suboptimal control is designed using functional
analysis and LP theories, and optimising an appropri-
ate cost function. By applying an embedding process,
the problem is first transferred to a new optimal
measure problem, which is solvable by minimising a
linear form over a subset of linear equalities. The
obtained optimal control is in fact suboptimal and no
extra initial solution or condition is required. The most
important advantage of this method is that the optimal
control, and therefore the optimal trajectory, is
estimated without employing any iterative technique.
In addition, in comparison with the traditional and
established methods (see e.g. Göllmann, Kern, and
Maurer 2008), the proposed method yields an excellent
numerical solution such that error between the actual
and the numerical solutions is very small. In addition,
the proposed method has the following properties:

. It is a systematic method, because by selecting
the number of grids and a point within each
grid, and calculating the associated terms, the
solution is obtained.

. It is a straightforward method, since the
procedure of design is based on a clear
algorithm without any iteration.

. It is a powerful method, as it can be applied or
extended to various classes of nonlinear sys-
tems with and without delays with very high
nonlinearity terms.

. The method is not based on any extra initial
condition.

. The method yields a very high accurate
suboptimal solution.

. The real time for obtaining the solution using
a common computer (Pentium 4) is extremely
short. This has been shown in the examples by
comparison with a recent established method.

This article is organised as follows: In Section 2, the
system formulation and background of the problem
are presented. Section 3 addresses an optimal method
for a class of nonlinear time-delay systems using
measure theory. In Section 4, two examples are given
to illustrate the theoretical results. Conclusions are
given in Section 5.

2. System description

Consider the following time-delay system

_xðtÞ ¼ f ðxðtÞÞ þ gðxðt� �1ÞÞ þ hðxðtÞ, xðt� �1ÞÞuðt� �2Þ

þ sðxðt� �1ÞÞuðtÞ ð1Þ
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where x2A � R
n, u2U � R

n, while A and U are
closed subsets, �1 and �2 are constant known positive
real numbers, f, g2R

n and h, s2R
n�m are smooth

vector fields. It is assumed that

xðtÞ ¼ �ðtÞ, t2 ��1, t0½ �,

uðtÞ ¼ �ðtÞ, t2 ��2, t0½ �:

where t0 is the initial time and, �ðtÞ and �(t) are known
piecewise continuous vector functions. One may
consider

uðtÞ ¼ 0, t2 ��2, t0½ �:

It is assumed that the system (1) is controllable.
Define � ¼ maxf�1, �2g. Let tf � t0 þ � be the final
time. The aim is to design an optimal control u such
that the state trajectories starting from xðt0Þ ¼ x0
reach a given point xðtf Þ ¼ xf. It is also assumed
that uðtÞ ¼ ½u1ðtÞ u2ðtÞ � � � umðtÞ�

T and xðtÞ ¼
½x1ðtÞ x2ðtÞ � � � xnðtÞ�

T are bounded functions on
the interval [t0, tf], i.e.

�1i ¼ umi
ðtÞ � uiðtÞ � uMi

ðtÞ ¼ �2i, i ¼ 1, 2, . . . ,m,

�1j ¼ xmj
ðtÞ � xiðtÞ � xMj

ðtÞ ¼ �2j, j ¼ 1, 2, . . . , n,

ð2Þ

where �1i ,�2i ,�1j and �2j are appropriate known real
numbers. This assumption is necessary for the exis-
tence of an optimal Lebesgue-measurable control using
the method proposed in this article.

Consider the cost functional

j ðxð�Þ,uð�ÞÞ ¼

Z tf

t0

fTx xðzÞð Þ fx xðzÞð Þ þ fTu uðzÞð Þ fuðuðzÞÞ
� �

dz,

ð3Þ

where the vector field functions fx 2R
n and fu 2R

m are
known (piecewise) continuous measurable functions. It
is desired to minimise the functional (3) over the set of
admissible pairs ðxð�Þ, uð�ÞÞ.

3. The variational formulation

The aim is to minimise (3), subject to the time-delay
system (1) with the boundary conditions (2). To
achieve the objective, the system (1) is first converted
to a scalar integral equation problem using an
arbitrary auxiliary nonzero continuously differentiable
n-vector function. Then the solution is obtained by
minimising a linear form over a subset of linear
equalities which resulted from applying an embedding
process.

