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ABSTRACT: It has been speculated that the S-matrix elements of type IIB superstring
theory satisfy the Ward identity associated with the S-duality. This indicates that a group
of S-matrix elements at each loop level are invariant under the linear SL(2, R) transforma-
tions. If one evaluates one component of such S-dual multiplet, then all other components
can be found by the simple use of the linear SL(2, R) transformations.

In this paper, we calculate the disk-level S-matrix element of one graviton(dilaton),
one B-field and one gauge boson on the word volume of Ds-brane. The S-dual multiplet
corresponding to the graviton(dilaton) amplitude has three(six) components. In particular,
the graviton multiplet has the S-matrix element of one graviton, one R-R two-form and
one gauge boson, and the dilaton multiplet has the S-matrix element of one R-R scalar,
one B-field and one gauge boson vertex operators. We calculate explicitly these particular
components and show that they are precisely the ones predicted by the S-duality. We have

also found the low energy contact terms of the dilaton multiplet at order o'2.
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1 Introduction

It is known that the type IIB superstring theory is invariant under S-duality [1-7]. This
symmetry should be carried by the S-matrix elements. It has been speculated in [8] that
the linear S-duality should appear in the tree-level S-matrix elements through the associ-
ated Ward identity. This classifies the tree-level S-matrix elements into S-dual multiplets.
Each multiplet includes S-matrix elements which interchange under the linear SL(2, R)
transformation. The S-matrix elements of gravitons are singlets in this classification. The
tree-level S-dual multiplets should then be dressed with the loops and the nonperturbative
effects to becomes invariant under the full nonlinear S-duality transformations [9]-[28].

The S-duality holds order by order in o’ and is nonperturbative in the string loop
expansion [7]. Therefore, one has to o/-expand an amplitude in the Einstein frame and
then study its S-duality at each order of o’. Let us consider the sphere-level S-matrix
element of four gravitons whose S-duality has been studied in [9]-[25]. The leading «’-
order contact term of this amplitude which has eight momenta is not invariant under
the S-duality because of the presence of the dilaton factor e 3%0/2 in these couplings in
the Einstein frame. It has been conjectured that the dilaton factor might be extended
to the non-holomorphic Eisenstein series F3/9(¢o,Co) after including the loops and the
nonperturbative effects [9]. Similar conjecture has been made for the higher o' order
terms [9]-[25]. However, the leading term of this expansion which is a massless pole, has
no dilaton factor so this term by itself is invariant under the S-duality.



The above proposal for constructing the S-dual S-matrix element of four gravitons has
been extended to the disk-level S-matrix element of two gravitons in [26, 27], to the disk-
level S-matrix elements of some other external states in [8, 28, 29] and to the nonabelian
S-matrix elements on the world volume of multiple Ds-branes in [30]. The leading o/ order
term in each of the abelian S-matrix elements is invariant under the S-duality without
dressing it with the loops and the nonperturbative effects. We will show that such property
is hold by the S-matrix elements that we will find in this paper as well.

In general, the evaluation of the tree-level S-matrix element of the Ramond-Ramond
(R-R) vertex operators is much more complicated than the evaluation of the tree-level S-
matrix element of the Neveu Schwarz-Neveu Schwarz (NS-NS) vertex operators because of
the presence of the spin operator in the R-R vertex operator [31] . The S-duality relates the
R-R two-form to the B-field and the R-R scalar to the dilaton. Using the observation that
the S-matrix elements should satisfy the Ward identity corresponding to the S-duality [8],
one can relate the S-matrix element of the R-R vertex operators to the S-matrix element of
the NS-NS vertex operators. In this paper we would like to examine this idea by evaluating
the disk-level S-matrix element of one graviton(dilaton), one B-field and one gauge boson
and relating it to various S-matrix elements involving the R-R vertex operators.

The outline of the paper is as follows: In section 2, using the conformal field theory
technique, we calculate explicitly the disk-level scattering amplitude of one graviton, one
B-field and one gauge boson. In section 2.1, we find the S-dual multiplet corresponding to
this amplitude which has three components. We will show that the leading o/-order terms
of the multiplet are invariant under the S-duality. In section 3, we calculate the dilaton
amplitudes corresponding to the above multiplet by replacing the graviton polarization
with the dilaton polarization tensor. The dilaton amplitudes by themselves, however, do
not form an S-dual multiplet because unlike the graviton the dilaton is not invariant under
the S-duality. In section 3.1, we find the S-dual multiplet corresponding to the dilaton
amplitudes. In section 4, we examine some of the amplitudes that we have found from the
S-duality with explicit calculation and find exact agreement. In section 5, we find the low

energy contact terms of the dilaton multiplet at order a/2.

2 Graviton amplitude

The tree-level scattering amplitude of two gravitons and one transverse scalar has been cal-
culated in [32]. In this section we are interested in the scattering amplitude of one graviton,
one B-field and one gauge boson on the world-volume of a Dj-brane. This amplitude is
given by the correlation function of their corresponding vertex operators on disk. Since the
background charge of the world-sheet with topology of a disk is )4 = 2 one has to choose the
vertex operators in the appropriate pictures to produce the compensating charge Q4 = —2.
The scattering amplitude may then be given by the following correlation function:

A~ <V e, o)V ) Vi (G ks) > (2.1)



Using the doubling trick [33, 34], the vertex operators are given by the following integrals
on the upper half z-plane:!

VD = (e1-D)pyn / Az (XM 4 ipy )Pt L (DXY 4 ipy - D-pp )P DX
Vé_l’_l) =(€2:D) g /d222 e 02X 2=t pipz DX
VO — (&), / ds : (DX + 2ikg-orp®) ks X (2.2)

where the matrix D} is diagonal with +1 in the world volume directions and —1 in the
transverse direction. The polarization €; is symmetric and the polarization €9 is antisym-
metric. We will not impose the traceless condition for the graviton polarization. This will
allow us in the next section to find the dilaton amplitude from the graviton amplitude by
choosing the graviton polarization to be the flat metric 77,,,. The on-shell conditions are
E;.Pi = Pi€i = Pi.Pi — 0 for ¢ = 1,2, and Cg.kg = kg.kg = 0.

Using the standard world-sheet propagators

< XH(2)X"(y) > = —n"" log(x — y)
nv
<@y > = -
< P(x)p(y) > = —log(z —y) (2.3)

one can calculate the correlators in (2.1). The result is an expression which satisfies the
Ward identity associated with the gauge boson, i.e., if one replaces the gauge boson polar-
ization (3 with its momentum k3 the result is zero. So one can write the result in terms of
the gauge boson field strength F® = (k3¢S — k8¢¢). The result in the string frame is

A~ 2T, [Zpl.F.el.sg.plll t(—2p1.Feeserks + pr.Fer.D.copr + pr.Fer.eaDopr) I
+ (2p1.ea.F.e1.k3 + pr.ea.Fe1.D.py) Is + p1.F.ea.61.p20y — p1.€2.F.e1.paly
—p1.Feg.e1.D.p1I5 — 2p1.D.eq.kslgTr [F.ea] + po.e1.p2lgTr [Feg] —
215 (2ks.e1.F.ea.D.p1 — 2p1.F.ea.D.e1.ks + p1.D.e1.F.ea.D.p1 + p1.F.e1.D.c9.D.py
+2k3.e1.k3Tr [F.es]) + g (p1.F.e2.D.€1.p2 — pa.€1.F.€9.D.p1 — 2po.c1.k3Tr [F.e9])
+111 (—2p1.F.eg.D.e1.D.py + (p1.D.€1.p2 + p2.€1.D.p1 + p1.D.e1.D.p1) Tr [Fle3])
+ (= (p1-p2 + p1.D.p1) (I2 — Is) + p1.-k3ls) Tr [F.eo] Tr [e1.D] — Iz (p1.F.e2.p1 T [e1.D)]
+p1.D.p1Tr [F.ey.9]) + Iy (p1.F.ea.D.p1 Tr [e1.D] + p1.D.p1 Tr [F.eq1.D.g9)) (2.4)

where I, - - - I;1 are some integrals. The amplitude has also a delta Dirac function imposes
the momentum conservation along the brane, i.e.,

p1+p1-D+p2+p2.D+2ks =0 (2.5)

LOur conventions set o’ = 2. Our index convention is that the Greek letters (u,v,---) are the indices
of the space-time coordinates, the Latin letters (a,d,c,---) are the world-volume indices and the letters
(4,4, k,---) are the normal bundle indices.



