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The Commuting Graph of Finite Groups

A. Jafarzadeh AND A. Iranmanesh

Abstract

The commuting graph of a group G, denoted by ['(G), is a simple graph whose vertices are
all non-central elements of G and two distinct vertices z,y are adjacent if zy = yz. In [1] it is
conjectured that if M is a simple group and G is a group satisfying ['(G) = T'(M), then G = M.
In this paper first we investigate the properties of the commuting graph of the Symmetric and
Alternating groups and then prove the above conjecture for simple groups.

1 Introduction

Definition 1. The commuting graph of a finite group G, denoted by I'(G), is a graph whose vertex
set is G \ Z(G), and two distinct vertices z and y are adjacent whenever zy = yz. The commuting
graph of a subset of a group is defined similarly. The non-commuting graph of a group G, denoted by
V(G), is the complement of ['(G), i.e., the graph with G \ Z(G) as its vertex set and two vertices
and y are adjacent, if zy # yx (see [1, 2]).

Definition 2. The diameter of a (connected or disconnected) graph I' is defined by
diam(T') = max{d(u,v) | u and v are distinct vertices of r'}.

Definition 3. The prime graph of a finite group G, denoted by I'y (@), is a graph whose vertex set is
7(G), i.e., the set of all prime divisors of |G| and two distinct vertices p and g are adjacent if and only
if G contains an element of order pq (see [3]).

Note 6. Denote the number of components of the prime graph of G with t(G), and let m, Ta, ..., Tyq)
be the vertex set of the components of I'y(G) and T(G) = {mi(G)li = 1,2,... .t(G)}. Therefore

tG)
W(G} = U i
i=1
Now |G| can be expressed as a product of coprime positive integers m;, i=1,2,..., t(G) where

7(m;) = m;. These integers are called the order components of G and the set of order components of
G is denoted by OC(G):
OC(G) = {myli =1,2,...,HG)}

In [4], the authors investigated some conditions on the connectivity of the commuting graph of
finite simple groups and proved that for all finite classical simple groups G, diam(I'(G)) < 10, where
[(G) is connected.

In section 2, we investigate necessary and sufficient conditions for the connectivity of the commuting
graph of the Symmetric and the Alternating groups, a good upper bound for their diameter and their
maximum and minimum degrees.

In [1], the authors put forward the following conjecture:

Conjecture 1. Let M be a finite simple group. If G is any finite group such that T(M) = T'(G), then
we have M = G.

In section 3, we prove Conjecture 1 for some simple groups.
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2 Commuting graph of the Symmetric and the Alternating
groups

Theorem 2. Forn > 3, (S, ) is connected if and only if n and n—1 are not primes and diam(T(S,)) <
6.

Remark 3. The above theorem shows that for each prime number p > 3, graphs I'(S,) and T'(Sp41)
are disconnected. A simple calculation shows that T'(S3) has four components and T'(S4) has five
components. In the next Lemma, we obtain the number of components of I'(S,) and I'(Sy41) for all
prime numbers p > 5:

Lemma 4. Suppose p > 5 is a prime number. Then T'(S,) and I'(S,41) have ezactly (p — 2)! + 1 and
(p+ 1)(p—2)+ 1 components.

Let A(T") and 4(I') denote the maximum and minimum degrees of a simple graph I, respectively.
We have the following Lemma:

Lemma 5. Ifn > 5, then we have A([(S,)) =d((1 2)) =2(n—2)!—=2 and §(T'(S,)) =d((1 2---n—
1))=n-3.

Theorem 6. Forn > 4, I'(A4,) is connected if and only if n, n — 1 and n — 2 are not primes and
diam(I'(A,)) < 6.

Lemma 7. (a) If p > 11 and p — 2 is not prime, then I'(4,) has (p — 2)! + 1 components.
(b) If p > 13 and p — 2 is prime, then I'(A,) has (p — 2)! + W—'—%!T—:f)‘ + 1 components.
(e) If p= 11, then T'(Apyy) has (p+ 1)(p — 2)! + 1 components.

(d) If p 2 7 and p+ 2 is not prime, then I'(4,42) has ;;:E}]!] + 1 components.

Lemma 8. We have the following equations:

(a)
d((12)(34)) =2, n=4d;
d((12345)) =3, n=>5;
AT(A N =<d((123) =T, n =6;
d((1 2 3)) = 34, n="T;
d((1 2)(3 4)(5 6)(7 8)) =190, n =8,
and if n > 9, then A(T'(A,)) =d((123)) =3(n-3)!1-2.

(b) Forn =4,5
§(I'(4,) =d((123) =1,

and if n > 6 is even, then 6(I'(4,)) =d((12)(34---n)) =n—4 and if n > 7 is odd, then §(T(4,)) =
d((12)(34---n—-1))=n-25.

Definition 4. Let T}, and I, denote the sets of all transpositions and involutions in S,, respectively.

Theorem 9. Forn > 5, [(T,) is a connected graph and diam(I'(T,)) = 2. In addition, T(T,) is a
regular graph of degree ("3°) and so §(D(Th)) = A(T(Tn)) = (*57).
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Theorem 10. Forn > 4, I'({,,) is a connected graph with diam(I'(1,)) = 3.

3 On Conjecture 1

First we state the following Theorem:

Theorem 11 ([2]). Let G and M be two finite simple non-abelian groups. If T(G) = T'(M), then
G=M.

In the rest of this section, we show the relation between the commuting graph and the prime
graph of finite groups and then give a positive answer to Conjecture 1 for some groups using their
characterization by their prime graph. Note that this conjecture is not true if we suppose that M

is an arbitrary finite group. In particular, Dihedral group and Quaternion group of order 8 are not
isomorphic while I'(Dg) 2 I'(Qg).
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Note 7. For a group H, V(H) and I'(H) are complement graphs, therefore for all groups H and K
we have V(H) = V(K) if and only if T(H) = I'(K).

Therefore the following Theorem is a corollary of [3]:

Theorem 12. Let G be one of the groups Sp, An, Dan, a sporadic simple group or a simple group of
Lie type with disconnected prime graph such that (M) = T(G), then |M| = |G|.

Definition 5. For a group G, let N(G) = {n|G has a conjugacy class of size n}.

Theorem 13 ([2]). Let G1 and G be finite groups such that |G1| = |G2| and T(G1) = T(G2). Then
N(G1) = N(G>) and OC(G,) = OC(G»).

Corollary 14 ([2]). Let p be a prime number and q prime power. Suppose that M is one of the
groups PSL(p,q), PSU(p,q), or a simple group of one of the following types: -

(a) Bn(q);

(b) Culq);

(c) Es(q) or Es(q);

(d) Fi(q) where ¢ >2;

(e) >Dy(q) wheren =2™ > 4;

(f) 2Dp(3) where p=2"+12>5;

(g) *Es(q) where ¢ >2;

(h) *Dy(q);

(i) A Suzuki-Ree group, i.e., a group of type 2B, (q), 2Fu(q) or 2Ga(q);
) A sporaa"ic simple group.

If G is any group such that T(M) = T(G), then M=G.

Thompson’s Conjecture 1. If G is a finite group with Z(G) = 1 and M a finite non-abelian simple
group such that N(G) = N(M), then M = G.

Lemma 15 ([2]). Suppose M is a finite non-abelian simple group with disconnected prime graph which
satisfies Thompson’s Conjecture. If G is a group such that T(M) = T'(G), then M = G.

Corollary 16 ([2]). Let M be a simple group of type Gs(q) where ¢ > 2. If G is any group such thai
(M) =T(G), then M =G.
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