Select the auxiliary function

�ðtÞ ¼ �1ðtÞ �2ðtÞ � � � �nðtÞ
� �T

,

where

�jðtÞ 2C
1 ��, tf
� �

, j ¼ 1, 2, . . . , n

are arbitrary nonzero differentiable functions. Then

�TðtÞ _xðtÞ ¼ �TðtÞ f ðxðtÞÞ þ �TðtÞ gðxðt� �1ÞÞ

þ �TðtÞhðxðtÞ, xðt� �1ÞÞuðt� �2Þ

þ �TðtÞsðxðt� �1ÞÞuðtÞ ð4Þ

or

Xj¼n
j¼1

�jðtÞ _xjðtÞ ¼
Xj¼n
j¼1

�jðtÞ fjðxðtÞÞ þ
Xj¼n
j¼1

�jðtÞgjðxðt� �1ÞÞ

þ
Xj¼n
j¼1

Xi¼m
i¼1

�jðtÞðhjiðxðtÞ,xðt� �1ÞÞuiðt� �2Þ

þ sjiðxðt� �1ÞÞuiðtÞÞ,

where h ¼ ðhjiÞj¼1,...,n i¼1,...,m, s ¼ ðsjiÞj¼1,...,n i¼1,...,m, f ¼

½ f1 f2 � � � fn�
T and g ¼ ½ g1 g2 � � � gn�

T.

Adding _�TðtÞxðtÞ to both sides of (4) yields

�TðtÞ _xðtÞþ _�TðtÞ xðtÞ

¼ �TðtÞ f ðxðtÞÞþ�TðtÞgðxðt� �1ÞÞþ�
TðtÞxðxðt� �1ÞÞuðtÞ

þ�TðtÞhðxðtÞ,xðt� �1ÞÞuðt� �2Þþ _�TðtÞ xðtÞ:

Note that both �ðtÞ and xðtÞ are n-vector functions,

and the multiplications in the above relation are in fact

inner product operations. Consequently, the above

equality can be written in the following form:

Xj¼n
j¼1

ð _xjðtÞ�jðtÞ þ _�jðtÞxjðtÞÞ

¼
Xj¼n
j¼1

�jðtÞ fjðxðtÞÞ þ
Xj¼n
j¼1

�jðtÞ gjðxðt� �1ÞÞ

þ
Xj¼n
j¼1

Xi¼m
i¼1

�jðtÞðhjiðxðtÞ, xðt� �1ÞÞuiðt� �2Þ

þ sjiðxðt� �1ÞÞuiðtÞÞ þ
Xj¼n
j¼1

_�jðtÞxjðtÞ: ð5Þ

Integrating both sides over the time interval

I¼ [t0, tf] yieldsZ tf

t0

�T tð Þ _x tð Þ þ _�T tð Þx tð Þ
� �

dt

¼

Z tf

t0

�T tð Þ f x tð Þð Þdtþ

Z tf

t0

�T tð Þ gðxðt� �1ÞÞdt

þ

Z tf

t0

�T tð Þhðx tð Þ, xðt� �1ÞÞuðt� �2Þdt

þ

Z tf

t0

�T tð Þsðx t� �1ð ÞÞuðtÞdtþ

Z tf

t0

_�T tð Þx tð Þdt: ð6Þ

International Journal of Control 149
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Let Dj� ¼ xjðtf Þ�jðtf Þ � xjðt0Þ�jðt0Þ and D� ¼Pj¼n
j¼1 Dj�: Then the left-hand side of (6) is

�Tðtf Þxðtf Þ � �
Tðt0Þxðt0Þ ¼

Xj¼n
j¼1

½�jðtf Þxjðtf Þ � �jðt0Þxjðt0Þ�

¼
Xj¼n
j¼1

Dj�¼ D�: ð7Þ

Thus using (6) and (7), the variational form

associated with the delay system (1) is

Z tf

t0

�T tð Þ f xðtÞð Þdtþ

Z tf

t0

�T tð Þ gðxðt� �1ÞÞdt

þ

Z tf

t0

�T tð Þhðx tð Þ, xðt� �1ÞÞuðt� �2Þdt

þ

Z tf

t0

�T tð Þsðx t� �1ð ÞÞuðtÞdt

þ

Z tf

t0

_�T tð Þx tð Þdt ¼ D�: ð8Þ

Now the optimal control problem with delays in

the state and control variables is converted to minimise

(3) subject to (8). In this method, Ekeland’s variational

principle is employed. Ekeland’s variational principle

has been introduced by Ekeland (1974) and it has been

widely used for analysing nonlinear dynamics and

optimisation problem.