To have consistency with the T-duality, the amplitude should have no extra dilaton factor.
The dilaton appears only in the brane tension which is consistent with T-duality, i.e.,
T,0PY(--+) — T,—16P(---). We will not fix the overall numeric factor of the amplitude.
The explicit form of the integrals Is, I are the following:

K
h=———
Z31%221%31%12%22
K
= ————— (2.6)
232211%21%12%32

and the other integrals appear in the appendix. The notation z;; is 2z;; = 2; — z;. There is

a measure f d?z,d? zadx5 for all the integrals which we have omitted. The function K is
K — Z;Iy%.D-pl ‘212’2p1.p2 |21§|2p1'D'p2 |213|4p1.k3Z129§.D.p2 ’223|4p2.k3 (2'7)

Note that the integral 171 is the same as I5 in which the labels 1,2 are interchanged.

One may use the relation between disk amplitudes involving mixed open and closed
strings, and disk amplitudes with only open strings [33-35] to relate the integrals (2.6) to
the integrals that appear in the five open string amplitude [36]. However, we prefer to
calculate the integrals (2.6) directly which is easy to perform. The integrals are invariant
under the SL(2, R) transformation of the upper half-plane. Using this symmetry one can
map the result to unit disk, and then fix the symmetry by fixing z; = 0 and 3 = 1. In the
polar coordinate zo = 7¢'?, the f-integral can be evaluated using the following formula [37]:

2 cos(nb) 2L(b+n) b n+b 4
/0 d9(1 + 22 — 2w cos())’ 2me n!T(b) 2F1[ n+1 7 ] (28)

where |z| < 1, and the r-integral can be evaluated using the following formula [37]:

1+a, ai, a2
3l

1
1 B(+a,1+4b)= [ dea®(1—a)lar |
2+a+b7b1,}(+a,+)/0mx( :Jc)21[ ;T

b1
The integral I then becomes

1+ p1.p2, 2p1.k3, 2p1.k3

(p1,p2, k3) (14 p1.p2,p2.D.p2) L 4 p1ps+ po. Do, 1

; 1} (2.9)
The integral 177 is

Iii(p1, p2, k3) = Ia(p2, p1, k3) (2.10)

There are four Mandelstam variables p1.p2, p2.D.p2, p1.D.p1 and p;1.ks in I and I11. There
are, however, three physical channels. pj.ps-channel which is a closed string channel, and
p2.D .po-channel and p1.D.pi-channel which are open string channels. The p;.D.pj-channel
in Iy is coming from the Hyper-geometric function. There is no open or closed string
channel corresponding to the Mandelstam variable p;.ks. The integral I> has massless pole



only in the po.D.po-channel. To study the low energy limit of the scattering amplitudes in
section 5, we need the o/-expansion of the integrals which are given by

1 1 4(p1.k3)2>
I = +2<— P2+ ——— | 2.11
2 pQ.D.pQ 6 pr-p2 pQ-D-pQ ( )
1 1 4(p1.k‘3)2>
Iy = L (_ o+ NPLESS Y
Y pi Dy 6 PLp T, Do
where we have also used the relation ps.ks = —p;.k3. We have used the package [38] for

expanding the Hypergeometric function 3F5.

If one calculate the other integrals, one would find similar results for them. Then one
may use these functions to find some relations between them. Using these relations, one
would find that the amplitude would satisfy the Ward identity associated with the graviton
and B-field. Alternatively, one may impose the graviton and the B-field Ward identities to
find these relations. We follow this latter method to find the relations:

I = 215 + I3, Iy =21 — I3, Is =11 — I — I3,
Ip =1+ I1; + I3, Is = I3 — 217, Iy =1y + Iy, I = 1o — 111 (2.12)

which we have checked with the explicit form of the integrals. One also finds the following
two equations involving the Mandelstam variables:

41sk3.pr + (212 + I3) pr.p2 + (2 — I11) p1.D.p1 = 0,
2[3]{33.])1 + (*2[1 + Ig)pl.pg — (IQ + Ill)pl-D-pl =0 (213)

which may be verified using by part integration. Using the above equations (2.12)
and (2.13), one can write [1,Is,---Ijp in terms of Is and I;;. The result is a lengthy
expression. To compress the result, one may write the amplitude (2.4) in terms of field
strength of the B-field, i.e., H = dB. Note that there is no unique way to write the am-
plitude in terms of H, i.e., using the on-shell condition one can find different expressions
for the amplitude in term of H. We impose the condition that the final amplitude at low
energy should have no double pole 1/(p1.p2p1.D.p1) which is consistent with the low energy
effective action. Using this condition, we find

Agpr ~ Tp(I11 A1 + 12A9) (2.14)
where Ay is

D.

] + p1-L.p1
p1-p2

—dpy.Hyq (61.N), " + 2ps.e1.N.Hy, — p1.D.e1. Hyy + p1.Hoy Tt [e1.D] )

Ayl = Fab |: —4py.D.e1.N.Hyp, + 2p1.N.Hyp Tr [e1.D ( 2ks.c1.Hyp

2p1.D.
_% (pl.k3p2-€1-Hab = p1-D.Hya(pa-1)s (p1)"

+p1.D.p1p1-Hya (€1), " 4 p1.D.Hyw (p1)a (1), * (1)” )} (2.15)



and As is

.D.
A2 - Fab |:— 8k3.€1.V.Hab - 2p1.V.HabT1“ [El.D] — 16p1.VHca(€1)bc — u <2k'3~51-Hab
p1-p2
+4p1-H;ta (El.V)bH — 2p2~51-VHab — pl-D-gl-Hab —|—p1.HabTr [El.D} )
2p2.D.po (
_— ks po.e1.Hypy —p1.D.H £ H
(pl'pQ)z P1-R3p2.€1.-41qp — P1 ,ua(pQ 1)b (pl)
+p1.D.p1 p1-Hya (€1), " + p1.D-Hyw (p1)a (1), " (p1)” ) } (2.16)

where H*P = i(phes” +pheh” +phebt), the matrix V is the flat metric of the world volume,
ie., Ve =n® and N is the flat metric of the transverse space, i.e., N¥ = 5,

The amplitude does not satisfy the Ward identity corresponding to the graviton unless
one rewrite the field strength H in terms of B. So one can not write the amplitude in
terms of field strengths F', H and the curvature R. However, some of them can be written
as RHF. For example, the terms that have p;.D.H,, satisfy the Ward identity associated
with the graviton, so they can be rewritten as RH F'. One should not expect that all terms
to be rewritten as RH F' because the metric can appear as contracting the indices of the
covariant derivatives of \/—¢gHF' as well as in the definition of the covariant derivatives.
In general, using the fact that the contact terms of the S-matrix elements must produce
couplings in effective field theory which must be in terms of covariant derivative of field
strengths, one expects a S-matrix element to be written in terms of field strengths except for
the graviton. For graviton, only some terms of the amplitude can be written as curvature.

As a check of the result in (2.14), we note that if one examines the Feynman diagrams
in low energy field theory, there would be no double pole 1/(p;.p2)%. Therefore, the double
pole in the amplitude (2.14) must be canceled. Using the expansion (2.11), one observes
that the double pole in A;; and As in fact is canceled in the whole amplitude (2.14). We
have expand the integrals I and I1; up to (o’)% and found no double pole. Moreover, taking
in to account that the integral I> has simple pole in po.D.ps and the integral I1; has simple
pole in p;.D.p;, one observes that the amplitude has no double pole 1/(p1.pap1.D.p1) or

1/(p1.pap2-D.p2) either.

