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ABSTRACT: In this paper we have added Maxwell, Maxwell-Chern-Simons and gravita-
tional Chern-Simons terms to Born-Infeld extended new massive gravity and we have found
different types of (non)extremal charged black holes. For each black hole we find mass, an-
gular momentum, entropy and temperature. Since our solutions are asymptotically AdS or
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conserved charges associated to asymptotic symmetry transformations confirms calcula-
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charges from Cardy’s formula, while conserved charge approach gives both left and right
central charges. For CFTs dual to asymptotically warped-AdS solutions, left and right cen-
tral charges are equal when we have Maxwell-Chern-Simons term but they have different
values when gravitational Chern-Simons term is included.
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1 Introduction

Three dimensional massive gravity is an interesting subject in studying gravity. Topological
Massive Gravity (TMG) is obtained by adding a gravitational Chern-Simons term to pure
gravity [1]. New Massive gravity (NMG) on the other hand is constructed by adding higher
order curvature terms to the Einstein-Hilbert term [2]. A combination of both theories,
known as General Massive Gravity (GMG), is also studied in [3, 4].

The mentioned theories have different properties. For example TMG theory, due to
the presence of a Chern-Simons term, is a parity-violating gravitational model while NMG
theory is constructed out of parity-preserving terms.

Several solutions such as the BTZ black holes, Warped-AdS background, logarithmic
and polynomial solutions have been found for these gravitational theories [5]-[14]. To
obtain charged solutions for these theories, one may add gauge fields through the Maxwell
term. This leads to TMGE, which has been studied in [15] and NMGE [16].

Since massive gravity theories in three dimensions have different sectors, for example
they contain solutions which are asymptotically AdSs3 or asymptotically warped-AdSs, it
will be very interesting to study the AdS3/CFT, correspondence in this context (see [17]).
For example several attempts have been done by studying isometery groups and computing
the central charges of asymptotic algebras [18]-[20]. In this paper we try to find different
solutions for different combinations of massive gravities. We will choose two directions to
extend massive gravity theories. In one direction we add gauge fields and in other direction
we consider higher order curvature terms. These extensions enable us to get more possible
solutions to study the AdSs/CFT, correspondence. We use the following approach for
these extensions of massive gravities.

NMG contains curvature square terms. To extend this theory in order to have higher
order curvature terms, several attempts have been done. One of the recent developments
is Born-Infeld extension of new massive gravity [21, 22]

2m2 3 g A
S = H/d x[\/—det (g,w + WGW) - (1 + 2mz> \/Ttgw} , (1.1)

where g, is metric and G, = Ry — %ng, is Einstein tensor. The parameter m is a
mass parameter and x = 87(G3 is the three dimensional gravitational constant. To have
a positive coefficient for scalar curvature we choose o = —1. This condition guaranties
unitarity of the theory [23, 24].

Gauge field strength and Chern-Simons term have been added in [25] in order to study
charged solutions

2m? 3 o A
e e N (e

+g / B e AL0,A, (1.2)

where a and p are two constants and Fj,, = d,A, — 0,A,, is the field strength of a U(1)
gauge field. In [25] we have studied warped-AdS solution for this theory. In this paper



we try to find other possible solutions. We also extend this action and add topological
gravitational Chern-Simons term.

If we insert a = ;=0 and only consider expansion up to second order of curvature,
one will find the new massive gravity action [2]. Expansion to next leading order terms,
gives deformation of NMG obtained by AdS/CFT correspondence consideration [26-28].
Uncharged AdS black hole solutions for this action have been found in [29, 30].

This paper is organized as follows: In section 2 we will see how one can find solutions
for equations of motion. First we expand Lagrangian (1.2) up to cubic curvature terms
and then we introduce the dimensional reduction procedure. We discuss mass and angular
momentum of solutions. We show how to find some useful thermodynamical quantities
such as entropy and Hawking temperature. In section 3 we obtain new charged solutions
and compute their mass, angular momentum and entropy. In section 4 we add gravita-
tional Chern-Simons term to the Lagrangian and find different extremal and non-extremal
solutions. In section 5 we calculate central charges of two dimensional conformal field
theories dual to the black hole solutions, by using the Cardy’s formula. Sections 6 and 7
contain attempts to find central charges by computing the conserved charges associated to
asymptotic symmetry transformations. In last section we summarize our results.

2 How to find solutions and their physical quantities?

2.1 The Lagrangian

In this paper we are interested in physical properties of the solutions corresponding to the
expansion of Lagrangian (1.2). Expansion of (1.2) up to second, forth and sixth orders of
derivatives gives the following Lagrangians at different orders

50(2)=\ﬁ[ R—*a TT(FQ)]—\/TQQ,

Low) = [ ( (R%) — :RQ) — 2622 (TT(RFZ) _ :RTT(F2)>
( o - )2
Lo = 2 [ ( R3) — ZRT(my+£Rﬁ

“ (rr(rpt 7RT FY + L R(THEF?))? — 2 Tr(RE?)Tr(F?
+22(“ T ()+M(r(» e )M))
(16

where Tr(AB) = A, B"*. We also add Maxwell-Chern-Simons term

c@:gwmmﬂp (2.2)



It is obvious that if we insert a = p = 0 then we will find extended NMG La-
grangian [21, 22, 26-28]. We also consider gravitational Chern-Simons Lagrangian

1 2
Locs = oo V=g M T, (0,15, 4 31710 ). (23)

To write Maxwell Lagrangian in its canonical form from now on we consider a? = — 5

2.2 Ansatz

In this paper we would like to find stationary rotationally symmetric solutions. To do
this, the best way is to use the dimensional reduction procedure introduced by [8, 15]. In
this procedure, one considers a three dimensional metric which has symmetry group of the
SL(2, R) transformations and gauge field has a SL(2, R) doublet representation. Therefore
we can write the metric and gauge field as follows

ds® = Aap(p) dadz” + (2 ()R (p)dp®, A= Au(p) da”, (2.4)

where (a,b = 0,1) and (2° = ¢, 2! = ¢). The components of A can be expressed by a

T+X Y
- (1,7). .

To obtain a solution we first insert the above ansatz into the Lagrangian and then we find

2 X 2 matrix

equations of motion by the variation of Lagrangian with respect to A,,(,7T, X and Y.
To find the physical quantities of solutions such as temperature or angular velocity, it
would be better to write the ansatz (2.4) in its ADM form [31] i.e.

2d’l“2
ds® = —N(r)2de® + K(r)2 (d¢ + N®dt)* + ——— 2.
s (r) + K(r)? (d¢ + ) +K(r)2N(1")2° (2.6)
where we have used the following definitions
R? Y
2 = —_— ¢ g 2 s — 2 fr —
N = == NY= ———, K2=T-X, =2, (=1, (27

and R2= —T?% 4+ X2 +Y2

2.3 Mass and angular momentum

To compute mass and angular momentum of a black hole we use the Clement’s approach
presented in [8]. In this approach there is a conserved current called super-angular momen-
tum vector J. Angular momentum and mass are related to super-angular momentum via

J =2 (6JT —6J%), M=2x(0JY +A), (2.8)

where 0 denotes the difference between values of super-angular momentum for solution
and background. The background usually is a massless static solution. We will show that
either A=0or A =6J".