Theorem 1 (Ekeland 1974): Let (M, d ) be a complete

metric space and

� : M! R [ fþ1g

be a lower semi-continuous functional, not identically

þ1 and bounded from below. Then, for every "4 0,

	4 0 and �2M such that

� �ð Þ5 inf
� 2M

�ð�Þ þ ",

there exists a point �2M such that

(a) �ð�Þ � �ð�Þ;
(b) d ð�,�Þ � 	;
(c) �ð
Þ4 �ð�Þ � "

	 d ð�, 
Þ 8
 6¼ �.

� is termed as an ‘almost’ or ‘near’ infimum of the

functional � on the metric space M.

Various extensions and adaptations of Ekeland’s

variational principle have been presented, for example,

see Araya (2008) and the references therein.
Based on Ekeland’s variational principle, there

exists an ‘almost’ optimal solution ua for (8) such that

the distance between ua and the optimal solution u is as

a given number. Therefore, the term ‘almost’ is defined

as in Ekeland’s variational principle theorem and it

refers that the difference between the proposed con-

troller and the actual optimal control is very small.
The rest of this article presents a process to obtain

such an almost optimal control for the system (1). The

integral equation (8) can be expressed as

Z tf

t0

f� dtþ

Z tf

t0

gd� ðtÞdtþ

Z tf

t0

hd�ðtÞdtþ

Z tf

t0

x _�ðtÞdt ¼ D�,

where

f� ¼ �
T tð Þ f x tð Þð Þ,

gd� tð Þ ¼ �
Tg x t� �1ð Þð Þ,

hd� tð Þ ¼ �
T h x tð Þ, x t� �1ð Þð Þu t� �2ð Þ þ s x t� �1ð Þð Þu tð Þð Þ,

x _� tð Þ ¼ _�T tð Þx tð Þ:

Note that gd� ðtÞ, and hd� ðtÞ are defined on [t0, tf],

and each multiplication on the right-hand side of the

above relations is in fact an inner product. The

operating region of (t, x, u) is �, where

� ¼ I�
Yj¼n
j¼1

½�1j ,�2j � �
Yi¼m
i¼1

½�1i; �2i� ¼ I� A�U:

Definition 1: It is said that a trajectory control pair

p ¼ ðxð�Þ, uð�ÞÞ is admissible, if the following conditions

hold:

(i) Trajectory function xð�Þ satisfies xðtÞ 2A, for

t2 I, and is absolutely continuous on I.
(ii) The control function uð�Þ takes values within

the closed set U, and is Lebesgue-measurable

on I.
(iii) The boundary conditions x(t0)¼x0 and

x(tf)¼xf are satisfied.
(iv) The pair p satisfies the differential equation (1)

almost everywhere.

LetW be the set of admissible pairs. The time-delay

optimal control problem now is to find an admissible

pair p2W such that

J pð Þ ¼ min Jðxð�Þ, uð�ÞÞ

¼ min

Z tf

t0

ð fTx ðxðtÞÞ fxðxðtÞÞ þ fTu ðuðtÞÞ fuðuðtÞÞÞdt:

ð9Þ

Consider the mapping

�p : F 2Cð�Þ !

Z tf

t0

F½t, xðtÞ, uðtÞ�dt2R, ð10Þ

where Cð�Þ indicates the set of continuous functions

on �. The functional �p has the following properties:

(i) well-defined;
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(ii) linear, i.e. �p(�Fþ�G)¼ ��pðF Þ þ ��pðGÞ,
for any �,�2R;

(iii) nonnegative, i.e. if Fðt, x, uÞ � 0, for any
ðt, x, uÞ 2�, then �pðFðt, x, uÞÞ � 0;

(iv) continuous.

Now consider the transformation ;p: p! �p, of an
admissible pair into a positive linear continuous
functional. Then Theorem 2 shows that ;p is an
injection.

Theorem 2: The transformation ;p: p! �p which
maps the admissible pairs in W into the linear mapping
�p defined as in (10) is an injection.

Proof: The proof is straightforward and can be
derived from the results in Rubio (1986).

Therefore, a pair p can be identified with the linear
functional �p. Now the time-delay optimal control
problem (1) can then be written using the definition of
the linear functional as

minimise J½ p� ¼ �pð f0Þ

subject to

�p f� þ gd� tð Þ þ hd� tð Þ þ x _� tð Þ
� �

¼ D�,

ð11Þ

where f0 ¼ f Tx ðxðtÞÞ fxðxðtÞÞ þ fTu ðuðtÞÞ fuðuðtÞÞ.

The image of the set of all admissible pairsW under
the transformation ;p: p! �p is within the set of all
those linear functionals on Cð�Þ which satisfy (11).
Thus, the problem is now converted into the following
form.

Among those linear functionals on Cð�Þ of the type
�p, it is required to find one which minimizes �pð f0Þ.

