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ABSTRACT. By means of a topological game, a class of topological spaces which

contains compact spaces, q-spaces and W -spaces was defined in [BOUZIAD, A.:

The Ellis theorem and continuity in groups, Topology Appl. 50 (1993), 73–80].

We will show that if Y belongs to this class, every separately continuous function

f : X × Y → Z is jointly continuous on a dense subset of X × Y provided that X

is σ-β-unfavorable and Z is a regular weakly developable space.

c©2014
Mathematical Institute

Slovak Academy of Sciences

1. Introduction

Let X, Y and Z be topological spaces and f : X × Y → Z be a function.

The function f is called separately continuous if for each (a, b) ∈ X × Y , the

functions x �→ f(x, b) and y �→ f(a, y) are continuous. If f is continuous with

respect to the product topology on X × Y , we say that f is jointly continuous.

Let (a, b) ∈ X × Y , if for each neighborhood W of f(a, b) in Z and for each

product of open sets U × V ⊂ X × Y containing (a, b), there is a non-void open

set U1 ⊂ U and a neighborhood V1 ⊂ V of b such that f(U1 × V1) ⊂ W , then

f is called strongly quasi-continuous at (a, b). The function f is called strongly

quasi-continuous if f is strongly quasi-continuous at each point of X × Y .

It is natural to ask when a separately continuous mapping f : X×Y →Z, where

X is a Baire space and Z is a topological space, is strongly quasi-continuous?
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Hansel and Troallic [9] proved that every separately continuous mapping

f : X × Y → Z is strongly quasi-continuous provided that X and Y are count-

ably Čech complete regular spaces and Z is a metric space. They also proved

that in such a situation, for any b ∈ Y , the set of x ∈ X such that f is (jointly)

continuous at (x, b) is a dense Gδ subset of X. Piotrowski in [17: Theorem A]

(see also [16: Theorem 2]) improved the latter result as follows.

������� 1.1� Let X be a Baire space, Y be a topological space and Z be a

developable space, then the set of joint continuity of a strongly quasi-continuous

mapping f : X × Y → Z is a dense Gδ subset of X × {y} for each y ∈ Y .

Bouziad [2: Lemma 2.6] proved the following.

������� 1.2� Let X be a σ-β-unfavorable space, Y a q-space, Z a completely

regular space and f : X × Y → Z a separately continuous mapping. Then f is

strongly quasi-continuous.

Several other partial results to the above question were obtained under some

topological restrictions (see for example [4,10,11,13,14]).

In this paper, we will show that in order to investigate strong quasi-continuity

of a separately continuous mapping f : X × Y → Z, where Z is completely

regular, we may assume that Z = R. So that, it is natural to find another

candidate in place of complete regularity of Z in Theorem 1.2. We extend the

above results by showing that the same conclusions hold if we merely assume

that Z is a weakly developable T3 space. Bouziad in [3] introduced a topological

game on a topological space Y between two players O and P to obtain the

points of joint continuity of a separately continuous mapping. It follows from

the definition that compact spaces, W -space and p-spaces [7] belong to the class

of O-favorable spaces (see the next section for definitions). We will show that if

X is σ-β-unfavorable and Y is O-favorable, every separately continuous function

f : X × Y → Z is strongly quasi-continuous, provided that Z is regular weakly

developable space. This extends [3: Theorems 1.2, 2.3].

2. Results

In order to state the main results of this paper, we need to introduce two

classes of topological spaces, which are defied via topological games. The first

game, which was introduced by Christensen in [6], is similar to the Banach-

Mazur game [15].
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The Christensen’s topological game CH(X)

Let X be a topological space. The game CH(X) is played by two players

α and β. The player β starts a game by selecting a nonempty open subset

U1 of X. In return, α-player replies by selecting a pair (V1, a1), where V1 is

nonempty open subset of U1 and a1 ∈ X. In general, at the nth stage of the

game, n > 1, the player β chooses a nonempty open subset Un ⊂ Vn−1 and

α answers by choosing a pair (Vn, an) where Vn is a nonempty open subset of

Un and an ∈ X. Proceeding in this fashion, the players generate an infinite

sequence (Un, (Vn, an))
∞
n=1 which is called a play. The player α is said to have

won the play if
( ⋂
n≥1

Un

) ∩ {a1, a2, . . . } �= ∅; otherwise the player β is said to

have won this play. A partial play is a finite sequence of sets consisting of the

first few moves of a play. A strategy of a player is a function which prescribes

the next move of him provided that a (finite) sequence of his opponent’s moves

is given. A strategy of a player is a winning one if, applying that one, he wins

each play. We will say that X is σ-β-favorable, provided player β has a winning

strategy in CH(X). Otherwise, X is called σ-β-unfavorable.