Since we have considered gauge fields, we need to extend the Clement’s approach.
This has been already done in [25]. The Lagrangian we are dealing with has a SL(2, R)
symmetry and super-angular momentum is its conserved current so under infinitesimal
SL(2, R) transformations we find the following field transformations

AT = €'Y — X, AX =Y — T, AY = —X +€'T,

1 1 1 1
A4y = 5(60 + €A — 562A0, AA; = 5(—60 +e)Ag + 562141 . AAy=0. (2.9)
The conserved super-angular momentum current has two parts. For the gravity part we find
oL oL oL\’ oL\’ oL _, OL _,
Jer = [+ <8X’Y_ aY/X> - <<8X”> Yo <an/> X) M <8X”Y - aY"X> ’
oL oL oL\’ oL\’ oL , OL _,
+<8T’Y M 8Y’T> - <<8T”> Y <an/> T> N <8T”Y N aY"T> ’
oL oL oL\’ oL\’ oL _, OL _,
(2 2 (25 s (25 1) (Ls 2], e

where primes denote derivatives with respect to p. The above vector is equivalent to the

vector current which has been found in [8]. For electromagnetic part one finds [25]
1]/ oL oL oL oL oL oL
o (Ea, -2 g I+ a) (a4} | en
o =5 (g~ ) (o )~ (o= o) |- e
The total super-angular momentum is the sum of these two parts, i.e. J = Jgr + Jeum-

2.4 Thermodynamics

In addition to mass, angular momentum or charge one can find thermodynamical properties
of black holes. The most important parameter is entropy and its value is given by using
the Wald’s formula [32]

oL _
Sw = 4wl | ("¢ ") | (2.12)
0Ro202 h

where Ay is the horizon’s area. By adding the TMG Lagrangian we must also consider
its contribution to entropy [15]. So the total value of entropy in presence of the TMG
Lagrangian will be
272
e

where 7, is the location of horizon and it can be found from ADM form of the metric.

S = Sy — 3 (N®), (2.13)

To check the first law of thermodynamics for black holes we need to find more physical
quantities. According to definitions in (2.7) one can read Hawking’s temperature, angular
velocity and area of horizon from ADM form of metric. These are

21/
= L _F]

Y
= m(% , Ap=2VT—X| ,  (2.14)

Qp =—
h T*Xph’ o




where prime is derivative with respect to p. Since we have a gauge field, we can also find
the value of electric potential ® at horizon

P = —(Ar+Q Ay) - (2.15)
We will check that black hole solutions satisfy the first law of thermodynamics i.e,
dM =13, dS + QpdJ 4+ 27P,dQ , (2.16)

where (@ is the electric charge for each charged solution.

There is another approach to find mass of each black hole from the integrated form of
the first law or the Smarr-like formula [33]. Depending on each solution we find one of the
following relations

1 ~ 1 ~
M =TS +2Q,J + §<I)hQ, M = §THS + Qnd + 0,,Q), (2.17)

where Q = 27Q) .

3 Solutions of extended NMG

In this section we consider Lagrangian (2.1) together with Chern-Simons term (2.2). We
use O(2),0(4) and O(6) notations for order of expansion of Born-Infeld Lagrangian and
use O(o0) for Born-Infeld Lagrangian.

3.1 MCS-charged solution

To start, let’s add Maxwell-Chern-Simons Lagrangian (2.2) to O(2), O(4), O(6) and O(o0)
Lagrangians. We call the corresponding solutions, MCS-charged black holes. We consider
the following ansatz for metric and gauge field, which is a self-dual MCS solution found
in [34, 35]

X =aCp’+Bp+~Cy, A=Qp> (dt —1ds), (3.1)

where @) is the electric (magnetic) charge of U(1) gauge field. The constant parameters
C,Cy,v and [ can be computed from equations of motion. In this ansatz o, 8 and -~
are vectors which determine the frame of solutions. Equations of motion for 7, X and Y
restrict o and 3 vectors to a? = a.8 = 0 and ~||a. So we choose the following frame for
self-dual solutions

2—-1 12+1
e AT ET) MR (=L ) R

Inserting this frame into (3.1) and using Euler-Lagrange equations of motion for 7, X or Y’
we can find C as a function, C' = C(Q, v, m,[). One can easily find C as in the first column
of table 2. In next step we insert the above ansatz into equations of motion for gauge field.
These equations give two values for v. Either v is a function as v = —ulH (m,[) or v = 0.

Let us first start with nonzero value of v. Solving equations of motion give values of
H in the last column of table 2. The remaining equation of motion is for . This equation
gives the value of cosmological constant (see table 1).



A
0(2) B
o) 21+ )
O(6) _112 (1 + 422 + 8%4)
O(x0) | -2 (1 (1- &) 2)
Table 1. The value of cosmological constant A in each order of Lagrangian (£ = ml)
C c’ H
0(2) e 1 1
oW | —fEnE TR (1) Ltgm)
0) | ~fify s e | (=2 — s | (g0 +a80)”
O(c0) | —fLHETRED (1- L) | (1-4): (1- &)

Table 2. The coefficients C,C” and H in each order of expansion (§ = ml,v = —ulH).

If we write ADM metric then we will have the following functions according to rela-
tion (2.4)

2
T+X =2Cp"+Co) =5 T—X=2Cp" +Co)+2,

4p?
Y = —20(Cp” + Cp), R=-T"+X*+Y%= - (3.3)
Note that the value of Cjy can not be fixed by equations of motion and it is a free parameter

of solutions. Using the above values we are able to compute the super-angular momentum.
By (2.10) and (2.11) we can find super-angular momentum as

Tkl

J o4 (12 b1, P4, 25) , (3.4)
where C’ is given in the second column of table 2 which depends on the order of expansion
of Lagrangian. From super-angular momentum and using relations in (2.8) we can read
angular momentum and mass.

To do this we need to know the background solution and the value of A. The back-

ground solution can be found by inserting Cy = 0, so the value of super-angular momentum
would be zero. On the other hand we suppose that A = 0 so we find

o 471'[000, M = 47TCO

/
= . (3.5)




But we need to show that the choice of A = 0 is consistent with the first law of thermody-
namics for black holes. There is an alternative way to find the same value for mass. What
we need is to check a consistency between the first law of thermodynamics and Smarr-like
formula M = %THS + Qpd + % 0.

As we noted, the only free parameters of solutions are ) and Cj. By differentiating
Smarr-like formula with respect to these parameters we expect to find the first law. This
fixes constant coefficients of Smarr-like formula and also gives the value of mass. But to use
Smarr-like formula we need to find temperature, angular velocity and the value of electric
potential at horizon, we also need the entropy of black hole.

Horizon is a circle and it is parametrized by ¢. Location of this horizon is given by
N2 = %22 = (. Since the radius of horizon is given by K, we assume K > 0. So the only
value for the location of horizon will be p = 0 if we have v > 0. Using (2.14) and (2.15)
we find the following quantities at horizon

(Cp” + Cp) 1 - 2p

v k?ﬁ¢4ﬂ@y+aﬁ+@

=0, ®,=0. (3.6)
p—0

"TIR(Cp +Co) +pl e L

As we see the above quantities are independent of the order of expansion. The zero value of
temperature indicates that we are dealing with an extremal black hole. The above values
immediately give a relation between mass and angular momentum from Smarr-like formula,
which is M = JI and it shows that A = 0 is a correct assumption.

Finally entropy can be found by using Wald formula (2.12)

. 27TAh
N K

= 2m\/212Cy . (3.7)

p—0

S o, Ah:2ﬂv6<P«ﬂW+%%)+p>

As we told before, there is another solution when v = 0. This is the well known
BTZ solution in presence of a constant gauge field and has the same angular velocity,
temperature, mass and entropy as nonzero solution.