Let D(I) be the space of infinitely differentiable
real-valued functions with the compact support
I ¼ ½t0, tf �, and zero value at the initial point t0 and
the terminal point tf, i.e.  ðt0Þ ¼  ðtf Þ ¼ 0. Select
�ðtÞ ¼  ðtÞ where  ðtÞ 2DðI Þ. Then D� ¼ D ðtÞ ¼ 0
and substituting  into the first condition (11) yields

�pð f þ gd ðtÞ þ hd ðtÞ þ x _ ðtÞÞ ¼ 0:

Now the optimisation problem (11) is converted
into the following form:

Minimise J½ p� ¼ �pð f0Þ

subject to

�pð f þ gd ðtÞ þ hd ðtÞ þ x _ ðtÞÞ ¼ 0,

�pð f� þ gd�ðtÞ þ hd� ðtÞ þ x _�ðtÞÞ ¼ D�,

ð12Þ

where �ðt0Þ 6¼ 0 or �ðtf Þ 6¼ 0. The optimisation problem
(12) is an infinite-dimensional LP problem. The time-
delay optimal control problem is now to find an
appropriate �p on the set Cð�Þ such that satisfies (12)
and minimises �pð f0Þ.

To find such �p, it is required to enlarge the

domain Cð�Þ, and consider all positive linear func-

tionals � on Cð�Þ which satisfy the constraints (12),

and minimise the continuous function �!�( f0) over

the enlarged domain Cð�Þ. These requirements guar-

antee the existence of an optimal solution. To this end,

a Borel measure equivalent to � is first introduced.

This result can be derived from Rosenbloom (1952)

and is presented as Theorem 3.

Theorem 3: Let � be a positive functional on Cð�Þ.

Then there exists a positive Borel measure � on �

such that

�ðF Þ ¼

Z
�

Fðt, x, uÞd� ¼ �ðF Þ, for any F2Cð�Þ:

Moreover, it is said that � is a representing measure

for the functional �.

Assume that Mþ(�) denotes the space of all

positive Borel measures on �. Using these definitions

and facts, the nonclassical problem (12) is now

converted into its definitive form, which is used later.

The extended problem can be now presented as

follows:
Find a positive measure �	 within the space Mþ(�)

which minimises the functional

�2Mþð�Þ ! �ð f0Þ 2R ð13Þ

subject to the following constraints:

ðiÞ �ð f� þ gd�ðtÞ þ hd�ðtÞ þ x _�ðtÞÞ ¼ D�

for any �2C1ðI Þ,

ðiiÞ �ð f þ gd ðtÞ þ hd ðtÞ þ x _ ðtÞÞ ¼ 0,

for any  2DðI Þ:

ð14Þ

Assume that Q is the subset of measures � in

Mþ(�) which satisfies (14). Now, one may define a

Hausdorff topological space on Mþð�Þ, such that Q is

a compact in this topological space and the functional;

�! �ð f0Þ is continuous. In fact, this topology is the

weak*-topology on the space Mþð�Þ. From the above

discussion, the existence Theorem 4 is obtained.

Theorem 4: Under the above conditions and definitions,

the following properties are obtained:

(i) The set of measures Q is compact with the

weak*-topology on Mþð�Þ.
(ii) The function �! �ð f0Þ, which maps Q into the

real space, is continuous.

Theorem 4 guarantees that there exists an optimal

measure �	 in the set Q for which �	ð f0Þ � �ð f0Þ, for
any �2Q.
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Recall the optimisation problem (13) and (14). As
stated, this problem is an LP problem in which all the
functions in (13) and (14) are linear in the variable �,
and the measure � is required to be positive even if the
original problem (1) with the cost functional (3) is
nonlinear. Converting a nonlinear problem into a
linear counterpart problem is an important result
which is widely used in practice.

Note that the LP problem (13) and (14) is an
infinite-dimensional LP problem. Many attempts have
been made to extend the work and apply to various
classes of systems without delays (Vershik 1970;
Anderson and Nash 1987; Taksar 1997; Fattorini
2005). In this article, an approximation method is
extended to encompass nonlinear time-delay systems
with delays in the state and/or the control input
variables. First, assume that the set consisting of
functions �i, i.e. Ct ¼ f�j : i2Ng, is total in C1(I), that
is, the linear combinations of the functions �i are
uniformly dense in C1(I). Also assume that
Dt ¼ f j : j2Ng is total in D(I). Under these condi-
tions Theorem 5 holds.