2.1 Graviton S-dual multiplet

To study the S-duality of the amplitude (2.14), we have to convert it to the Einstein frame.
The relation between the string frame metric which is used in (2.14), and the Einstein
frame is gﬁy = e‘bO/QQEV. The amplitudes (2.14) in the Einstein frame is

Agpr ~ InTse %2 F —dp;.D.ey. N.-Hy + -+ |
+1T3e 3% 2 8ks.e1.V.Hyp + -+ | (2.17)

where dots represent the other terms in (2.15) and (2.16). The dilaton factor e~#/2 must be
multiplied to each Mandelstam variables in the integrals 171, I5 in the Einstein frame. For
example, p1.p2 in the string frame must be replaced by p1.p2 e~%/2 in the Einstein frame.



Under S-duality, graviton is invariant and the following objects transform as dou-

blets [43-45]:
5= () e (B) o a- () 219

— (*F) _ (xF)
7= <e‘¢0F — C’O(*F)> (A I)T (e‘%p _ Co(*F)>

where (xF)ap = €apeaF°/2, and ¢ and Cy are the constant dilaton and R-R scalar, re-
spectively. Consider the SL(2, R) matrix M

e
M= (1] 2.19
‘ ( c o1 (2:19)
where C is the R-R scalar and 7 = C + ie~®. This matrix transforms under the SL(2, R)
transformation as?
M — AMAT (2.20)

When the dilaton and the R-R scalar are constant, one finds the following S-dual multiplet:
(+F) ' MoB = —e FB + (xF)C® + Cy(xF)B (2.21)

where the matrix My is the matrix M in which the dilaton and the R-R scalar are constant.
The minus of amplitude (2.17) corresponds to the first component of the above multiplet.
The amplitude corresponding to the second component is

1 _
AgC(Q)F ~ 5[11T3€ ¢0/26adech [ — 4p1.D.€1.N.F§Z) + - ]

1
+§IQT36_¢O/ 2e0AE [~ 8kge) V.ED 4] (2.22)

where F3) = ¢C®), Finally, the amplitude corresponding to the third component of the
multiplet (2.21) is

1 _
AgBFC(O) ~ 5]11T3€ ¢O/2€adeFCdCO[ — 4p1.D.€1.N.Hab =+ - ]
1
+512T36_¢0/2€adech00[ - 8k33.61.VHab + - ] (2.23)

In above amplitude, the R-R scalar must be constant. The polarization of this constant
R-R scalar is denoted by Cy. This polarization is one, but for clarity we keep it as Cj.
The amplitudes (2.22) and (2.23) are the S-duality prediction for the S-matrix ele-
ments. The amplitude (2.23) should appear in the S-matrix element of one R-R scalar,
one graviton, one B-field and one gauge boson which is related to the amplitude of seven
open strings [35]. In the limit that the momentum of the R-R scalar goes to zero, this

*Note that the matrix M here is the inverse of the matrix M in [43].



amplitude should be reduced to (2.23) and some massless poles. We leave the details of
this calculation for the future works. The amplitude (2.22), however, is a 5-point function.
In section 4 we explicitly calculate the disk-level S-matrix element of one graviton, one
R-R two-form and one gauge boson. We will show that the result is precisely agree with
the amplitude (2.22).

Using the fact that the leading o/ order terms of the integrals I5, I1; are massless
pole, there is a dilaton factor e?0/2 in the leading order terms of these integrals in the
Einstein frame. Therefore, the leading order terms of the amplitudes (2.22), (2.23) have
no dilaton factor and the leading order term of the amplitude (2.17) has the dilaton factor
e~%. They are consistent with the multiplet (2.21). This indicates that the leading o'-
order terms of the multiplet (2.17)-(2.22)-(2.23) are invariant under the S-duality. It seems
this symmetry is carried by any abelian tree-level S-matrix elements. The extra dilaton
factors in all higher order terms may be dressed with the loops and the nonperturbative
effects [9]-][28] to become invariant under the full nonlinear S-duality.

3 Dilaton amplitude

The dilaton amplitude can be read from the graviton amplitude by replacing the graviton
polarization with

(e = M — Lu(P1)y — Lo (P1) (3.1)

where the auxiliary field ¢ satisfies £.p; = 1 and should be canceled in the final amplitude.
The graviton amplitude (2.4) satisfies the Ward identity, i.e., if one replaces the graviton
polarization (£1),, with (,(p1)y + ¢ (p1), where (, is an arbitrary vector, the amplitude
becomes zero. Since we have not used the traceless condition for the graviton, it is obvious
that the replacement —¢,,(p1), — €, (p1), for the graviton polarization gives zero result. So
to find the dilaton amplitude we have to replace the graviton polarization in the ampli-
tude (2.4) with 7,,. The amplitude can then be written in terms of H. The result for
Ds-brane in the Einstein frame is

p1-k3p1.D.py

.D.
Appr ~ A1 Tze 300/2Fab <111 [Mpl-V-Hba + 3
p1-p2 (P1-p2)

pl.Hba] (3.2)

.D. k3 pa.D.
—1 [4]?1-V-Hba + 222 o Hyy — p1.N.Hy) + WZ)LHba]>
p1-p2 (p1-p2)

where we have also used the relation ks. Hyy F® = F “bk:g abe = 0. In above equation ¢
is the polarization of the dilaton which is one. Note that there is no massless open string
pole 1/p;.D.p; which is consistent with field theory since there is no linear dilaton coupling
for D3-brane in the Einstein frame. This is unlike the graviton amplitude (2.14) which has
such pole and is reproduced in field theory by the pull-back and by the Taylor expansion
of the linear coupling of graviton to the D-brane, i.e., 9,X*h%; and X'0;h,® where h is the
graviton and X is the transverse scalar field on the world volume of D-brane.



Similarly, one can find the dilaton amplitudes corresponding to the components (2.22)
and (2.23). The dilaton amplitude corresponding to (2.22) is

—¢0/2 _abed p1-D.p1 3) . pr-k3p1.D.py (3)
Agcarp ~ 201 Toe™ ™ e, <IH{ prpg PreVEw s Pt (3.3)
-D.ps (3) 3)\ . p1-k3p2.D.po (3)
_ I, |4p, V.F® 4 P2 (2 F® _p N.F )+— F
2[ PrYle T gy (P Tba TP (prpa)2 M

The dilaton amplitude corresponding to (2.23) is

p1.D.py
P1 .VHba +
P1-P2 (p1.p2)

p1-k3 p2.D.pa
2p1-Hpy — p1-N.Hpo) + — 511 ba:|)
P1.-D2 (p1-p2)

5 DP1-Hpa

ksp1.D.
Ayprc© ~ 21 CoTye %0/ 2ebed <111 [ p1-F3p1-2-p1 ] (3.4)

—1I> [4PI-VHba + P2 b2 (
where the R-R scalar is again constant.

Even though the gravity amplitudes (2.22), (2.23) and minus of (2.17) form an S-dual
multiplet, the corresponding dilaton amplitudes (3.3), (3.4) and (3.2) do not from an S-
dual multiplet. This is resulted from the fact that unlike the graviton, the dilaton is not
invariant under the S-duality. Therefore, one has to add more amplitudes to find an S-dual
multiplet. In the next section we will find this multiplet.