The following topological game was first introduced by Bouziad in [3].

The topological game G(Y, b)
Let Y be a topological space and b ∈ Y , the topological game G(Y, b) is

played by two players O and P as follows. Player O goes first by selecting an

open neighborhood H1 of b. P answers by choosing a point y1 ∈ H1.

In general, in step n, if selections H1, y1, . . . , Hn, yn have already been spec-

ified, O selects an open set Hn+1 with b ∈ Hn+1 and then P chooses a point

yn+1 ∈ Hn+1. We say O wins the game g = (Hn, yn)n≥1 if (yn) has a cluster

point in Y . Otherwise P wins this game.

The terms strategy and winning strategy for one of the players are defined

similar to that of the game CH(X).

We say that a topological space Y is O-favorable for the game G(Y, b) if the
player O has a winning strategy in G(Y, b), where b ∈ Y . The topological space

Y is called O-favorable if for each b ∈ Y , the player O has a winning strategy in

G(Y, b). Clearly each compact space is O-favorable. In [8], the same topological

game, but with a different winning rule, has been defined to introduce a class

of topological spaces, called W -spaces. It follows from the definition that in a

W -space Y , for each y ∈ Y , the player O has a winning strategy in G(Y, y)
but the converse is not true in general. Hence the class of O-favorable spaces

contains all W -spaces.
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���	
	�	�
 2.1� A topological space Z is said to be weakly developable [1] if

there is a sequence of open coverings (Gn) of Z such that
{ ⋂
k≤n

Gk : n ≥ 1
}
is a

base at z provided that z ∈ ⋂
n≥1

Gn where Gn ∈ Gn for each n ≥ 1. In this case,

{Gn : n ≥ 1} is called a weak development on Z.

������� 2.2� Let X be σ-β-unfavorable space and Y be O-favorable. If f is a

separately continuous mapping from X × Y into a weakly developable T3 space

Z, then f is strongly quasi-continuous.

P r o o f. Let us suppose that the result is not true, then there is some a ∈ X and

neighborhoods U , H and W of a, b and f(a, b) respectively such that for each

open subset U ′ of U and every neighborhood H ′ of b with H ′ ⊂ H, f(U ′ ×H ′)
is not contained in W . Since Z is regular, there is an open set W ′ in Z such

that

f(a, b) ∈ W ′ ⊂ W ′ ⊂ W.

Let {Gn : n ≥ 1} be a weakly development for Z, and ŝ be a winning

strategy for the player O in G(Y, b). We simultaneously define a strategy τ for

β in CH(X), and a strategy s for P in G(Y, b) as follows.
By continuity of x �→ f(x, b), there is an open subset U1 of U such that

f(U1 × {b}) ⊂ W ′. Define τ(∅) = U1. Let H1 be the first choice of the player O
and let (V1, a1) be the response of α to U1. Choose some G1,1 ∈ G1 such that

f(a1, b) ∈ G1,1 and define

H ′
1 =

{
y ∈ H1 ∩H : f(a1, y) ∈ G1,1

}
.

Then H ′
1 is a neighborhood of b which contained in H. By our hypothesis

f(V1 ×H ′
1) is not contained in W . Therefore we can find some (x1, y1) ∈ V1 ×

(H1 ∩H) such that f(x1, y1) /∈ W . Define s(H1) = y1.

In general, in step n > 1, let the partial plays pn = (H1, . . . , Hn) and gn =

(U1, . . . , (Vn−1, an−1)) together with (xi, yi) ∈ Vi × Hi, 1 ≤ i ≤ n − 1, with

f(xi, yi) /∈ W be selected, where the sets H1, . . . , Hn are chosen according to

the winning strategy ŝ. Moreover, for each 1 ≤ i ≤ n−1, choose some Gi,n ∈ Gn

such that f(ai, b) ∈ Gi,n and define

H ′
n =

⋂
1≤i<n

{
y ∈ Hn ∩H : f(ai, y) ∈

⋂
i≤k≤n

Gi,k

}
.