Theorem 5: Let CM1
¼ f�i 2Ct : i ¼ 1, 2, . . . ,M1g,

DM2
¼ f j 2Dt : j ¼ 1, 2, . . . ,M2g and

EM ¼ CM1
[DM2

. Consider the linear programme con-
sisting of minimising the functional

�! �ð f0Þ ð15Þ

over the set QM of measures in Mþð�Þ satisfying

�ð f�i þ gd�i þ hd�i þ x _�i Þ ¼ D�i, for any �i 2CM1
,

�ð f j
þ gd j þ hd j þ x _ j

Þ ¼ 0, for any  j 2DM2
:

ð16Þ

If M1 and M2 simultaneously tend to infinity, then
inf�QM

ð f0Þ ! �	 ¼ inf�Qð f0Þ, where �QM
and �Q

refer to all measures in Mþ(�) which satisfy (16) and
(14), respectively.

In this way, the number of constraints on the
original linear programme is infinite while the under-
lying space is not. Now it is possible to replace the
above problem with a finite-dimensional linear pro-
gramme scheme by minimising �! �ð f0Þ over the set
of constraints (16). This fact can be derived from the
results presented in Royden (1970). Theorem 6 pre-
sents the structure and properties of the optimal
measure obtained from a finite-dimensional linear
programme scheme.

Theorem 6: The measure �	 in the set QM at which the
functional �! �ð f0Þ attains its minimum has the form

�	 ¼
Xk¼M1þM2

k¼1

�	k�ðZ
	
kÞ, ð17Þ

where Z	k 2�, the coefficients �	k � 0 and �ðZ	kÞ 2
Mþð�Þ is the unitary atomic measure with the singleton

set fZ	kg as its support and characterised by �ðZ	kÞF ¼
FðZ	kÞ, for F 2Cð�Þ, and Z	k 2�.

Using (17) one can conclude that the measure-

theoretical optimisation (15) and (16) is equivalent to a

nonlinear optimisation problem in which the unknown

parameters are the coefficients �	k � 0, and supports

{z	k : k ¼ 1, 2, . . . ,M1 þM2}, while they are in �. If !
is a dense subset of �, and N
M1 þM2, and

{zi : i ¼ 1, 2, . . . ,Ng � ! where zi; i ¼ 1, 2, . . . ,N are

known points in !, then the nonlinear optimisation

problem (15) and (16) can be approximated by the

following LP statement:

Minimise
XN
k¼1

�kf0ðzkÞ ð18Þ

subject to the following constraints:

XN
k¼1

�kð f�i þ gd�i þ hd�i þx�:
i
ÞðzkÞ ¼D�i, i¼ 1,2, . . . ,M1,

XN
k¼1

�kð f j
þ gd j þ hd j þx :jÞðzkÞ ¼ 0, j¼ 1,2, . . . ,M2,

�k � 0,

zk2!��:

ð19Þ

since the cardinals of the sets CM1
¼ f�i 2Ct :

i ¼ 1, 2, . . . ,M1g and DM2
¼ f j 2Dt : j ¼ 1,

2, . . . ,M2g are M1 and M2, respectively, and (16)

holds for all measures belonging to these sets.
Note that it is required to select a set of functions in

C1(I) such that those linear combinations are dense in

the subspace C1(I), so one may select �i’s as �i ¼ ti�1,

i ¼ 1, 2, . . . (monomials), and functions  k with the

compact support in I¼ [t0, tf] may be defined as

 k ¼ sin
2kðt� t0Þ

tf � t0
,

or

 k ¼ 1� cos
2kðt� t0Þ

tf � t0
, k ¼ 1, 2, . . . :

Prior to explaining the details of the computational

method, the construction of the admissible pairs

p ¼ ðxð�Þ, uð�ÞÞ from the solution f�k : k ¼ 1, 2, . . . ,Ng

of the LP algorithm (18) and (19) is considered. Note

that one only needs to construct the control function,

since the trajectory is then the corresponding solution

of the system equation (1), with the initial state

condition x(t0)¼ x0.
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The following algorithm shows the process of

construction of the proposed suboptimal control:

(i) The finite subset ! � � in (19) is constructed

by dividing the appropriate sets I, A, U into a

number of equal subintervals (say N). In this

way a grid of points, say zk ¼ ðtk, xk, ukÞ,

k¼ 1, 2, . . . ,N, is defined.
(ii) There is a relation between i, j; the indices of the

partition in I and A�U, respectively, and k,

i.e. Kij¼ �k, where �k 4 0. Kij¼ �k is the posi-

tive solution of the LP algorithm (18) and (19).
(iii) If t2 ½ti�1 þ��k�1, ti þ��k�, then u¼ uk.
(iv) One can easily prove that

Pk¼N
k¼1 �k ¼ tf�

t0 ¼ D. So in this way while t2 ½t0, tf � ¼ I,

then the control function t2 I! uðtÞ 2U can

be completely drawn as a piecewise constant

function.