3.2 Logarithmic MCS-charged solution

In addition to the self-dual solution of the previous subsection we can consider another
ansatz which is also a solution of equations of motion. We call it logarithmic MCS-charged
solution [9, 12]

v

X =aDp’lnp+Bp+vDy, A=Qp2(dt—1de). (3.8)

Again @ corresponds to the electric (magnetic) charge of solution. The equations of motion
for T, X or Y restrict us to the following frame

-1 PP+1
i 0> (3.9)

a:y:@+PJ—Fﬁm» B-<‘p,—lg,

Imposing the above frame in equations of motion for 7T, X or Y, one finds the following
relation for every level of expansion of Lagrangian

c1p”’ +cop’Inp =0, (3.10)



1 D D’
0(2) 1 —nQ? 1
o | —t0+ap) | T | (o)
0®) | ~H(1+5+ k) | —FEHES | (- b o)
Oe) | ~HO-4)F |- F0-&"] (-

Table 3. Constant parameters p, D and D’ for logarithmic MCS black holes, (£ = ml).

where values of v and D can be found by solving equations ¢; = ¢o = 0. When order
of expansion is greater than two then there will be two solutions for these equations, one
solution is always v = 1 and the other one can be written as a function, v = v(m,1).

Values of parameter D at each level of expansion are given in table 3 by solving
equations of motion for X, Y or T. Equations of motion for gauge field components A;
or As give a relation which restricts the coupling constant of Maxwell-Chern-Simons (u).
The values of p as a function of m and [ are given in table 3.

Again equation of motion for ¢ gives values of cosmological constant. These values at
each level are the same as previous ones and are given in table 1.

By inserting the frame in (3.9) into solution (3.8), metric in its ADM form can be

read as
2
T+X:2Dp”1np+2D0—l—2p, T— X =22Dp" Inp+ 202Dy + 2p,
2 2 2 s A4p?
Y = —2U(Dp’Inp + Dy), R =T+ X*+Y?= 2o (311)

In this solution Dy is a free parameter and cannot be fixed by equations of motion.

For future proposes we need to read angular velocity, temperature and electric potential
at horizon. We also need to know horizon’s area. By the same argument as in previous
ansatz, horizon will be located at p = 0 if v has a positive value. Using equations (2.14)
and (2.15) and by knowing the location of horizon, we find the following values

I(Dp”Inp+ Dy)
12(Dp¥Inp+ Do) + p

1 2p

77[2\/2 (ZQ(D,OV Inp+ Dg) + p)

= 21\/202Dy . (3.12)

Q) = =0,

p—0

p—0

o, =0, Ah:27r\/2<l2(DpV1np+Do)+p>

p—0
3.21 v=1

In this case values of © and D are given in the first and in the second column of table 3. To
find physical quantities of this black hole let us first compute super-angular momentum.
Using relations in equations (2.10) and (2.11) one finds

_DO 1{ 12 2
J = HD(z +1,— +1,2z), (3.13)
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oW | 3Eide | Hp(+oh) L6222 )
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O(o0) 1+5 +1 % +§ £EFL)

Table 4. Constant parameters v, pu and D for logarithmic MCS black holes, (£ = ml). Ay =
V2 +4€2 and Ag = /16£6 + 16£4 + 10€2 + 3.

where D’ is a constant and its values are given in the last column of table 3. Similar to
the previous case here we can read angular momentum and mass of the black holes from
super-angular momentum. The background solution can be found by imposing Dy = 0.
Inserting A = 0 in (2.8) one finds the following values for angular momentum and mass

4ml Dy D, M= 47 Dy
K K

J:

D' (3.14)

To check that A = 0 is a correct choice, we use Smarr-like formula M = %THS + Qpd +
%Cth. In this case the only free parameters are @ and Dy. By differentiating Smarr-like
formula with respect to these parameters we can find the first law of thermodynamics for
black holes. Since we have an extremal black hole with vanishing temperature and since
the value of electric potential at horizon is zero we find again M = JI and so A = 0.

Using the Wald formula (2.12) for entropy, we have

21 Ay
K

S D', A= 277\/2 <l2(DpV Inp + Do) + p)) L =2mV2PDy. (3.15)
p—

3.2.2 v=v(m,l)

As noted before there is another solution for v as a function of m and [. This new value
does not exist in O(2) but appears at higher orders. The values of v are given in the first
column of table 4. Similar to the previous case we can find values of y and D, which are
given in table 4.

Super-angular momentum and therefore values of angular momentum and mass can be
found by using equations (3.13) and (3.14). In fact the values of D’ in this case are exactly
equal to values for v = 1. So these solutions have the same angular momentum and mass.
On the other hand by computing entropy from Wald formula we find that these solutions
have the same entropy (3.15), with similar values of D’ (table 3). These similarities come
from similarity of asymptotic and near horizon geometries of the two solutions, although
the geometries between these two limits are different.

Note that existence of horizon at p = 0, restricts v to v > 0. This restricts the values
of £ = ml in the first column of table 4.

,10,



B B’

O(2) 1 1
26241 464 —24¢2—5
O | 2o 270 )
O(6) 8EA44£243 | 64£5—-384£6-384¢1 —64£2—-27
8¢ 2¢2—1 BEA(RET—4£2—1)
&2 £(&2-1)
O(o) &-1 (€2-1)2

Table 5. Coefficients B and B’ in each order of the expansion (£ = ml).

3.3 M-charged solution

Now let us turn off Chern-Simons term by inserting p = 0. We call this solution Maxwell-
charged or M-charged solution. We suppose the following ansatz

X =aBp'In (p) +08p, A=QIn (p) (dt — wdg) , (3.16)
Po Po

where @) again is electric (magnetic) charge and B and py are some constants. To solve
equations of motion we consider the following frame which is more general than the previ-
ous frames
5 5 -1 1?P+1
a:(w 1w —|—1,—2w), B=(———50). (3.17)
If we choose w = [ then we will obtain self-dual M-charged solutions with £ = Iy, = F,4 =
B. Similar self-dual solutions have been studied in [34-36] and [37].
Using the above frame and ansatz and by inserting these into T, X or Y equations of
motion we end up with the following equation

c1p” log (pp) +cop’ +c3=0, (3.18)
0

where c¢1,co and c3 are functions of v,m and [ and according to the order of expansion
they have different values. The only consistent solution of this equation, independent of
the order of expansion, will be the case v = 0. With this value, ¢c; = 0 and the value of B
can be found from ¢3 + ¢3 = 0. One can see values of B in the second column of table 5 in
each order of expansion.

There are two other equations of motion for A; and As. These equations satisfy by
choosing a proper ansatz for gauge field. Equation of motion for { gives the values of
cosmological constant A which are exactly equal to previous results in table 1.

Considering all above values, the corresponding ADM metric contains the following

functions
P
T+X =2xkB Q* ln<p> i T— X =2kw?B Q? ln<p>—|—2p, (3.19)
o l £0
4
Y = -2k BQ*wIn <p> . R2=—T?+X%4Y2= —Tf <BEQ2(Z2—OJ2) In <p> - ,0> .
Po Po

— 11 —



Using this solution we can compute super-angular momentum. From (2.10) and (2.11)

we find )
J:%B/(w2+1,—w2+1,2w) , (3.20)

where B’ is given in the second column of table 5. From super-angular momentum (3.20)
and using (2.8) we can read angular momentum and mass as follows

A7 Q%w
l

B A7 Q*w?

J
l

B, M= B (3.21)

In this case similar to previous ones we choose A =0 in (2.8).