3.1 Dilaton S-dual multiplet

To find the S-dual multiplet corresponding to the amplitudes (3.2), (3.3) and (3.4), consider
the variation of the matrix (2.19) which is given by

(e~ — (2% ¢ ¢ ¢
SM = (e C=e®)dp + 2Ce?5C Ce®dp + e?0C (3.5)
Ce?5¢ + e?5C e?5¢
This transforms under the SL(2, R) transformation as
oM — ASMAT (3.6)

Consider the case that the variations are the external states, i.e., §¢ = ¢1 and 0C = (1,
and the dilaton and the axion are the constant background fields ¢y and Cjy, respectively.
Using this matrix and the doublets (2.18), one finds the following S-dual multiplet:

(+F)T6MB = e ¢ FB + ¢1(+F)C® + Copy (+F) B
+C1(xF)B — e~ % CyCLFB — e~ ®C1FC?) (3.7)

The amplitudes (3.2), (3.3) and (3.4), correspond to the first, the second and the third
components of the multiplet (3.7), respectively. The amplitude associated with the fourth
component is

p1.D.p1

ks p1.D.
Aco gp ~ 201 Tye %2, (Ill[ P1-p2 e

(p1-p2) 2

k3 pa.D.
(2p1.Hpa — p1.N-Hpa) + Wplffba])

p1~VHba =+ pl-Hba:| (38)

p2.D.p2

I [4p1.VHba +



where C] is the polarization of the R-R scalar which is one. The amplitude corresponding
to the fifth component is

D. s pL.D.
Ap© e ~ —ACyCoTye 3¢0/2pab <111 [Mp1.VHba 4 Wpl.Hba] (3.9)

P1.D2 (p1.p2)?

.D.
—1> |:4p1-VHba TR ek
1-P2

p1-k3 p2.D.p2
(2p1-Hpa — p1-N-Hpa) + 2p1-Hba:|>
(p1-p2)
in which one of the R-R scalars is constant. And the amplitude associated with the last

component is

.D. ks p1.D.
Ap© g p ~ —AC) Tye~3%0/2 fab <111 [Mpl.VF,fj’) + Wpl.Fés)} (3.10)
P1-p2 (p1-p2)
3 [4p1 vE® p2.D.po (2p1 PO NF(S)) n pl-kSPQ-D-pzpl F(3)])
ba P1.p2 ba ba (p1-p2)2 ba

The amplitudes (3.2), (3.3), (3.4), (3.8), (3.9) and (3.10) form an S-dual multiplet. Since the
leading a/-order terms of the integrals I and I;; have the dilaton factor e=%0/2, the leading
terms of the S-dual multiplet have no extra dilaton factor so they are invariant under the
S-duality. The above results are the S-duality prediction for the S-matrix elements. The
explicit calculation of the amplitudes (3.9) and (3.10) needs the correlation function of four
spin operators and some world-sheet fermions [46, 47] which we leave them for future works.
The amplitude (3.8) is a 5-point function that needs the correlation function of two spin
operators and some fermions. In the next section we calculate this amplitude explicitly.

4 Testing the multiplets

The scattering amplitude of one R-R n-form, one NS-NS and one gauge boson may be
given by the following correlation function:

A~ < Vé;gl/?’_gm (Egn),pl)vz(vos’%s(@,p2)Vf(10)(437k3) > (4.1)

where the vertex operators are [33, 39]
V}gl—%l/z—?)/?) = (P_Hl(n)Mp)AB /d2z1 : e_‘z’(zl)/QSA(a)eipl'X : e_3¢(21)/253(21)eip1'D’X :
VAR s = (e Dy [ X7 4 ipa- v )P 5 (OXV 4 ipy Do) DX
Vi = (Gs)a /dﬂ?3 F(OX + 2iky-yyp®)e? X (4.2)

where the indices A, B, are the Dirac spinor indices and P = (1 — v11) is the chiral
projection operator which makes the calculation of the gamma matrices to be with the full
32 x 32 Dirac matrices of the ten dimensions. In the R-R vertex operator, Hy(,) and M, are

1
Hymy = Setuep Y™ "
+1
M, = (p+ 1)16‘10'~~ap7a0 e (4.3)

where € is the volume (p+1)-form of the D,-brane and €1 is the polarization of the R-R form.

,10,



Using the propagators (2.3), one can easily calculate the X and ¢ correlators in (4.1).
To find the correlator of 1, we use the following Wick-like rule for the correlation function
involving an arbitrary number of ¢’s and two S’s [40-42]:

<:Sa(z1) 1 Sp(z1) : P (z9) - - PHn=1(zy) :>= (4.4)

! ()27 (yfr=t B O g 4 P23, 202 (=13 O 4
on/2 V221291 "+ \/ZnlZn]

+P(23’ ZQ)P(ZS, Z4>/,7/"2/1/177M4,u'3 (fyun—l"‘ﬁ%c’_l)AB + .. 4+ perms}

where dots mean sum over all possible contractions. In above equation, y#»~#! is the
totally antisymmetric combination of the gamma matrices and P(z;, z;) is given by the
Wick-like contraction

— Zi12;1 + 2121

Pz, z)n™ = [ (=), ¥ (2)] = " (4.5)

Zij 211
Combining the gamma matrices coming from the correlation (4.4) with the gamma matrices
in the R-R vertex operator, one finds the amplitude (4.1) has the following trace:

T(n,p,m) = (Hy(myMp)* B (v C™ ) 4 Afay o] (4.6)

1 .
e mglyl...yn(fao...apA[al,,,am]TI‘("yyl “e . ,-yl/n,yao e /-yap/-yal o7 )

where Ay, ...q,,] 18 an antisymmetric combination of the momenta and the polarizations of
the NS-NS field and the gauge boson. The trace (4.6) can be evaluated for specific values
of n and p. Since we are going to test the amplitudes that have been found in the previous
sections by S-duality, we consider only the case of p = 3.

4.1 R-R two-form amplitude

In this section we calculate the amplitude for the R-R two-form, i.e., n = 2. The trace (4.6)
then becomes

1 )
T(27 3, m) = Mglulvz 6a0~"a3A[a1~~~am]Tr(fyyl'7V2'7a0 to 7%7&1 am) (47)

When both indices of the R-R potential are along the transverse space, m = 6. The trace
then becomes
6!

_M< [ijapalazas] (4.8)

T(2,3,6) =

51)2']'6&0(11(12(1314

There is only one such contribution to the amplitude (4.1). So the amplitude can easily be
calculated, i.e.,

A~ 5?6%%3(EQ-D)[ij(C3)ao(p2)a1(p2-D)a2(k3)a3]J (4.9)

where the integral J is

.
2127231721431712%12
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Since the momentum and the polarization of the gauge boson are along the world-volume,
the transverse index in the antisymmetric combination in (4.9) can not be carried by (3
and k3. Moreover, the two momenta ps and p2.D can not both be contracted with the
volume form, so the only possible case is when one indices of the NS-NS polarization is
along the brane and the other one is along the transverse space. In this case the result
becomes zero when the NS-NS polarization is antisymmetric. For the graviton, it becomes

AC@)QF ~ TBEZ‘ljeaomag (52)ia0 (pQ)j(pZ)mFazagJ

where we have also normalized the amplitude by the Ds-brane tension. Note that the
amplitude is consistent with T-duality, so there would be no dilaton factor in the string
frame. The above amplitude in the Einstein frame becomes

Ac@gr ~ Tse™ P (+F)®(p2)a(pa-e1-c2)p) (4.11)

This amplitude should be compared with the corresponding term in the amplitude (2.22).
We are not going to rewrite the amplitudes in this section in terms of the R-R field strength,
so we have to compare the above amplitude with the amplitude predicted by imposing the
S-duality on the NS-NS amplitude (2.4).

So we write the amplitude (2.4) for the special case that the B-field has polarization
only in the transverse space which is

AgBijF ~ 4Tpp1.F.€1.€2.p1 (Il - IQ - 13) (412)
Using the relations (2.12), the integrals add up to I3. This integral is

s
Iy = 22 K (4.13)
Z12%32221712%32412

The S-duality then predicates the following amplitude, in the Einstein frame, for the S-
matrix element of one graviton, one R-R two-form and one gauge boson on the world
volume of the Ds-brane:

AgC(Q)F ~ 4[8T3€_¢0/2p1.(*F).El.é‘g.pl (414)
where €1 is the polarization of the graviton and €2 is the polarization of the R-R two-form.