In the following section, this computational algo-

rithm is used to solve a time-delay optimal control

problem.

Remark: Note that if there is a measureable noise

D1ðt, xðtÞÞ 2R
n (and/or D2ðt, ðxðt� �1ÞÞ 2R

n) in the

system (1) then it will be included into f ðxðtÞÞ þ

gðxðt� �1ÞÞ and the procedures of control design and

optimisation are the same as presented in this article.

Since the proposed controller is optimal and is

obtained based on a development of the classical

optimal control theory, it has all the properties of the

traditional optimal controller.

4. Examples

To illustrate the optimal control design procedure of

the proposed optimal control, two examples are

presented. The first example is a one-dimensional

system which fully describes the details of the design

procedure. Moreover, it is shown that the error

between the exact and the proposed solutions is very

small. The second example is a continuous nonlinear

stirred tank reactor model in which the delays appear

on the states and inputs. These examples are presented:

(i) to show that the difference between exact and

the proposed optimal solutions, and between

the minimum value of their associated cost

functionals are very small since the exact

minimum value of the cost function and

optimal control solution of these examples

are computable;
(ii) to indicate the proposed method is applicable

to a wide class of nonlinear time-delay

systems;

(iii) to emphasise that the computation time is

extremely small in comparison with the estab-

lished methods since the method is not based

on any iterative algorithm.

Example 1: Consider the following nonlinear time-

delay system

_xðtÞ ¼ xðt� 1Þuðt� 2Þ, ð20Þ

with

xðtÞ ¼ �ðtÞ ¼ 1, t2 ½�1, 0�,

uðtÞ ¼ �ðtÞ ¼ 0, t2 ½�2, 0�:

Therefore, the state and control input delays are

�1 ¼ 1 and �2 ¼ 2, respectively. Assume that t0¼ 0 and

tf¼ 3. Consider the cost functional

J ¼

Z 3

0

ðx2ðtÞ þ u2ðtÞÞdt ð21Þ

Now the optimal control problem for this system

can be summarised as follows:

Minimize J ¼

Z 3

0

x2 tð Þ þ u2 tð Þ
� �

dt

subject to:

_x tð Þ ¼ x t� 1ð Þu t� 2ð Þ,

x tð Þ ¼ � tð Þ ¼ 1, t2 ½�1, 0�

uðtÞ ¼  ðtÞ ¼ 0, t2 ½�2, 0�

It is clear that xð0Þ ¼ �ð0Þ ¼ 1. Let the final state

value x(tf)¼ 0.6. The optimal problem is to design the

control u such that a trajectory which starts form x(0)

reaches the final point xðtf Þ ¼ 0:6. In this example, the

functions which are used in the LP problem (18) and

(19), are:

f0 ¼ x2 þ u2
� �

f�i ¼ 0,

gd�i ¼ 0

hd�i ¼ �ix t� 1ð Þu t� 2ð Þ

f j
¼ 0

gd j ¼ 0

hd j ¼  jx t� 1ð Þu t� 2ð Þ

Thus

f�i zkð Þ ¼ 0,

gd�i zkð Þ ¼ 0,

f j
zkð Þ ¼ 0,

gd j zkð Þ ¼ 0,
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hd�i zkð Þ ¼ x tk � 1ð Þu tk � 2ð Þ�i tkð Þ,

hd j zkð Þ ¼ x tk � 1ð Þu tk � 2ð Þ j tkð Þ,

x�:
i
zkð Þ ¼ xk _�i tkð Þ,

x :j zkð Þ ¼ xk _ j tkð Þ, i ¼ 1, 2, . . . ,M1,

j ¼ 1, 2, . . . ,M2:

Now the LP problem (18) and (19), for this

example is as follows:

Minimise
XN
k¼1

�k x2k þ u2k
� �

subject to

XN
k¼1

�k x tk � 1ð Þu tk � 2ð Þ�i tkð Þ þ xk _�i tkð Þ½ � ¼ D�i,

i ¼ 1, 2, . . . ,M1,

XN
k¼1

�k x tk � 1ð Þu tk � 2ð Þ j tkð Þ þ xk _ j tkð Þ
� �

¼ 0,

j ¼ 1, 2, . . . ,M2, �k � 0:

In this example, I¼ [0, 3] and it is assumed

0� xðtÞ � 1 and �1 � uðtÞ � 1. So A¼ [0, 1], U ¼

½�1, 1�. The set � ¼ I� A�U is covered with a grid,

where the grid is defined by taking points

zk ¼ ðtk, xk, ukÞ in �. The points in the grid are

sequentially numbered from 1 to N. The time interval

I is divided to 25 subintervals, while the sets A and U

are divided to 5 and 10 subintervals, respectively. Thus,

1250 nodes are created in the grids by considering 25, 5

and 10 subintervals in the sets I, A and U, respectively.