2
% =
to metric (3.19) there are two horizons at p = p4 and p = p_ which are outer and inner

As we mentioned before, horizons are roots of equation N? = 0. So according
horizons respectively (p; > p_). But K? changes sign for a certain value of p = p. such
that for p < p. we encounter closed time-like curves [34, 35].

In the extremal solution when we go to self-dual limit |w| — +I, from (3.19) we can
see that the location of horizon goes to p = 0, which is not consistent with p > p.. In
fact this is a naked singularity which is located at infinite geodesic distance [34, 35]. Note
that the extremal black holes such as those we described in previous subsections have a
horizon at infinite proper distance [34, 35]. Therefore we can not compute thermodynamical
parameters of this self-dual solution because this is a horizon-less solution.

3.4 (Geodesic completeness

In previous sections we found two types of black holes, the polynomial solution (3.3) and the
logarithmic solution (3.11), where their horizon were located at p = 0. At p = 0 curvature
scalars such as R, R*"' R, R*""° R, 5, ... are finite. In addition each point outside the
horizon is located at an infinite radial distance from the horizon due to extremality of black
holes. We now find a condition that time-like geodesics approach to horizon in an infinite
amount of time or in other words solutions become geodesically complete.

The black hole solutions (3.3) and (3.11) have two Killing vectors 0; and 04 correspond-
ing to two manifest symmetries of their metric. We define these two Killing vectors as

K" = Q)" = (1,0,0), L' = (9y)" = (0,0,1). (3.22)

Constants of motion for a geodesic can be expressed as

dxt dzt
gt - _KN ? 5 5¢ = LN ? 5 (323)

where 7 is an affine parameter. In addition, we have another constant of motion. Geodesic
equation implies that the following quantity is constant along the path

dx? dx¥
— g, 3.24
c In dr dr ( )
where e = —1, 0 or 1 for time-like, null or space-like geodesics respectively. Using constants

in (3.23) and multiplying ¢”” on both sides of (3.24), the geodesic equation for metric (3.3)
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and (3.11) becomes

d 2 2 4 2
(dﬁ> —2(Cp” + C) (l&+5¢)—l—§(1253_5;)+%;5 =0,
2

dp\” 2 4
<df) —2(Dp" Inp+ Do) (1€ + &) — l—f (P& - &) + ZL;e =0.  (3.25)

When p — 0 geodesics will be regular if £, = —1&; (see for example [34, 35] for a similar
argument). Solving each equation in (3.25) for time-like geodesics (¢ = —1) together with
Ep = —1 & shows that, it takes an infinite amount of time to reach the horizon at p = 0.

4 Born-Infeld-TMG solutions

In this section we extend our work and consider gravitational Chern-Simons action. We add
topological Lagrangian (2.3) to Born-Infeld Lagrangian (1.2). Since gravitational Chern-
Simons action has third order of derivative terms we just consider O(2), O(4) and O(c0)
in our computations. We divide solutions into extremal and non-extremal black holes.

4.1 Extremal black holes

In section 3 we found a number of self-dual solutions in presence of the Maxwell-Chern-
Simons term. Now we add gravitational Chern-Simons term to the Lagrangian. Since our
ansatz in section 3 also works here and all steps are similar, we just write final results in
their corresponding tables.

4.1.1 Polynomial charged solution

A self-dual extremal charged black hole in presence of gravitational CS term (we call it
polynomial charged solution) is given by the following ansatz

X =aCp’+Bp+~Co, A=Qp?(dt—1dgp). (4.1)

Angular momentum, mass and entropy of this black hole are as follows

_ 47 Col o M= 47 Cy o 5= 2T Ay,
K K K

J . (4.2)

Together with the following physical quantities at horizon (p, = 0)

1
Ay =2m\/22Cy, Qu=-, T,=0, ®,=0. (4.3)
All values of constant parameters v, C and C’ are listed in table 6.

4.1.2 Logarithmic charged solutions

Another self-dual extremal charged black hole is logarithmic charged black hole. Solving
equations of motion leads to

X =aDp’In(p) +Bp+vDy, A=Qp: (dt —1dg). (4.4)
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v C (04
°@) —#l ~ i 1-3
ow | )| B eme ey |

O(c0) | —ply/1- E% _282}17)] [527(21/521)_2?:72?2(::11))5\/52—1 (1~ f%)il 1= E% N %

Table 6. £ = ml, ucl = 1.
v=1 1 D D’
o@) i HTQQ (1,11) 1- 717
i
OW) | —%(1+4%) f?ll;@% 1- ok -1
o) | 0= | [ yia]

Table 7. £ =ml, pugl =n.

D

,1 Kk Q%12 1
0(2) . T4 . Cuv—1)n+6v(rv—1)+1
/ KQ*v? E+3+20(v—1)
04) +47,( 2d, A2 (E2+3)+ 54) - DR —T=T60 (- DT 60 =1 F1) €

3 52 1 kQ? V2 (£2—142v(v—1)) 1\—
P O |

(1)
(2v—1)[E2—1-8v(v—1)]n+(6r(v—1)+1)€/€2—1 €
Table 8. & =ml, ugl =n.

N

Angular momentum, mass and entropy of this black hole are as follows

AnlD 4w D o A
J=""0p =T p 5= Tl (4.5)
K K K

Together with the following values at horizon

1
Ap =2m+\/212Dy, T3, =0, Qh:f’ P, =0. (4.6)
We have two sets of solutions in this case. The first case is v = 1, see table 7, and the

second case is v = v(m, 1, ug), see table 8. In both cases p is given in the first column of

table 7 and D’ in the last column of this table. The values of cosmological constant do not
change and are given in table 1.
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Q> z A

3—2ug 1 2pug—1
0(2) 2k ug —it T F
O(4 GH+m—2pg)m’*+2ug | 2(pm’+1)(k—1)m*—Hug | (48x2Q*128xQ%464) 224 (96— (64m>+56)cQ>)z—1—16m> | -
(4) kpg (pmZ+1) (n+2)pg—3)m? 64m?2 +uc;
0 4(Bp—2pg)m>=3ut+18uc | —2(m*+ ) (- 1)m>*~ 1) ug _u oy 2 @ueD=l)
2k pg (4m2+43) 3m2(p—2pg) 3 3 m

Table 9. Parameters given by equations of motion for warped AdS3 solution.

4.2 Non-extremal black holes

There are non-extremal black hole solutions for equations of motion. We have already
found non-extremal warped AdSs3 black holes without the TMG term in [25]. Similar to it
we suppose the following ansatz

X=ap’+Bp+vy, A=Q(2zdt— (p+2wz)dg). (4.7)

To find a non-extremal warped solution to satisfy equations of motion for 7, X and Y we
need to choose the following frame

11 B%p3 o B0h 5
IeY <2, 2,0), B (w, w, ), % <4z +(1+w?)z, 1 +(1-w)z, 22w |,
(4.8)

where 2 = 1 — 2z. To have a solution free of closed time-like curves we must restrict
ourselves to 0 < % < 1, [8]. One can obtain warped AdS metric in ADM form

2 2 2 2 2
2 2P 700 2 2 p+(1-p5)w L dp
2 2 2 2y o B?0%
where 7 = p® 4 2wp + w1 — 5%) + 5.
After frame fixing each T, X or Y equations of motion equivalently give the same

value for charge (). The equations of motion for gauge field components also give another
relation. At O(2) gauge field equations restrict 4 = 1. But for other orders these equations
give a relation between z, m, u and pg. Final results for charge @ and value of z are written
in first two columns of table 9.

