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In some practical inferential situations, it is needed to mix some finite sort of distri-
butions to fit an adequate model for multi-modal observations. In this article, using
evidential analysis, we determine the sample size for supporting hypotheses about the
mixture proportion and homogeneity. An Expectation-Maximization algorithm is used
to evaluate the probability of strong misleading evidence based on modified likelihood
ratio as a measure of Support.

Keywords Finite mixture distribution; Modified likelihood ratio; Penalty term; Statis-
tical evidence; Strong misleading evidence
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1. Introduction

Introduction and summary mixtures of normal distributions have a long history in statistics,
dating back to the late 19th century and the writings of Newcomb (1886) and Pearson
(1894). Since then, they appear as models in diverse areas of applied research. However,
even in the simplest of cases, the two-component normal mixture, one encounters serious
theoretical as well as computational difficulties when attempting to perform basic statistical
analysis such as parameter estimation and goodness of fit. Inference procedures based
on statistical transforms, such as the empirical characteristic function and the empirical
moment generating function, were introduced by Press (1972) (parameter estimation) and
Heathcote (1972) (goodness of fit) and have been studied by Bernhard and Meintanis
(2005) in the empirical characterization for normal mixtures. Following Rao’s (1948) article
likelihood estimation appears not to have been pursued further until Hasselblad (1966, 1969)
addressed the problem, initially for a mixture of g univariate normal distributions with equal
variances. The likelihood approach to the fitting of mixture models, in particular normal
mixtures, has since been utilized by several authors, including Hosmer (1973a, 1973b,
1974, 1978), O’neill (1978), and Ganesalingam and Mclachlan (1978, 1979, 1980).

Butler (1986) noted that Jeffreys (1932) used essentially the Expectation-Maximization
(EM) algorithm in iteratively computing the estimates of the means of two univariate normal
population, which had known variances and which were mixed in known proportions.

In this article, we basically engage with the problem of testing in a finite mixture of
normal distributions. As a prelude, consider the following finite mixture model with the cdf
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given by

F(x) = ijcp (%) , (1.1)
j=1 !

where @(.) is the cdf of standard normal distribution. Further, Y /", p; = 1.
It is well known that if X is distributed according to (1.1), then the mean, variance,
skewness, and kurtosis of X, respectively, will be given by

m

n= ZPij,
j=1
m

ol = ij (sz‘f‘ll?) —,uz,
j=1

1 m
0= Z i — ) [307 + (uj — ],

m

1
o= — Z 3o} + 601, — wio? + (u; — w'].

Figures 1-3 shows the graph of mixture of two normal distributions with prespecified values
m=2, py=py=p, 0l =02 =0, u,and u,.

1.1. Statistical Evidence

An important role of statistical analysis in science is interpreting observed data as evidence,
that is, “what the data say?.” Although standard statistical methods (hypothesis testing,
estimation, confidence intervals) are routinely used for this purpose, the theory behind
those methods contains no defined concept of evidence and no answer to the basic question
“when is it correct to say that a given body of data represent evidence supporting one
statistical hypothesis against another?” or to its sequel “can we give an objective measure
of the strength of statistical evidence?”” (Royall 1997). Emadi and Arghami (2003), Emadi
et al. (2007), Arashi and Emadi (2007), and Doostparast and Emadi (2006) have studied
some measures of support for statistical hypotheses. An interesting question is how a
number of observations verify the mixture of normal distributions, in terms of the amount
of statistical evidence they provide about the unknown parameter(s). This article uses the
probabilities of observing strong misleading evidence and weak evidence for the numbers
of iid observation. We assume that f; is the probability density function of a continuous
random variable X under simple hypotheses H;, (i = 1, 2). Suppose we can observe the
sequence of iid observations X, X, ..., where each is distributed as X.

Let n be any measure of support for one hypothesis against another with values in the
unit interval. Then the probabilities of observing strong misleading evidence under H;, H,
are M\ = Pi(n <1 —c¢)=K (1 —¢) and M = P,(n > c) =1 — K»(c), respectively,
and the probabilities of weak evidence under H; and H, are W), = Pi(l —c<n <c¢) =
Ki(c)— Ki(1 —c)yand W, = P,(1 —c < n < c) = Kz(c) — Kz(1 — ¢), respectively (see
Royall 2000). Here ¢, 0.5 < ¢ < 1, is athreshold of strong evidence, and K and K are cdfs
of nunder H; and H,, respectively. We argue that since both misleading and weak evidence
are undesirable, and obtaining strong misleading evidence is more important than obtaining
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Figurel. p=04,0 =1, 4, =0, u, =5.

just weak evidence, a preexperimental measure desirability of a measure of evidence can
be taken to be

I
e(n,y)=1 —/ {y[Mi(t) + Ma()] + Wi (1) + Wa(2)} dt, (1.2)
05

where y > 1 and M; and W; are, respectively, the probabilities of strong misleading evi-
dence and weak evidence under H;, (i = 1, 2). The following theorem gives e(#) in terms
of K and K>.