ThenH ′
n ⊂ H is a neighborhood of b. Therefore, there is some (xn, yn) ∈ Vn×H ′

n

such that f(xn, yn) /∈ W . Now choose an open subset Un of Vn−1 such that

f(Un × {yn}) ⊂ Z \W ′. (2.1)
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Define τ(gn) = Un and s(pn) = yn. In this way, by induction on n strategies τ

and s respectively for players β and P are defined. Since X is σ-β-unfavorable,

there is a plays p =
(
Un, (Vn, an)

)
n≥1

in CH(X) that α wins, so there exists t ∈( ⋂
n≥1

Un

) ∩ {a1, a2, . . . }. Moreover, (Hn, yn)n≥1 is a play of G(Y, b) compatible

with the strategy ŝ, so player O wins it; thus, the sequence (yn)n has some

cluster point of z (without loss of generality, assume that (yn)n converges to z).

It follows from (2.1) that f(t, yn) ∈ Z \W ′ for each n ≥ 1, therefore

f(t, z) ∈ Z \W ′ ⊂ Z \W ′.

On the other hand for each i ≥ 1 and n ≥ i we have f(ai, b) ∈ Gi,n, hence{ ⋂
i≤k≤n

Gi,k : n ≥ i
}

is a base at f(ai, b). Since f(ai, yn) ∈ ⋂
i≤k≤n

Gi,k, we

have f(ai, b) = lim
n→∞ f(ai, yn). It follows that f(ai, b) = f(ai, z) for each i ≥ 1.

Therefore f(t, b) = f(t, z). However, by the definition of U1, f(t, b) ∈ W ′, which
is a contradiction. �

In the next result we will show that Theorem 2.2 holds when Z is assumed

to be a completely regular space.

������� 2.3� Let X and Y be topological spaces. Then for each b ∈ Y , the

following assertions are equivalent:

(1) Every separately continuous mapping from X × Y to R is strongly quasi-

continuous on X × {b}.
(2) Every separately continuous mapping from X × Y to a completely regular

space Z is strongly quasi-continuous on X × {b}.

P r o o f. Clearly (1) follows from (2). Suppose that (1) holds, b ∈ Y and

f : X × Y → Z, where Z is a completely regular space, is a separately con-

tinuous mapping. If for some a ∈ X, f is not strongly quasi-continuous at (a, b),

we can find neighborhoods U , V and W of a, b and f(a, b) respectively such

that for each nonempty pair of open sets (U ′, V ′) with U ′ × V ′ ⊂ U × V and

b ∈ V , the set f(U × V ) is not contained in W . Since Z is completely regu-

lar, there is a continuous function g : Z → [0, 1] such that g(f(a, b)) = 1 and

g(z) = 0 for each z ∈ Z \ W . Let G =
{
z ∈ Z : g(z) > 1

2

} ⊂ W . Then G is

open in Z and f(a, b) ∈ G. Applying (1) for the separately continuous mapping

g ◦f : X×Y → R, one can find nonempty open sets U ′ and V ′ such that b ∈ V ′,
U ′ × V ′ ⊂ U × V and g ◦ f(U ′ × V ′) ⊂ (

1
2 , 1

]
. However, by our assumption,

there is some (x0, y0) ∈ U ′ × V ′ such that f(x0, y0) ∈ Z \ W . It follows that
1
2 < g ◦ f(x0, y0) = 0. This contradiction proves our result. �

1023



ALIREZA KAMEL MIRMOSTAFAEE

���	
	�	�
 2.4� Let Y be a topological space and y0 ∈ Y , then y0 is called

a q-point [12] if there is a sequence (Un)n≥1 of neighborhoods of y0 such that

(yn)n≥1 has a cluster point in Y provided that yn ∈ Un for each n ∈ N. The

space Y is called a q-space if each y ∈ Y is a q-point.

It follows from the definition that if b is a q-point, then the player O has a

winning strategy in G(Y, b). Therefore we have the following generalization of

Theorem 1.1.

������� 2.5� Let X be a σ-β-unfavorable space and Y be O-favorable. Then

every separately continuous mapping f : X×Y → Z is strongly quasi-continuous

provided that Z is a completely regular space.