The equation of motion for ¢ gives cosmological constant in terms of other parameters
of theory (see the last column of the table 9).

From equations (2.10) and (2.11) we find the following value for super-angular mo-
mentum

J=Z1p3(—1,1,0) + Ea(w? + 1, —w? + 1,2w), (4.10)

where coefficients are given in table 10, (note that the value of z at each row must be read
from second column of table 9).

To find angular momentum and mass we must subtract the values of background.
Background is given by inserting pg = w = 0. Using equation (2.8) we can read angular
momentum and mass. For non-extremal black holes we consider M = 4r(6JY) which
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= =)
=1 —2

o) e —ba) (g - 1)
o)| 2z —auge—w -1 | ~2=2 uee - w - 1)
00) Al (e —p—2m0) |~ oug—

Table 10. Coefficients corresponding to super-angular momentum for warped AdS3 solution.

we show to be consistent with the first law of thermodynamics for black holes. After
subtraction we find

J =41(=E1p2 + Eow?®), M = 8715w . (4.11)
The location of the horizon is given by p = pg or equivalently r;, = L\/Q%“’Z. Quantities

such as area of horizon, Hawking temperature, angular velocity and electric potential at
horizon can be found by using relations in (2.14) and (2.15)

™ (1 —22)po 27/ 2z
Ap =271r, = — +2wz), Tpg=-——"—, Q= , @,=0. (4.12
h h \/E (pO ) H Ah h Ah h ( )

Again entropy can be found by adding Wald entropy and contribution from Chern-Simons

term (2.13)

ST om0+ Eaw) (4.13)
T (1 — 222 =) ‘

Using Smarr-like formula M = TS + 2QJ + % ®;,@Q we can check that thermodynamical
quantities satisfy the first law of black hole thermodynamics, dM = TydS + QpdJ. To
do this we consider M = M(po,w),S = S(po,w) and J = J(po,w) then differentiate
with respect to pg and w. The value of mass from Smarr-like formula agrees exactly with
M = 4x(6JY). This value of mass is exactly equal to the ADT mass of the black hole.

5 Central charges of dual CFTs, Cardy’s formula approach

According to AdS/CFT conjecture [39] one may expect that for some sectors of three di-
mensional gravities which are either asymptotically AdS3 or AdSs-like, there exists a two
dimensional dual conformal field theory. In this work we found such sectors for differ-
ent types of massive gravities which were asymptotically AdSs (extremal black holes) or
AdS3-like (non-extremal warped-AdSs black holes), so it will be interesting to find some
properties of these two dimensional dual conformal field theories.

AdS3 metric in Poincare coordinates is given by

22 drt dz~ + dy? ,
Y2
where [ is the length of AdS3 and boundary is located at y = 0. The global symmetry of

AdSs is SO(2,2). The SO(2,2) algebra, gets enhanced to asymptotic isometery algebra,
which coincides with two copies of the Witt algebra.

d (5.1)
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The algebra of asymptotical conserved charges associated to asymptotic Killing vectors
satisfy two copies of Virasoro algebra. This algebra has equal left and right central charges
¢ =CR = % [18], where G is the three dimensional gravitational constant. It is believed
that these are central charges of a two dimensional conformal field theory living on the
boundary of AdSs5.

In this paper we consider gravities which have been shown to be unitary in bulk and
boundary [40]. This property allows us to use Cardy’s formula to read the central charges
of the dual CFT theories in terms of black hole entropies, i.e.

2

S = 7Ié(CL Tr, 4+ cr TR) , (52)

where T, and Tg are left and right temperatures. Alternatively one may use the following

S=2w<\/CL(;EL+\/CR6ER), (5.3)

where E7 and ER are the left and right energies and depending on each solution they have

relation

different values.

In [41] it has been shown that for asymptotic AdSs sector of pure gravity we can find
a CFT dual with a central function ¢ = % I %. In the following we will show that
this relation only works for those sectors which are asymptotically AdSs; and does not give

a correct result for asymptotically warped-AdSs sectors.

5.1 Asymptotic AdSs sectors

In previous sections we found two sets of extremal solutions, logarithmic solution and
polynomial solution with(without) presence of gravitational Chern-Simons term. These
solutions have the following metrics

v 2p v
dsp, = <2Dp Inp+ 2D _z2> dt*> 4+ (21°Dp” In p + 212Dy + 2p)d¢?
v 1*dp?
—4l(Dp” In p + Dy)dtde + e (5.4)
ds2 - — (200" 4 2Cy — 22 Va2 1(22Cp” + 22Cy + 2p)dd? — 41(Cp” +Co)dtd + -2
Spoly = (2007 +2C0 — 5 +(20°Cp” + 21°Co + 2p)de” — 4(Cp” +Cy)dtdg + e

In both cases Hawking temperature is zero and we have extremality condition J = MI. As
we told before, the existence of a horizon is possible if v > 0. Asymptotic behavior can be
found by sending p to infinity. This requires v < 1 to have an asymptotically AdS3 solution.

Since both these solutions have the same asymptotic symmetry and belong to the
asymptotic AdSs sector of three dimensional massive gravites, we expect that both have
the same two dimensional dual CFTs. The central charges of these dual CFTs can be
obtained from (5.3) by defining left and right energies as a linear combination of mass and
angular momentum. We define

_ MI+J _Ml—-J

Er = Er =
L 27R 2

(5.5)
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cr CR
o0 | #0-) B0+
oW | #H-h-3) | HO-gh+}
00) | #1-sh - =) [ B0+
o) | (-2t -3) | #(0-@P+)

Table 11. Central charges of dual CFTs.

By knowing entropy we can read the left central charge of the dual CFT. We have done
this and all results for ¢y, are listed in table 11. As we see these central charges include
corrections to % found in [18]. These corrections are coming from higher curvature terms
and gravitational Chern-Simons term.

Let us review the most important results:

1. Because of definition of left and right energies (5.5) we can find just the left central
charge of the dual CFT.

2. Since both logarithmic or polynomially solutions are asymptotically similar and only
have different fluctuations around the AdS3 space-time we expect to find the same
central charges at each level of expansion.

3. The central charges without considering the gravitational Chern-Simons term can be
obtained by sending the parameter n = pugl — oc.

4. The value of the left central charge at each level of expansion can be found by
expanding the O(oo) result with respect to & = ml.

5.2 Asymptotic warped-AdSs3 sectors

In non-extremal warped-AdS solution the SL(2, R), x SL(2, R) g symmetry breaks into the
isometery group of SL(2, R) x U(1) [19].
three dimensional massive gravities and we expect different values for central charges of

So this solution belongs to a different sector of

dual CFTs. In this case we find both left and right central charges by using Cardy’s formula.
We can either use the Cardy’s formula in (5.2), where left and right temperatures 77,/
can be defined as

1—-22 1—-22
T, = ———po, T = 2wz . 5.6
L 27r\/2zp0 r 27\ 2z (5.6)
or we can use (5.3) with the following left and right energies!
1 —_ 2 1 —_ 2
Er = §wM —J =4nE1p; , Er= EwM = 4ArEw” . (5.7)

2 2
'"We can also use E;, = %= ¢, T} and Er = % crTh.
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Both ways give the following values for left and right central charges

z 1
— 5 =3.2
(1—2z)2~" R =3 "

= 3.26 S
‘L m (1 22)2

=, (5.8)
where values for Z; and =9 are given in table 10 and values for z are listed in table 9.