The above amplitude is exactly the amplitude (4.11) in which the labels of the graviton
and the R-R two-form are interchanged.
When one index of the R-R potential is along the world-volume and the other one is

along the transverse space, m = 4. In this case the trace (4.7) becomes

T(27 3, 4) = EclloieaoalagagA[mlwa?’] (4.15)
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There are many such terms in the amplitude (4.1). In fact performing the correlators in
the amplitude (4.1), one finds the following result in terms of the gauge field strength:

A Ty | (p2-D) g, (p2) 5, (—AI("992C ™ 4 (e2),,, "+ Ja(y P97 C 1) 4 Tr [e2.D) )
+ (B3 C1) 4 ((pQ,D)BS (4J5 (k3.c2.D),, + 25 (p1.€2.D),,, + Ja (p2.D.€2),,
o, (pl.D.az.D)#S) — (p2), (—4J§ (k3-c2),,, + 21 (p1.22),,, — 2Tz (p1.D-2)
+J1 (p2.D-2.D),,,) ) + p2-D.p2Ja(Y 4 C ) ap (£2.D) .,

+2(y P C) 4 g (£9.D) s (02)y (o (02.D) g, — J5 (92)5,) | (H1(2) M3)™ P (4.16)

where integrals Jy, Jy, J5 are given in the appendix. Using the condition that one of the
indices of the antisymmetric gamma matrices is transverse, performing the trace over the
gamma matrices and using the relations (xF)qp = €apeaF'°/2 and Fp = —eqpea(*F)°/2,
one finds

A~ ATs(e1)ay" [ (p2); (P2), <18€a0adcfabef(*F)ef(52)db + 2J4 (xF)*“Tr [Ez.V]> +
((2p2)i (I8 (k‘g.&'g)c —J (pl.N.EQ)C) — (2p2)c (Ig (k‘g.&g)i —J (pl'N-52>Z' + 2J4(p2.V62)i)

+2J4p2.V.pa(€2)ic ) (+F)20¢ 4 [ge®0e o (xF)%S (pQ)b(pQ)d(@)ic} (4.17)
where we have also used the relations Iy — Iy = Jy, It + 1o = J, Jo — Jj = —2I3 and
Js — J5 — Jy = —Ig. To compare the above amplitude with corresponding amplitude

predicted by the S-duality, we have to write both amplitudes either in terms of the matrices
n, D or in terms of the world volume and the transverse matrices V, N. Since we have
specified the indices of the R-R potential in terms of the world volume and transverse
indices, we have to write the amplitudes in terms of V' and N. In above amplitude we have
written the indices in terms of the world volume and the transverse indices.

The amplitude predicted by the S-duality has no term with square of the world volume
form, so we have to use the following identity:

nae naf nag
eadeeebfg I nce ncf ncg (418)
77de ndf ndg
to write the first and the last terms in (4.17) as

e0dce 1ot (xF)T (22)4° = 2(g9. % F)™° — 2(g9. % F)°% — 2(xF)™°Tr[e5.V]
e“oadceabef(*F)ef(pz)b(pQ)d = 2p5° (pa. x F)° — 2p5(pa. * F)™ — 2py. Vipa (xF)™¢  (4.19)
Now one can compare the amplitude (4.17) with the amplitude (2.22) predicted by the
S-duality. The amplitude (2.22) in terms of the RR potential is the same as (2.4) in which

the gauge field strength F' is replaced by (xF'), the 5 is the polarization of the RR potential
and €1 is the polarization of the graviton. For the case that the RR potential has one
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transverse and one tangent indices, the amplitude in terms of the matrices V, N becomes

A~Ts [4p1. « Fe1.N.eo.ViprJ + 4py. « Foey.Vieg . Nop1J
+4p1. * Fl.eg.N.e1.N.polg + 4p1. x F.ea.N.€1.V.poJ
—4p1.N.eo. x F.e1.V.poJ — 4p1.N.eo. x Fl.e1.N.polg
+8py. x F.ea.N.e1.V.p1 (I7 + Iy)
—4 (Iy + Ig) (p1. * F.ea. N.p1 Tr [e1.V] + p1. V.p1 Tr [« F.e1.N.e2]) (4.20)

where we have also used the relations 4I5+213+ 14— 19 = 2J, 2[5+ 13— I5+2111 = 2(17+19),
Iig— Iy = —2Ig and Iy + I, = J. Using the explicit form of the integrals, one also finds

Is(p1,p2, k3) — Ja(p1,p2, k3) = I7(p2, p1, k3) + Io(p2, p1, k3);J (p1, p2, k3) = Is(p2, p1, k3)

Using the above relations and using the conservation of momentum to rewrite k3.c2 in (4.17)
as —po.V.eg — p1.V.eg, one finds the amplitude (4.17) is exactly the amplitude (4.20) in
which the labels of the graviton and the R-R two-form are interchanged.

When both indicies of the R-R polarization are along the world-volume, the value of
m in the trace (4.7) can be m = 2 and m = 4. However, the trace for the m = 4 case has
the following structure:

T(2,3,4) = 45(110b5a0a1a2a3A[ba1a2a3] (4.21)

which can be shown it is zero by writing the RR polarization as (€1)q = —(*el)ageaobaﬁ/Q
and using the identity (4.18). So the trace is nonzero only for m = 2 which is

1
T(Q, 3, 2) = EellloaleaoamzagA[aQaB} (4.22)

- _(*51)a2a3‘4[a2a3}

In this case also there are many such terms in the amplitude (4.1). Performing the corre-
lators in (4.1), one finds the following result in terms of the gauge field strength:

A~ —8py.F.eg. % e1.paJg — 4p1.€2.F. x e1.poJ11 — 4p1.D.€9.F. x £1.p2J13
—8ks.e9.F. x e1.paJi5s — 4pa. F. x 1.69.p1J16 — 4p2. F. x £1.€9.D.p1 J17
+4ks.co.p1 J7Tr [F. % 1] — 4k3.c9.D.p1 JgTr [F. x £1] 4+ p1.€2.p1J1oTr [F. * £1]
—p1.D.ega.D.p1 J1oTx [F. x £1] — 4ks.e9.k3J15Tr [F. x e1] — 2p1.e9.D.p1 J15Tr [F. * £1]
—4po . F. x £1.p2JgTr [e9. D] + p2.D.pa J1gTr [F. % £1] Tr [e2. D] + 8pa. F. % €1.€2.ks J1s
+4Jo0Tr [F. * 1) Tr [e2.D] — 4pa.D.pa JoTr [F. * £1.€9] + 8pa.F.e9. x £1.p2J14  (4.23)

where Jg, - - - , Jog are some integrals that appear in the appendix. While it was straight-
forward to write all above terms in terms of gauge field strength, the first term is in fact
in the form of

1
— §IC.€2. x £1.p2 + Jgp1.Cks.ea. x €1.p2 (4.24)
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where ( is the polarization of the gauge boson and I is an integral which appears in the
appendix. The gauge symmetry Ward identity dictates that the integrals I and Jg must
satisfy the relation I = 2p;.ks3.Js which may be verified using by part integration. Using
this relation, the above terms can be written as the first term in (4.23). As a check of our
calculation, we have imposed the Ward identity corresponding to the graviton. We have
found the relations Jig = 2Jg — J11, Ji7 = 2J9 — J13 and J1g = —2Jg + J15 which can easily
be checked with the explicit form of the integrals. This Ward identity gives also some other
relations in which the Mandelstam variables appear, e.g.,

Joo = = (=p1.p2J7 — p1.D.paJ7 — p2.D.paJ7 + p1.paJio — p1.D.paJis — p2.D.paJig) (4.25)

=

Using this relation, one finds that the amplitude (4.23) has no tachyon pole as expected.
Note that the explicit form of integrals Jig, J2¢ show that they have tachyon poles, however,
the combination 4.Jo0 4 pa.D.p2J1g which appears in the amplitude (4.23), can be written in
terms of tachyon-free integrals J7, Jig, J15 via the above relation. Similarly, the integrals
Jg and Ji4 have tachyon pole, however, the combination Jg — Ji4 that appears in the
amplitude (4.23) has no tachyon pole. There is in fact the relation Js — Ji4 = Jig where
the integral J;g has no tachyon pole.