������� 2.6� Let X be a Baire space, Y be a topological space, b ∈ Y and Z

a weakly developable space. Then the set of joint continuity of a strongly quasi-

continuous function f : X × Y → Z is a dense Gδ subset of X × {b} for each

b ∈ Y .

P r o o f. Let (Gk)k≥1 be a weak development of Y and let An be the set of all

x ∈ X such that for some Wn ∈ Gn with f(x, b) ∈ Wn, there are open sets

Un ⊂ X and Hn ⊂ Y such that (x, b) ∈ Un × Hn and f(Uk × Hk) ⊂ Wn. By

the definition, each An is open in X. It follows from the definition of strong

quasi-continuity that each An is dense in X. Let Db =
⋂
n≥1

An. If x ∈ Db, then

f(x, b) ∈ Wn for each n ∈ N. Therefore
{ ⋂
k≤n

Wk

}
n≥1

is a base for f(x, b). It

follows that for each open neighborhood G of f(x, b), there is some n0 ∈ N such

that
⋂

k≤n0

Wk ⊂ G. Therefore f(x, b) ∈ ⋂
k≤n0

f(Uk ×Hk) ⊆ G. This proves that

f is continuous on Db × {b}.
Conversely, if f is continuous at (x, b), then for each n ≥ 1 and Wn ∈ Gn with

f(x, b) ∈ Wn, there exist open neighborhoods Un, Hn of x and b, respectively,

so that f(Un ×Hn) ⊆ Wn, which implies that x ∈ Db. �

The following result, which follows immediately from Theorems 2.2 and 2.6,

generalizes [3: Theorem 2.3].

������� 2.7� Let X be σ-β-unfavorable, Y be O-favorable for the game

G(Y, b) for each b ∈ Y , and Z be a weakly developable T3 space. Then the set of

points of joint continuity of a separately continuous function f : X × Y → Z is

a dense Gδ subset of X × {b} for each b ∈ Y .
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���	
	�	�
 2.8� Given two groups (X, ∗) and (Z, ·), a group homomorphism

h from (X, ∗) to (Z, ·) is a function such that for all x, x′ ∈ X it holds that

h(x ∗ x′) = h(x) · h(x′). From this property, one can deduce that h maps the

identity element eX of X to the identity element eZ of Z, and it also maps

inverses to inverses in the sense that h(x−1) = h(x)−1 for each x ∈ X.

A topological group is a group together with a topology on the space such

that the group’s binary operation and the group’s inverse function are continuous

functions with respect to the topology.

The following theorem follows from Corollary 2.5. We omit its proof since it

is similar to that of [5: Theorem 2.5].

������� 2.9� Let (X, ∗) and (Z, ·) be topological groups. Let X be σ-β-un-

favorable, b ∈ Y and Y be O-favorable for the game G(Y, b). Let f : X × Y → Z

be separately continuous and x �→ f(x, b) be a group homomorphism. Then f is

jointly continuous at each point of X × {b}. In particular, if Y is O-favorable,

then f is jointly continuous on X × Y .
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[2] BOUZIAD, A.: Every Čech-analytic Baire semitopological group is a topological group,

Proc. Amer. Math. Soc. 124 (1996), 953–959.

[3] BOUZIAD, A.: The Ellis theorem and continuity in groups, Topology Appl. 50 (1993),

73–80.

[4] CAO, J.—DROZDOWSKI, R.—PIOTROWSKI, Z.: Weak continuity properties of topol-

ogized groups, Czechoslovak Math. J. 60(135) (2010), 133–148.

[5] CAO, J.—MOORS, W. B.: Separate and joint continuity of homomorphisms defined on

topological groups, New Zealand J. Math. 33 (2004), 41–45.

[6] CHRISTENSEN, J. P. R.: Joint continuity of separately continuous functions, Proc.

Amer. Math. Soc. 82 (1981), 455–461.

[7] GRUENHAGE, G.: Generalized Metric Spaces. In: Handbook of Set-theoretic Topology,

North-Holland, Amesterdam, 1984, pp. 423–501.

[8] GRUENHAGE, G.: Infinite games and generalizations of first-countable spaces, Topology

Appl. 6 (1976), 339–352.

[9] HANSEL, G.—TROALLIC, J. P.: Quasicontinuity and Namioka’s Theorem, Topology

Appl. 46 (1992), 135–149.

1025



ALIREZA KAMEL MIRMOSTAFAEE
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