Using the above values for left and right central charges we can find holographic grav-
itational anomaly. Using parameters in table 11 we see that the value of anomaly is
independent of order of expansion

3.2 1 3
e — 425 — 28 | = —— . 5.9
CL —CR (1_22)2(2 1= 2) Guc (5.9)
This value for anomaly agrees with the value in [42] exactly .

There are important points to note:

1. The difference between values of left and right central charges only depends on grav-
itational Chern-Simons coupling.

2. Unlike the asymptotic AdS sector here central charges of dual CFTs are independent
and can not be obtained from expansion of the O(co) result.

Although in this section we found various results of central charges for dual CFTs we
must check them from a more accurate approach. We will show that computing the asymp-
totic conserved charges allows us to find central charges and confirms our computations in
this section.

6 Asymptotic conserved charges for extremal solutions

As we saw in the previous section, Cardy’s formula just gives left central charges of CFTs
dual to asymptotically AdSs sectors. In this section we try to use another approach to
find central charges by using asymptotic properties of solutions. We will show that this
approach gives both left and right central charges and confirms results of Cardy’s formula.

To compute conserved charges such as mass and angular momentum associated to
Killing vectors of a typical background, we must linearize equations of motion around this
background. According to Abbott- Deser (AD) formalism [43] these conserved charges are
expressed as

Q) = g [ a7 eV T (61)

where §TH is the linearized energy-momentum tensor and &, is a background Killing vector.
The value of &,6T* generates a conserved current whose spatial integral for different
components gives conserved charges. Computations of conserved charges in presence of
higher curvature gravity theories has been done firstly for AdS background in [44]. For an
arbitrary background, calculations have been discussed in [45].

The Killing vectors &, are generators of isometeries of background metric, but we also
have asymptotic Killing vectors ¢, which are defined as generators of non-trivial charges

Ochuy = VG + V(. (6.2)
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Existence of such asymptotic Killing vectors is due to the fact that killing equations do
not fall-off fast enough near boundary. For any consistent set of boundary conditions one
can find an associated asymptotic symmetry group (ASG), which is defined as a set of
symmetry transformations modulo the set of trivial symmetry transformations [46].

6.1 Linearization of equation of motion and conserved currents

Curvature terms. To find conserved charges, AD formalism suggests linearization of
equations of motion. Let us start with pure gravity terms in Lagrangian up to cubic terms
of curvature (2.1)

L5 = /=g {R =20+ k1 B2 + kg Ry B+ kg RIR Ry + i R Ry R+ ris B |

3 1 2 3 17

M= gE RS ToE WS Tgaa RS g NS oo (6.3)

Equations of motion for Lagrangian (6.3) are given by
1 1
Ty =Ry — §guuR + Aguw + 2k R | Ry — Zg#,,R + (2r1 + K2) (90— V. V,)R

1 1
+E2D <Ruy - 2g/u/R> + 2K9 <R},Lpl/0' - 4g/u/Rpa> R

QL 3 (6% (6% (0%
+K3 <3RuaR BRBV + 2 (9w VaVsR pR}? +UR, Ray — 2VO‘V(NR5)R5]

1
_ 2gWR§R5”Rpa>

+ky (RWRagRaﬁ +2RR} Roy + 9,V o VR R+ ORR,, — 2V V(R R

1
—[V,.V, — QWD](Ra,BRaﬂ) - 29WRR0¢BRaﬁ)

1
+K5 <3RWR2 +3[g 0 — V.V, |R? — Qgﬂnyf). (6.4)

For AdS background in D dimensions we have the following relations

2AO 2A0 2AOD
Raz/ = vYapB — va) s Ryzi vV R=

where A is a proper cosmological constant. If we insert background (6.5) into equations

of motion (6.4) then we will find a critical value for A in terms of Ay

(D —2)?

D—-6

A:AO-FQA%(DKQ—'—KQ) m

+ 4A3 (k3 + Dry + D%k5) (6.6)

We now suppose small fluctuations around asymptotic background metric (AdS space) as
9w = Guv + hy and use it to linearize equations of motion. Defining

1
g/“/ = R;ux - ) g;wR + Agw/ ) (67)
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one finds the following linearized parts (h = g"" h,,)

1_ 2A¢
6guu = 6RMV - 2 guuéR - m h,uuy
B
OR,, = > (VAV by + V2V by, — Ohyy =V, VL R)
2A9

SR = (VAVPhy, —Oh) —

55 h- (6.8)

Linearization of equation of motion (6.4) is lengthy so we have summarized details of

calculations in appendix A. Using relations in (A.3) and (A.4) we find (T = %1102)
2 2 = D-2__
6T = (14 2(Dry +452) Y + (903 +5 Dy +3D%5) 12 ) G, + iz ( 06G, — 5 Y3u0R

+(2/€1 + K1+ (3kg + (D + 4)ka + 6Dm5)T> (g,wi — V.V, +YGu )6R

+ (35 + Dra ) T (D6Gu, — 2V (10600 + G VoV 30,05 ) (6.9)
(D —6)

+(A— D=2y _ (D_4)T2(Dm+n2) —

5 5 T3 (k3 + Drg + D2/<;5)> Py

The last line vanishes by (6.6). We can also use relation V#§G,s = 0 to simplify the
above equation.

Asymptotic conserved charges are given by the following integration
- 1
=—— [ d’tay—gK°, 6.10
AO) = gig [ eV (6.10)

where Kt = £,T" and M is a spatial D — 1 dimensional manifold. To find conserved
charges we should use Killing equations for asymptotic Killing vectors g_u which satisfy
Killing vector equation V,, & +V, 5_“ = O(h). Since we have already linearized equations
to O(h) we can ignore O(h) due to this Killing equation and put it to zero. We also use
the following relations to simplify our results

_ _ _ _ o T _ _
VOVaE = Ripslu, D= T, & VaV'G" = 5= (DE,IG" — §'0G7),

A
0G5, = —3OR. (6.11)

Finally one finds the following conserved current

K = (1 +2(Dky + ko) T + 3 (k3 + Dry + D?ks) T2>€Vég‘“’ (6.12)
(251 + k2 + (33 + (D + g + 6Drs) T ) Va{€# VOOR — E°VHGR + SRVIE™)

(2 (3m3 + Dra) T) Vo {E,076GH — &,7#5G™ — 6GM'T°E, + 5G°THE, }
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In first term, &, 6G* can be written as a total derivative term, so the above expression will

be a total derivative
K =9, { (14 2(Drk1 + 2) T+ 3 (13 + Drg + Do) T2) F1

+(2/<1 + k2 + (3k3 + (D + 4)k4 + 6Dks) T) FBY + (M + (3k3 + Dry) T) f?ﬁ‘”} ,

N[ —

_ _ _ _ 1 _
Fi == <£pV“h”p + VYR 4 PNV E, + YV WP+ 2hV“§”> — (< v),
FI¥ — @ VSR — & THSR + SRVME
FH = E,VV6GHY — £, VHEGYY — §GHONVE, + §GVOVHE, . (6.13)
Gravitational Chern-Simons term. Equation of motion for gravitational Chern-
Simons Lagrangian (2.3) is

1 1 1
— — By _ -
T’w, = G C'u,j = MGEMO[ a <R5V 1 9pv R) s (6.14)

where €,,,, = \/—g€u1p With €912 = —1. The linearized form of (6.14) is [45, 47]
_ 1
6Cu =, Vg <5Rﬁy — 49y 0R =T hﬁ,,) , (6.15)
and conserved current constructed out of this term can be expressed as