Now to compare the amplitude (4.23) with the corresponding terms in the ampli-
tude (2.22), we have to write the amplitude (4.23) in terms of *F" and ;. To this end, we
use the identity (4.18) to write the terms in (4.23) that have structure A.F. % ¢;.B as

1
A.F.xe1.B = Aey.x F.B — §A.B Tr [« F.e1] (4.26)

where A, B are two arbitrary vectors. The above identity can be used to rewrite all terms
in (4.23) in terms of *F and ;. However, the polarization of graviton ez in the first and
in the last terms appear between F' and *£1. To rewrite them in terms of *xF and e; we
have to use the following identity:

nae naf 77ag nah
6abcdeefgh _ 77b€ 77bf 77bg 77bh (4 27)
- nce ncf ncg nch :
nde ndf ndg ndh
to find the relation
po.F.eg. xe1.pg = pa. x F.e1.69.V.po + pa. x F.eg.61.p3 + p2.V.eo. x Fl.e1.ps
1 1
—§p2.V.82.V.p2Tr [«F.e1] — o2 * F.e1.p2Tr [e2.D]
1
+-po.V.poTr [%F.e1] Tr [e9.D] — po.V.poTr [« F.e9.£1] (4.28)

4

Note that the R-R polarization £; has only world volume indices. Using the above relations,
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the amplitude (4.23) in terms of xF' and €1, and in terms of the matrices V, N becomes

A~ 4ks.eq. % F.ea.N.py (J11 — Ji3) — p1.N.ea. N.p1(—J1o + Jiz2 — 2J15) Tr [« Fleq]
—4pe.Vieg.e1. % Fopa (2Jg + J11 + J13 — 2J14) — 8pa. x F.eg.e1.ks (—Jg + J14)
—4dkg.e1. x F.eg.Vipy (—=2J5— 4Jo+ Ji1+ Jis+ 2J14) + 4p1.N.eg.e1. x F.pa (J11— J13)
—dks.e1. * Feg.kg (J11 + Jig — 2J15) — 4ks.e0.61. % F.po (J11 + Ji3 — 2J15)
—2p1.N.eo.V.py (Jio+J12) Tr [« F.e1]|— 2k3.9.N.p1 (=2 (J7 + J3) + Jio+J12) Tr [%F.e1]
—p2.Vea . Vipa (—4Js — 8Jy — Jio + Ji2 + 4J14 + 2J15) Tr [#Fleq]
—ks.ea.ks (4J7 — 4Jg — Jio + Jia + 6J15) Tr [xF.eq]
—2ks.e2.Vipa (—Jio+ Jio + 2 (J7 — Jg + Ji5)) Tr [xF.eq]
8po. * Fiey ks (—Jg — Jo -+ J1a) Tt [e2.V]
+2[2po.ks (J7 + Ji5) + p1.p2 (Jio + Ji5) + 2p2.Vipa (—Js — 2Jg + Jia + Ji5)]
XTr [%F.e1] Tr[e2.V] — 8pa.Vipa (—Js — Jg + J14) Tr [%F.e9.61] (4.29)

where we have also used the on-shell relation ;.V.p; = 0 because we assumed the R-R
potential has only world volume indices.

We can now compare the above amplitude with the amplitude (2.22). This amplitude
in terms of the RR potential is the same as (2.4) in which the gauge field strength F' is
replaced by (xF), the ey is the polarization of the RR potential and £; is the polarization
of the graviton. For the case that the RR potential has only world volume indices, the
amplitude becomes

A~ —4py. x Fey.ea.ks (I1 — Io + I3) + 2py. % F.eg.e1.N.po (14 + I10)
k.o % Foeyky (41 — 2I5 — Iy — Lno) + 2p1. % Foeo.e1.ks (Aly — 215 — I — Iro)
+2p1.Vier. x Fieg.ks (41s — 215 — Iy — I1g) + 2k3.€9. x F.e1.N.pa (14 + I1p)
—2p1. % Feg.e1.Vipy (Iy + 215 + Lig + 4111) + 2p1. Ve Viopr IsTr [# Fe9)
+2p9.N.e1.N.poIgTr [« F.eo] — 4ks.c1.N.pa (Ig + I1p) Tr [« F.e9]
+2ks.e1.ks (—41s + Ig + 2110) Tr [« F.ea] — 4p1.V.e1.N.po (Is — 2I11) Tr [xF.e2]
+4p1. Ve ks (=216 + Is + L10 — 2111) Tr [« Flea] + 4p1. * F.ea.ks (I7 — Ig) Tr[e1.V]
+4 (p1.ksls — (p1.k3 + p1.p2 + 2p1.V.p1) In1) Tr [« F.e9]) Tr [e1.V]
+4p1.Viopr (=17 + Ig) Tr [« F.e1.€9] (4.30)

In order to have equality between the above amplitude and (4.29), there should be the
following relation between the integrals in (4.29):

—Jg—2Jg+ Jiu+ Ji5 =0, —4Jg —8Jg — Jig+ Jio+4J14 +6J15 =0
—Jig+ Jig+2J15 =0 (4.31)

which are true using the explicit form of the integrals. Using the integrals in the appendix,
one finds the following relations between the integrals in amplitude (4.23) and the integrals
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n (4.30):

(L1 + Tio) (P2, p1. k3)

(Iy + 215 + I1o + 4111) (p2, p1, k3)
(I = Iz + I3)(p2, p1, ks3)

(413 — 213 — Iy — T1o)(p2;, 1, k3)
(=4I + 213 + 14 + I10)(p2, p1, k3)
4(Is — 2I11)(p2, 1, k3)

4(Is + o) (p2, p1, k3)

4(41 — Is — 2I10)(p2, p1, k3)

A(

(=

(J11 — J13)(P1, P2, k3) =

(2J6 + Ji1 + Ji3 — 2J14)(p1, P2, k3)

(=J6 + J1a)(p1, P2, k3)

(2J6 +4Jg — J11 — J13 — 2J14) (1, P2, k3)
(J11 + J13 — 2J15)(p1, P2, F3)

(J10 + J12)(p1, 2, k3)
) )

) )

) )

) ) =

(=2J7 — 2Jg + Jio + J12)(p1, P2, k3

(4J7 — 4J3 — Jio + L2 + 6.J15)(p1, P2, k3
(=J10 + Jiz + 2J7 — 2J3 + 2J15)(p1, P2, k3
(Jo + Jo — J14) (1, P2, k3

2Is — Is — Lo + 2I11)(p2, 1, k3)
I7 + I9)(p2, p1, k3) (4.32)

One then finds exact agreement between all terms in the two amplitudes except the term
which has structure Tr [*F.eq] Tr [€1.V]. The equality of this term gives the following rela-
tion between the integrals:

(2p2.k3 (J7 + Ji5) + p1.p2 (Jio + J15)] (1, D2, P3)
= A[p1.ksl — (p1.ks + p1.p2 + 2p1.V.p1) Ii1](p2, p1, p3) (4.33)

Using the relations J; + Ji5 — 2111 + 215 = 2(215 + I3) and Jyig + J15 = 411, one can write
the above relation as

p2.k3 (215 + I3) + p1.p2(L1 + I2) + p2.D.palo =0 (4.34)

which is the sum of the two relations in (2.13) in which the labels 1 and 2 are interchanged.
Note that I1 + I, = J, I3+ 1o — I = —Ig and (2[2 —l—[g)(pl,pg, k}g) = —(2[2 —|—Ig)(p2,p1, ]{3)
Therefore, we have found precise agreement between the amplitude (2.22) which is pre-
dicted by the S-duality and the explicit calculations.