This LP problem is solvable by the classical simplex

method (Bazara, Jarvis, and Sherali 2009) where

N¼ 1250, and one can select M1¼ 28 and m2¼ 2.
The functions �i, s are selected as the monomials

as �i¼ ti�1, i ¼ 1, 2, . . . ,M1, and  k’s are normally

chosen as

 k ¼ sin
2kðt� t0Þ

tf � t0
,

or

 k ¼ 1� cos
2kðt� t0Þ

tf � t0
, k ¼ 1, 2, . . . ,M2:

Figure 1 shows the optimal control action obtained

and the system state behaviour. Note that the control

was defined u¼ 0 for all t2 ½��2, 0�. Therefore, the

system equation yields xðtÞ ¼ 1 for t2 ½��1, �2�:
The minimum value of the cost functional (21)

using the proposed method is 2.7640 with the CPU

time of a Pentium 4 is 7 s while the exact minimum

–2 –1.5 –1 –0.5 0 0.5 1 1.5 2 2.5 3
–1

–0.5

0

0.5

1

Time

The optimal control action

–1 –0.5 0 0.5 1 1.5 2 2.5 3
0.6

0.7

0.8

0.9

1

The system state behaviour 

Time

Figure 1. The control action and the behaviour of the system state using the proposed optimal control of the system (20).
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value of the cost function (21) is 3e2þ1
e2þ1
� 2:7616

(Göllmann et al. 2008). Moreover, the behaviour of
the system states using the proposed method and the
exact optimal solution is nearly the same.

The second example shows that the method can be
used for designing an optimal control for a wide class
of nonlinear systems. It also shows that the proposed
method yields almost the same optimal control which
is directly obtained from the minimisation of a given
cost function. In fact, the difference between the exact
minimum value and the value obtained using the
proposed method with the associated cost function is
very small. Furthermore, this example shows that the
CPU time is again very short.

Example 2: The method is now applied to the
continuous nonlinear stirred tank reactor system
(CSTR)

_x1ðtÞ ¼ �x1ðtÞ � RðtÞ,

_x2ðtÞ ¼ �x2ðtÞ þ 0:9u2 t� �2ð Þ þ 0:1u2ðtÞ,

_x3ðtÞ ¼ �2x3ðtÞ þ 0:25RðtÞ � 1:05u1ðtÞx3ðt� �1Þ,

ð22Þ

for almost every t2 ½0, 0:2�, where the states x1, x2 and
x3 represent the relative concentration of the product,
the relative concentration of the catalyst and the
relative temperature in the reaction vessel, respectively.
Also the temperature inside the vessel is controlled by
u1 which is a time-dependent proportional gain of a
heat exchanger device, and u2 represents the catalyst
feed which is split into a fraction 0:1u2ðtÞ entering the
vessel directly and the remaining fraction 0:9u2ðt� �2Þ
entering the vessel with a time-delay �2 due to prior
mixing with the reactant feed, see Figure 2. In addition,
the nonlinear term R(t) is defined as

RðtÞ ¼ R t, x1ðtÞ, x2ðtÞ, x3ðtÞð Þ

¼ 1þ x1ðtÞð Þ 1þ x2ðtÞð Þ exp
25x3ðtÞ

1þ x3ðtÞ

� �
:

This CSTR model has originally been studied by
Soliman and Ray (1971).

Consider the initial and terminal conditions and
control constraint as follows:

x3ðtÞ ¼ �0:02, t2 ��1, 0½ Þ,

u2ðtÞ ¼ 1, t2 ��2, 0½ Þ,

xð0Þ ¼ ½0:49 � 0:0002 0:02�T,

xð0:2Þ ¼ ½0 0 0�T,

u1ðtÞ
�� �� � 500, t2 ½0, 0:2�:

Note that the origin is not the equilibrium point of
the system. In fact, it is desired that the state
trajectories reach the origin at 0.2 s. Select the state

delay �1 ¼ 0:015 and control delay �2 ¼ 0:02. Since

tf ¼ 0:2, t0 ¼ 0 and � ¼ maxf�1, �2g ¼ 0:02, the condi-

tion tf � t0 þ � is satisfied. By comparison, the system

equations of this example with the time-delay dynam-

ical system (1), the following functions are verified:

f ¼ f ðxðtÞÞ

¼ �x1ðtÞ � RðtÞ �x2ðtÞ �2x3ðtÞ þ 0:25RðtÞ
� �T

,

g ¼ g x t� �1ð Þð Þ ¼ 0 0 0
� �T

,

h ¼ h xðtÞ, x t� �1ð Þð Þu t� �2ð Þ

¼ 0 0:9u2 t� �2ð Þ 0
� �T

s ¼ s x t� �1ð Þð ÞuðtÞ

¼ 0 0:1u2ðtÞ �1:05u1ðtÞx3ðt� �1Þ
� �T

Thus for this example, the used functions in the LP

(18) and (19) are:

f0 ¼ x21 þ x22 þ x23 þ 0:01u22,

f�i ¼ �
T
i f,

gd�i ¼ �
T
i g ¼ 0

hd�i ¼ �
T
i h

f j
¼  T

j f,

gd j ¼  
T
j g ¼ 0

hd j ¼  
T
j h,

where �Ti ¼ ½ �1i �2i �3i �
T, i¼ 1, 2, . . . ,M1, and

 T
i ¼ ½ 1i  2i  3i �

T, i¼ 1, 2, . . . ,M2 are known

functions. Now the optimal problem is:

Minimize

J u, xð Þ ¼

Z 0:2

0

kx tð Þk22 þ 0:01u22 tð Þ
� �

dt

Outlet temperature 

Temperature  
feedback 
controller 

Reactant inlet 

Catalyst inlet 

Coolant 

Product 

Figure 2. A continuous stirred tank reactor model.
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subject to

_x1 tð Þ ¼ �x1 tð Þ � RðtÞ,

_x2 tð Þ ¼ �x2 tð Þ þ 0:9u2 t� �2ð Þ þ 0:1u2ðtÞ,

_x3 tð Þ ¼ �2x3 tð Þ þ 0:25R tð Þ � 1:05u1 tð Þx3ðt� �1Þ:

Similar to Example 1, the set � ¼ I� A�U is

covered with a grid where the grid is defined by taking

points zk ¼ ðtk, x1k, x2kx3k, u1k, u2kÞ in �. The points in

the grid are sequentially numbered from 1 to N. In this

example, the time interval I is divided to 11 subinter-

vals, while the sets A and U are divided to 20 and 8

subintervals, respectively. Thus, 1760 nodes are created

in the grid by considering 14 linear constraints. The

created LP problem is solved by the extended simplex

method. The elements of vector functions �Ti ’s are

selected as the monomials in variable t and the

elements of the vector functions  T
j ’s are selected

such that to obtain a compact support in I ¼ ½t0, tf �. In

this example, 12 functions of �Ti ’s and 2 functions of

 T
j ’s are considered. In addition, �i ¼ ti�1 and  j ¼ 1�

cosð10jtÞ are selected. For this example, the minimum

value of the associated cost functional using the

proposed method for 1760 grid points is given by

J¼ 0.01103 and the CPU time is 38 s. The proposed

method in this article yields extremely significantly

superior results in comparison with the existing
method. For instance, in the method proposed by
Göllmann et al. (2008), 16,000 grid points have been
considered and the minimum value of the cost func-
tional is J¼ 0.01197 with a very large CPU time of
63,932 s. Figure 3 depicts the behaviour of the optimal
concentrations x1(t) and x2(t), the optimal temperature
x2(t) and the actions of optimal controllers u1 and u2
using the proposed method. The optimal control u1
takes many values between �100 and 380 while the
values of the optimal control u2 are between �0.101
and �0.05.

5. Conclusions

In this article, the embedding method (the embedding
of an admissible set into a subset of measures) has
successfully been used for designing a suboptimal
control for a class of nonlinear time-delay systems
subject to mixed control–state constraints. It has been
shown that by considering a measure-theoretical
nonclassical problem, it is possible to solve a modified
time-delay system. The defined functional on the
associated subspace of measures is linear in both the
argument and the measure. Therefore, it is a fact that
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Figure 3. The stirred tank reactor system responses using the proposed optimal controller.
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the functions involved are linear even if the classical
optimal time-delay problem is nonlinear. The almost
optimal control design method as presented in this
article is systematic and straightforward in comparison
with the traditional and established methods. The
control obtained is almost optimal and no extra initial
solution is required. The significant consequence of the
proposed method is that the almost optimal control,
and therefore the almost optimal trajectory, is esti-
mated in a closed form without using any iterative
technique.
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