1 - 1 = - - - 1 -
Kr=—6,0C"" = V{700, 5€" +&" 350G "€, +e" P0G 58, } 45— 50G 1V ok, .
MG e HG
(6.16)
we could write last term as 730G #B if we define g = %50‘”5 Vaé,. Again we write the
conserved current as a total derivative

1 =
Kr = =, (FI* () + Fi),
LG ( 1 (1) 4 )
Y 1 v FQ af spov ¢ vaf -
FiY = S{e"70G pE" + £0GY 50 — 756" 560} (6.17)

6.2 Asymptotic behavior of extremal solutions

By inserting results in equations (6.13) and (6.17) into equation (6.10) we can compute
conserved charge. Since the conserved current is written as a total derivative, integral over
bulk will be equal to an integral over boundary

_ 1 o ' 1 _
= —— i/ — " = lim —— — P 1
A6 = gog [ asiv=aF = i o [aov=g 7. (615)
where
1
./TSO‘; = <1 + Q(D/ﬂ + Hg) T4+3 (ch + Dky4 + D2H5) TQ) Jr?P(&) + MZFSp(n) (6.19)

1
—|—(2/~€1 + Ko+ (3/{3 + (D+4)k4+ 6D/~£5)T>]~"§p+ (I{2—|— (3r3+ D/{4)T)]~'§p + ’u—]:fp.
G
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As mentioned before, extremal solutions (5.4) are asymptotically AdSs, so we have
SL(2, R)1, x SL(2, R)g symmetry at boundary and therefore we have two copies of Killing
vectors, fﬁ and 55‘, which generate two copies of Virasoro algebra

ik, el =m—n)ek,,, il =(m-n)el ., (. =0. (6.20)

Going to light-cone coordinates with 7% = ¢ & ¢, the background metrics (5.4) change to

v - 2p _ 2dp?
dsiog = 2(Dp" In(p) + Do)(dr™)? = 35 drtdr + 75
v - 2p _ Pdp?
Aspoty = 20"+ Co)(dr™)* = 3 drrdr™ + 17 (6.21)

which are asymptotically AdS3 and therefore one can use standard Brown-Henneaux
asymptotically AdSs boundary conditions [18]. Since in above metrics p” Inp and p¥
terms are diverging more slowly than p at boundary (0 < v < 1), we can choose boundary
fluctuations as
hig ~ O(1) hy ~ O(1) hyy ~ O(55)
ho_ ~O(1) h—,~0O(%) |. (6.22)

hpp ~ O(p’)

‘wa‘,_.b

Wi

The most general diffeomorphism which preserves (6.22) is

€= €9, = [e+(7+) 4 ia&—(f—) T o(plz)] o+ {e—(f—) + iaﬁﬁ(#) Lo (plz) }a

-2 {mﬁ(#) Foe () + o(i)]ap, (6.23)

where left and right moving functions are parametrized by e (77) = ™™ and ¢~ (77) =
€. We can parametrize asymptotic boundary conditions (6.22) in order to have true

conserved charges and consistent Lie derivative equations

]’L++ :f++(t,¢)+ 5 h+7:f+7(t,¢)+..., hffszf(t,ﬂﬁ)%—... B
1 1 1
h+p = Eerp(tvgb) +..., h*p: ?f+p(ta¢)+ ) hpp = ;fpp(tvgb) +..., (624)
where 7 ...” are next leading order terms which do not contribute to conserved charges.

Plugging (6.24) into (6.18) and taking p — oo limit, lead to
1 1 1 1 1 1 1
= Japl(1—- — )t 1— - e fo
@= S / ¢ {( 2m212 ~ 8mAlA ,@)6 Fe +< 2?2 RmAl T ugl>€ /

1 1 2 _ 3 2 _
— (1= g = o) (P~ o) € + ) (Fae o) (= >}, (6.25)

where we have inserted values of k1, ..., k5. If we insert boundary conditions (6.24) into lin-

earized equations of motion (6.9) then the pp component at p — oo, will give an asymptotic

constraint for equation (6.25)
2
J+-— ljfpp =0. (6.26)
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According to this constraint the second line of (6.25) becomes zero at boundary. Now we

can define left and right moving conserved charges as

1 1 1 1
= [dpa— . et
@r=grai / ST e R LR AR
| 1 | 1
- [do(1- . e f 6.27
@r =Gl / ST 8m4l4+,ugl)€ S (6.27)

where Q = Qr, + Qr. These charges satisfy two copies of Virasoro algebra with left and
right moving central charges

3l 1 1 1 3l 1 1 1
e [ =1 - ). (628
LG < om22  SmAlk MG1> R TE < o2 8mill ugl) (6.28)
One can easily check that pg — oo is consistent with central function formalism in [41], i.e.

l oL

= 5~ vV ap 2
c 2GgM aij (6 9)

so simply we can read central charges of the dual CFT to the asymptotically AdS sector
of Born-Infeld Lagrangian

3l 1 1 3l 1 1
_3 (o 1 _ (e ). 6.30
“LToq < m2[2 Mgl) r R TG ( m22 + u(;l> (6.30)

As we see, the left central charges we have found here in (6.28) and (6.30), are exactly

those in table 11, which we found from Cardy’s formula.

There is an important point to note. As we see, although we have ignored all terms
which contain field strength of the gauge field, final results for central charges have not
changed. We can check that these extra terms fall off more rapidly than pure gravity terms
as one goes to boundary (p — o). As an example consider the F? term in Lagrangian.
The contribution of this term to equations of motion is as follow

1
T;Szc;m) = *ig;u/F2 + 2F,uaFon ) (631)

which leads to the following electromagnetic conserved current

Koy = —%fl,h“”FQ + EPhPF,PFy5 — 26, h*P FH g . (6.32)
For both logarithmic and polynomial solutions the first term above is zero because of
F? = 0. One can see that as we go to boundary (p — 00) the next two terms also vanish.
This can be checked by choosing boundary fluctuations (6.22) and using the fact that our
solutions are restricted by (0 < v < 1). The same behavior still holds for all other terms
which contain gauge field strength.?

For a similar argument in four dimensions see for example [50].
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7 Asymptotic conserved charges for non-extremal solutions

For asymptotically AdSs metric we used useful relations in equation (6.5) for lineariza-
tion of equations of motion. But for asymptotically warped-AdS3 metric we do not have
these properties and we must linearize equations of motion around an arbitrary general
background metric. As an example let us start from second order derivative terms in
Lagrangian. Most of calculations are similar to those performed in [48]. For an action
including Einstein-Hilbert and TMG terms we have

1 1
Ry,y - §Q#VR+AQW, + C#y - O (71)
HG

If we define G = R* — % 9" R+ A g"” then the conserved current associated to Einstein-
Hilbert terms will be

& 0GH = fsy( —2RHp,Y) 4 % 2V, VERI® — O — THTVh) + %(R - 2A)h’“’>
Low( _poBp o o.poB _F
—5¢ ( — WP Rop + VoV h®? — Dh) . (7.2)

Using the Killing vector equation and ?a?/gﬁ_l, = Rﬁaﬂfﬂ this current can be expressed
as [45]

Kin = VaFgy — €'G" hay + %f“g‘“’hw - %fvah, (7.3)
Fan = % {€/Vahb™ — V" 1 € VIR — V7RO
FERTVR — €D 4 WOV 461 — ROV &Y 4 hV[“g”]} . (7.4)
For the TMG part the associated conserved charge is given by