4.2 R-R scalar amplitude

In this section we are going to compare the amplitude (3.8) with explicit calculation, so
we calculate the amplitude (4.1) for the R-R scalar, i.e., n = 0. The trace (4.6) for the
Dgs-brane then becomes
1
T(Oa 3, m) - @CleaowagA[almam]Tr(fyao ety am>
which is nonzero only for m = 4. The amplitude for B-field becomes

1
A ~ _ZT3CIFab [ — 2186acde (pg)b (pQ)e (52)cd (4.35)

J.
+e ([J3 (p1.ea)y + 22 (ks.e2) g + J1 (p1D.22)y) (p2), + = p2-Dop2 (€2) oy
2
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where integral Ig is one of the integrals that appear in (2.4), and the integrals Jq,--- , J4
appear in the appendix.
One can check that integrals in (4.35) satisfy the following equations:

Jy—J3 =20, J3— J1/3 = 8[1/3, Is + Jo — 2J3 = —414 (4.36)

where [; is the integral that appears in (A.1). Moreover, the amplitude (4.35) satisfies
the Ward identity associated with the B-field if the integrals satisfy the following equation
as well:

(Jo+ J3 = 2J4)p1.p2 + (Jo — Ja)p1.D.p1 + (J1 + Jo — 2J4)p1.D.ps =0 (4.37)

Using the above four equations, one can find Jy,---,Jy4 in terms of I; and Is. Then
witting I, Ig in terms of Iy and I; using the relations (2.12) and (2.13), one can write the
amplitude (4.35) in terms of Iy and I;;. The result in the Einstein frame is

Aco pp ~ —T3C1Fape” %2 [Ql‘f‘wde (p2)" (P2). (€2) g (4.38)

+etbed ( [Q2 (p1.€2)4 + Q3 (k3.€2)4 + Q4 (p2.D.€2) 4 (P2),. + Q5p2.D.p2 (62)cd> }
where the integrals Q)1,--- , Q5 are

IH (—2]91.]{33 + 2p1.p2)p1.D.p1 + IQ (2p1.k3)p2.D.p2

@1 = 4(p1.p2)?
_ Dpa.Dpy  I1 (2p1-ks) p1.D.p1 — Io (2p1.k3) p2.D.po
2p1.p2 4(p1.p2)
~ Depa.D.ps  Liip1.D.pr
Q3 = —
2p1.p2 2p1.p2
B Iypa.D.po In1 (2p1.k3) p1.D.py — Iz (2p1.k3) p2.D.po
Qs =1+ - 5
4p1.p2 8(p1-p2)
Qs = L DppDpy  In (2p1.k3) p1.D.p1 — 122(2p1-k3)P2-D-p2 (4.39)
4 8p1.p2 16(p1.p2)

The scattering amplitude of one R-R n-form, one B-field and one gauge boson on the world-
volume of D,-brane has been also calculated in [48] (see eq. (3.20) in [48]). The integrals
in that amplitude have been calculated up to (a/)? order. Using the expansion (2.11), one
finds agreement between (4.38) and the amplitude in [48] for p = 3 and n = 0.

Now using the identity (4.18), one can rewrite the amplitude (4.38) in terms of *F
which can then be compared with the amplitude (3.8). The difference between the the
amplitude (4.38) and the amplitude (3.8) becomes

Cre=9/2 (4lopy ks + 205p1.p2 + (Io — I11)p1.D.p1)
p1-p2
The expression inside the bracket is (*F)®k§Hp.. Writing Hype = —€aped(*H)?, one finds

2p1.(*F).62.]€3 — pl.kgTr [*F.Eg]

(*F)abkgﬂabc = 2chk§(*H)d =0 (4.40)

where we have used the on-shell condition k3.Fy; = 0. This ends our illustration of the
precise consistency between the amplitudes (3.8) found from imposing the S-dual Ward
identity, and the explicit calculations.
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5 Low energy couplings

In this section we find the low energy couplings corresponding to the dilaton S-dual mul-
tiplet. Replacing the expansion (2.11) in (3.2), one finds the following expansion:

46¢0/2p1 Hpq

2 2
Appr = 1 Tse 390/ 2pab| — 16% < 2
P1-p2

14+ ——(pa.kg)e % | —
p2.D.po + 3 (p2-ks)"e )

4 5 _
—§7T2€ ¢0[(2p1.N.p2 — 3po.k3 — pQ.V.pQ)pQ.VHba — p2.V.ps pl.N.Hba]—l— .- :| (51)

where dots represent the higher order terms. There is no a/?-order term in the massless

2 correction to the

closed string pole. This is consistent with the fact that there is no o/
supergravity. The (a’)%order massless poles should be reproduce by the supergravity
couplings in the bulk and the DBI couplings on the brane. Using the following standard

coupling in the type IIB supergravity in the Einstein frame [7]:
/ A"/ =gM},, , MH*P (5.2)

where H = dB, and the standard brane coupling T3 B F,,e~% resulting from expansion
of the DBI action

Sper = —13 / d4x\/— det(gab + 6_¢/2(Bab + 27'&'O/Fab)) (5.3)

one finds the massless closed string pole in (5.1). The leading term of the massless open
string pole in (5.1) is reproduced by the contact term T3¢ B F,,e~%° and by the massless
pole resulting from the brane couplings T3¢ F* Fpe=? and T3 B F, e,

The o/?-order term of the massless open string pole must be reproduced by the higher
derivative of the above couplings. While the coupling T3 B% F,;,e~?0 has no higher derivative
correction, the coupling T3 F® Fye~%0 has higher derivative correction which is given by
the o/ expansion of the scattering amplitude of one dilaton and two gauge fields [49, 50].
In the Einstein frame, it is

['(1 — 2te=%0/?)
[C(1 — te=?0/2)]2

Aypp ~ Tse ¢y Fop FP
2
~ Tye~ P ¢ Fpy FOP (1 + %t%*% +213¢(3)e3%0/2 4 . > (5.4)

where the Mandelstam variable is ¢ = —2kq.k3. Since the structure of the (a')%order
and the (a/)%-order terms of the massless open string pole in (5.1) are the same, one
concludes that the higher derivative of the contact term T3¢>B“bFab6_¢0 must be the same
as the higher derivative of the coupling T3¢F® F,,e~% which can be found from (5.4) to
be 2m2T300°0 F®0.0,F e 2% /3. Hence the higher derivative of T3¢B%® Fye™? must
be 2m2T3¢0°0¢B™0,04Fype~2% /3. These higher derivative terms then reproduce the o2
terms in the massless pole in (5.1). The other terms in (5.1) are only contact terms.
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Therefore, the contact terms of one dilaton, one B-field and one gauge boson in the

momentum space and in the Einstein frame are

4 3
L = 27T~ By F + %Tge_%’o (p2.k3)2 By F6 (5.5)
+a F¢ ((2p1.N.p2 — 3p2.k3 — p2.V.pa) p2.V.Hpy — p2.Vopa p1.N.Hpg) | + - --

where L is the D3-brane action in the momentum space. There is a delta function imposing
the conservation of momentum along the brane and the mesure [ dp; for each field which
we have dropped. The dots refer to the other couplings and to the higher momentum of
the above couplings. In above action, p; is the momentum of dilaton, py is the momentum
of B-field and k3 is the momentum of the gauge field. The first term is coming from the
expansion of DBI action. The constant factor « has been added because we have not fix the
overall numeric of the string theory amplitudes. It is important to note that the presence
of the second term in (5.5) depends on the presence of similar term at the leading order.

Using the same steps for all other components (3.3), (3.4), (3.8), (3.9) and (3.10), one
finds the terms corresponding to the second line of (5.5) for all these components. However,
the terms corresponding to the second term in the first line of (5.5) exist only for those
components which have couplings at (a/)%-order as well. The D-brane action at order (a/)?
has only two components of the multiplet (3.7), i.e., the first term which is coming from the
DBI action and the fourth term which is coming from the Chern-Simons part of the Ds-
brane action. Therefore, the contact terms corresponding to the dilaton S-dual multiplet
is given by the following action in the momentum space:

4 3
L =21T3Byle " F%¢ + (xF)*C] + %T:ae_‘bo [(pg.kg)QBab[e_¢0Fab¢ + (*F)?C] (5.6)

+a (*./_"T)ab(s./\/l ( (2p1.N.p2 — 3p2.k‘3 — pQ.VpQ)pQ.VHba — pg.Vpg pl.N.%ba)} + -

Each term in the second line represent six different terms according to the expansion (3.7).
Unlike the terms in the first line, the terms in the second line are invariant under the
S-duality, apart from the overall dilaton factor. This factor may be extended to the reg-
ularized non-holomorphi Eisenstein series F1(¢g,Cp) after including the loops and the
nonperturbative effects [26-28]. To make the couplings to be invariant under the gauge
transformation 0B = dA, §A = —A/4x, one has to replace 47 F and B with B + 4xF.

Finally, let us compare the couplings (5.5) with the couplings that have been found
in [48, 51] for the C(") BF component. The couplings in eq. (3.33) of [48] in the momentum
space and for Ds-brane in string frame is

3
4 LT .
[’(C])gA = Z€06a1a2a3a4 - 47/(p2-k3)2Ba1a2Fa3a4 - 2p2-k3 pQ-VHalagFmag

+2p2.k3 HoyagpkS Fagas + 2-Vop2 Hayaopk Fuga,

2 4
_gpQ-VPQ Halagagngb(M - §p2-k3 Halagagngba4

+2p1.N.pap2.V.Ho a0 Fagay — 02-V0201.N.Hop a0, Fusa, (5.7)
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where we have used our convention that o/ = 2 and the gauge invariant combination of B
and F is B+27a’F. The terms in the second line are zero using the relation (4.40). Using
the identity (4.18), one can rewrite the terms in the third line as

— 2p2.V.p2 p2.V.Ha1a2 (*F)a1a2 — 4]92.]6‘3 p2.V.Ha1a2 (*F)a1a2

Then it is easy to verify that the couplings (5.7) reduces to the corresponding couplings
in (5.6). This fixes the constant factor to be a = —i/4.
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A Some integrals

In this appendix, we write the integrals that appear in the explicit calculation of the
amplitudes (2.1) and (4.35). The following integrals appear in amplitude (2.1):

K
H=— (A.1)
Z12731%31%22%12
K 2K K K
I3 = - + +
212732711731712 Z12%31%21%31%22 Z12%31%21%31%32 Z312327211%221%12
2 —- — P —- — — —
7 x5 (217 + 293) — 222122 + 23 (—2122 + Z122) + 21 (—Z1Z2 + 22 (21 + zz))K
4 p—
212731%232221%31%12732%12

K
2.2 .2 2 2= 2. -
Iy = (—a321 + 252120 + 27 20275 + 2032171 + 23207
Z12231732%211%21731712%32%12

—4x3z129721 — x%i% + 2.%3212% — 22%2? + 212’22% + IE%lez — 2$§ZQZQ + 213212929
+w%§152 —4dx3212120 + 2%5122 + 2x3292120 + Z12%22 — 2:22%22)
Is = —292129 + SU% (2’12 — Ziﬁ) + 2x3 (2221 — 2152) + 21 (72’221 + (2’2 + 21) ZQ)K
Z31%232211721%31%12%22%32
- —292172 + 23 (212 — 213) + 273 (2221 — 2122) + 21 (—2221 + (22 + 21) @)K
Z12%231232711%31422%32%12

o
Iy = 22 K

212732221%12%32%12
Io = x% (217 + 293) — 222122 + 203 (—2122 + Z122) + 21 (—Z122 + 22 (Z1 + 22))K

231%2327211%21%31712%22732
- 2 o — — — — —
[ TR + 25 (212 — 273) + 223 (2221 — 2122) + 21 (—2221 + (22 + Z1) Z2)K
10 =
R12731%32%221%31%12732%12

Using these integrals, one can verify the relations (2.12) which have been found by imposing
the Ward identity on the amplitude (2.4). The above integrals, however, do not appear in
the final form of the amplitude (2.14).
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The integrals in the R-R amplitude (4.35) are

7 — 2129 — 42171 + 32921 + (321 — 420 + 71) EQK
R12%31%221%231%12%22712
Jy = (23 (212 + 213) + 22222 — 21 (22 + 22)) (22 (21 — 2%2) + 2122 + @3 (201 + 251)) K
R12731%232721231%12%22732%12
Js = 29 (21 — 452) +3z122 + 21 (322 -4z + ZQ)K
R12731%221%31%12722%12
= 21 2m) F ot (o) (A.2)
Z12731%221%31%12722%12

Using the above integrals, one can verify the relations in (4.36). The above integrals,
however, do not appear in the final form of the amplitude (4.38). The following integrals
appear in the amplitudes in section 4.1:

1 1
j 225215213 zlzzﬂzg@ K
211
21 (22 — 221) + 2221 + 23 (21 — 222 + 21)
Jo= K
R12731232221731712712
.
Js = 32 K
231232231203212212
2 = S - - ~ 2 V) 2
J (:c3 (z12 + 21 — Z2) — 222122 + 223 (—2121 + 2222) + 21 (22213 + 2122)) K
6 pa—

2122’31Z§22’21231211235312212
Jr = (—za1% (22 (21 — 222) + 2152) + 2215 (2521 — (25 + 2221 — 21) B2)

423 (2’2 (zfzg + 2212021 + (—421 + 22) 2%) — 4297 (z% + 2221) Zo

— (21 4+ 7 + 221 (—220 + 71)) 23) + 23 (—207F + 221 (=25 + 2251 + 212%1)

+(223 — ) B+ 2(—20+ 21) 73 + 25 (22 — 221 + 22))

+22 (—22%22 + 23 (=221 + Z2) + 29 (22% + 2%))) K/ (212231232297 231 211723733213 %13 )
Js = (—z217%2 (22 (21 — 222) + 21%2) + 25 (—2202] + (25 +227) 22 + (22 — 271) 73)
+22120 (2125 + 22 (3} — 2122 — 23)) + 2% (20 (220 — 21) 21 — (223 + 2]) 2o + 22073
+27 (20— 221 + ) + 221 (—20B1 + B + 2152 — ) ) + a3 (25 (—25 + d2ozis + 73)
+21(—2521+ 4oz 2o + (—dzo + 21) 25) +221 (=25 (21 — 22) + 2122 (—221 + 22)) ) ) K
[ (212231232221 231211723732 %12 %13)

22 (21 — 2%Z2) + 2120 + 21 (22 — 221 + Z2)

Jg K

7127232%21711%32%12712
29 (51 — 422) + 32129 + 21 (322 — 4z + 22)

Jio = K
R12731%221731%22%12712
29 (21 — 452) +3Z129 + 21 (32’2 — 4z + 22)
Ji1= K
212732%221711%32%12712
2120 — 42121 + 32021 + (321 —4z9 + 21) Zo
Ji2 = K
2127231721731722712712
2120 — 42121 + 32021 + (321 — 4z + 51) Z9
Jiz = K

2127232721711732712712
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_.2
231731 222

Jl4 = D) 9 . K
Z12739%221%11%35%12%12
211

Jis=J = K

Z12231%91%731%12%12

2P
Jir=—Ji6 = K
?127232721732712712

Jis = ((21 (22— 221)+ 2221+ 3 (212 201)) (—22121 + @3 (214 21— 222) + (21 + 21) 22)) K
[ (212231232291 231211233%12%12)
(22 (21 — 222) + 2122 + 21 (22 — 221 + 22)) 2

5 K
Z12%31%21431%11%95712%12

Jig =

K
Jow=—"""%5 (A.3)
231231211222
Using the above integrals, one can find the relations between the integrals that appear
in section 4.1.
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