£,00M = 7 6] TV aBG g+ €7 VoGl g+ TGP gt 0TV G JghCH |

(7.5)
Again if we define 7" = 5= \f ¢’V &5 we can find the following equations [45]
= 1 1
]CéS = VOC‘Fgg(f) - gycuahoa/ + 5 éﬂcowhau - 5 5”0”1/71, (76)
Fes(€) = Feu(n) + } 3\ (e’m 3G o — ;e“VA5G>
2[ ehva I:fah’\ﬁG)\ﬁ +—-h (fﬁGﬁa + fa >] . (7.7)

The sum of the last three terms of equation (7.3) and equation (7.7) is zero by using
equations of motion. Therefore conserved charge becomes

1 1 - 1 g
Q=g [ VK =g [ Vi (F© 4 RO as 0
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For warped solution the metric is

1— 32 21 d 2
P Mg <d¢ (o) dt) t g e, (19)
r BC% p* —
and asymptotic boundary fluctuations can be defined as
htt ~ O(%) ht¢ ~ O(l) htp ~ O(%)
h¢¢ ~ O(p) h¢p ~ O(%) . (7.10)
hopp ~ O(%)

The most general diffeomorphism which preserves (7.10) is

E=Ne(d) 0 —pe'(9) 0, +e(d) 0y, (7.11)
where prime is derivative with respect to ¢ and N is an arbitrary constant which does
not affect our results [49]. All remaining steps for finding central charge is similar to
the previous case. Since ¢ is a periodic coordinate with ¢ ~ ¢ + 2x then it is better to
use the Fourier analysis by considering e(¢) = € in (7.11). Inserting this vector into
equation (7.8) we will find exactly the left central charge in table 10 i.e.

127 2% — 1 6 z
= 2 =3.2°T—+ =51 7.12
cr, PR ( + e > 7T(1_22)2 1 ( )
As before we can show that at this order of calculations conserved current associated to

gauge field Lagrangian F'2, falls-off more rapidly than gravitational terms at boundary and
it has not any contribution to central charge.

Although this approach confirms left central charges found by Cardy’s formula, it is
unable to find right central charge, see [48] and [49] for the same obstruction. This is
because the asymptotic symmetry is SL(2, R) x U(1) and we must expect that since we
have one SL(2, R), we will find one of the central charges. It will be interesting to find
a way to compute the other central charges of this algebra. This situation still holds in
presence of higher order curvature terms with more lengthy calculations and again we can
only confirm left central charges of table 10.

8 Summary and conclusions

In this paper we have investigated several solutions corresponding to three dimensional
extended massive theories of gravity. The extension has been done either by adding gauge
fields through a Maxwell term or Maxwell-Chern-Simons term or by adding a gravitational
Chern-Simons term. In all these cases we have found charged solutions.

These charged solutions are as follows:

1. Extremal logarithmic and polynomial self dual black holes with and without gravi-
tational Chern-Simons term.

2. Maxwell charged solutions which have naked singularities.

3. Non-extremal warped-AdS solutions.
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We have found these solutions for different orders of expansion (up to six) of Born-
Infeld Lagrangian and for unexpanded Born-Infeld Lagrangian. The results of logarithmic
solutions are given in tables 3, 4, 7 and 8 while results for polynomial solutions are given
in the tables 2 and 6. Values of cosmological constant for extremal solutions are the same
at each level of expansion and are given in table 1.

Results for Maxwell-charged solutions are given in table 5. Results for non-extremal
warped-AdS solutions are given in tables 9 and 10. Values of cosmological constant differ
from those of extremal cases.

For all solutions we have found super-angular momentum as a conserved current for
SL(2, R) symmetry. Then we have read mass and angular momentum. For extremal cases
we always find J = M1 or A = 0 but for non-extremal case we find (4.11) or A = 27(6JY).

Results for mass have been checked by consistency between the first law of ther-
modynamics for black holes and the Smarr-like formula. For extremal solutions Smarr-
like formula is M = %THS + QpJ + ®,Q but for non-extremal solution it is given by
M =TyS +20,J + 5 ©,Q.

We have also found entropy of each black hole, by using (2.12) when we have no
gravitational Chern-Simons term and we have used (2.13) when we have it. The value of
entropy helps us to read central charges of dual conformal field theories.

In this paper we used Cardy’s formula to find central charges. For asymptotically AdS
solutions we can only find left central charge (table 11) of dual CFTs from Cardy’s formula.
For asymptotically warped-AdS solutions the dual CFT is different from asymptotically
AdS solutions. The difference between left and right central charge gives the value of holo-
graphic gravitational anomaly. Our results show that the value of anomaly only depends
on the coupling of gravitational Chern-Simons term and is independent of expansion of
Born-Infeld Lagrangian.

To confirm our results for central charges of dual CFTs we have used another approach.
We calculate conserved charges associated to asymptotic symmetry transformations of
solutions, i.e. SL(2, R) x SL(2, R) for asymptotically AdS solutions and SL(2, R) x U(1)
for asymptotically warped-AdS ones. By choosing a proper gravitational perturbation at
boundaries we can find exactly central charges that we have found by Cardy’s formula.
By this approach we can compute both left and right central charges of the CFT dual to
asymptotically AdS solutions. But for dual CFT's associated to asymptotically warped-AdS
solutions only left central charges can be computed.

A Useful relations for linearization

In order to study fluctuations of a generic action around some background we need to
expand various tensors up to second order in metric perturbations A, . Using

Guv = guu + h,uz/a (A.l)
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linearized Christoffel symbols and Riemann, Ricci and scalar tensors become

ory, = %g’”\(vuh,\p + Vohaw — Vahyy)
SRE = %(v Vb, 4+ 0,1, — )Ty — VoV, — VoV b 4 Va0,
SRy = % (VAV by + VAV ko, — Oy — Vi Vih)
SR = (V VPhy, —Oh) — 1)21102 h.

(A.2)

These relations help us to linearize different terms in equations of motion. By defining

T= ;1102 we find the following relations

5(RW,,URW) = %((D - 2)T5RW + Tg;w(sR + TQhw) )
§(RR,,) = DY6R,, + Yg,.0R,
(RaRa,,):2T5RW Y2h,,,
[2pt]é (RWR“”) =27
S(R%RapR)) = 3Y 6RW—2T Py »
5(gyw agRB”R ) = 37%G,,0RY + DY3h,,
§(R,wRasR*®) = DY?5R,,, + 27%G,,0R,
§(RRY Ray) = 2DY?§ Ry, + Y?Gu6R — DY?hy,,
5(gu RRapR®) = 3DY%3,,0R + D*Y3h,,, ,
§(guwR?) = 3D*Y%5,,0R — D*Y3h,,,
§(OR,,) = O6R,,, — YOy, ,
§(VuVuRag) =V ViudRas — YV, Vi has,
6(HR) = 5R,
§(V,V,R)=V,V,iR,
5(VaVgR¥RY) = 2TV Vo R — 272V, Vgh?
6(OR% Ray) = 2YO0R,, — 2Y%0hy,,
5(VaV(,RsRP™) = 2YVV (,0Ry)0 — 2Y°VOV (,hua
5(Vq vﬁRaﬁR) = DY(V4VgdR* — YV,V3h?) + YOOR,
§(V,V,[R QBRW]) =2YV,V.6R,
§(VaV (R R) = (v VR = TVaV(,hy) + TV (. V,)0R,
§(0[Ry Raﬁ]) = 2Y0OR,
§(ORR,) = DY(O6R,, — YOhyw) + Ygu0R,
)

5([9 00—V, V,|R?

DY (g0 — V,V,)5R.
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