Theorem 1.1. (Emadi et al. 2007) Under the assumptions of this section, we have

1 1 05 1
e(n,y) =/ (Kx(t) — Ki(t)dt + 2 = y) <§ +/ Ki(r)dt —/ Kz(t)dt>-
0 0 0.5
Theorem 1.1 has following corollary.
Corollary 1.1. Under the assumptions of Theorem 1.1, for y = 2 we have
1
e(n) = e(n,2) :f [Ka(t) — K1 (2)]ldt
0

= EH](”) - EHz(n)’

where E,(n) is the expectation of n under H;.



Downloaded by [Ferdowsi University], [Mahdi Emadi] at 23:38 04 January 2013

4 Emadi

0.3 1

0.2 1

0.1

Figure2. p=0.2,0 =1,u; =0, u, =5.

It is interesting to note that for y = 2, e(n) (which was introduced and used by Emadi
and Arghami 2003) has another interpretation, this being the area (with unit square) between
the curves of K;(¢) and K,(?).

Let A be the likelihood ratio for the competing hypotheses H; : 0 = 6, and H, : 6 = 0,,
so that

L _ LoD

- , 1.3
L(6,) (-3

where L(6;) is the likelihood function when the parameter of interest 6 = 6;.
Throughout the article, we shall use A as a measure of support for H; against H.

2. Determining Sample Size

Assuming the number m = 2, normal distributions are taken in a mixture model (1.1). In
this case, the density of X is given by

g(x) = pfx, i, 02 + (1 — p)f(x, 2, 02), 2.1)

where f(., i, 0%) is the density function of N (i, o'2) for known o2,
In this section, we determine the sample size based on statistical evidences for testing
H, against H,. For m > 2, the proposed method will be efficient.
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Figure3. p=03,0 =1, 4, =0, u, =2.

Our primary target is to define a criterion for which we can determine the sample size
for testing the mixture proportion.

From the fact that probabilities of strong misleading evidence Py, (A > k) and Py, (A <
%) have the same influence on determining the sample size, in this situation we use the
following formula to determine the sample size

1 1
n* = min {n eN: E[PHI()\. >k)+PH2()\. < %>:| >6},

where € € (0, 1).
It is clear that as € or k gets larger, the sample size increases.

2.1. Testing Ratio

In this part, we determine the sample size for the following group of hypotheses:

Hy:p=p
2.2
{H22P=P2 22)

In order to find the sample size, we need to compute the probability of strong misleading
evidence; that it can be done trough finding the values Py, (A > k), i =1, 2.
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From (1.3) together with (2.1), for a random sample of size n from (2.1) we can obtain

= 1 - tl i ) 2
P o i Sl JV) o= S (xis o 02)' (2.3)
o 2+ (L= o) f(xi, i, 0%)
Then by making use of (2.3), the strong misleading evidence under H; is given by
" 1-— t
Pu(.>K) =Py | In (M > 1nk> . 2.4)
P P2+ 1= pa)

The expression in (2.4) cannot be computed directly. In this situation, one may use the
central limit theorem to calculate the probability of strong misleading evidence as in the
following:

n pitd—poti '\ _ %
Zi:l In <P2+(1—Pz)li> K Ink — M;k
>

o* o*

Py (L > k) = Py, , 2.5)

where (1} and o* are means and standard deviation of new random variable In(1) under H;,
respectively. At this stage, it is sufficient to calculate 1} and o*.

Now let
H(T)=1In (—p‘ al G p')T) .
p2+ 0 —=p)T
Using Taylor’s expansion, we can conclude
1
wi =EIH(T)] = H(E®)+ 5 Var(t;)H" (E(%;)), (2.6)
o*? = Var[H(T;)] = Var(t;)[ H'(E(t)], 2.7

where by some algebraic computations, we have

2
Et)=p+ (1 — p)exp [(%) } ,
. 2 _ 2
Var(t;) = pexp [(u) :| + (1 — p)exp |:3 (u) :|
o o
_ 2 _ 2
—p* — (1= pPexp [2 (%) } —2p(1 — p)exp [(%) } .

In sequel, we tabulate some values of sample size for different k (Table 1).

2.2. Testing Homogeneity

In this part, we consider the following homogeneity hypotheses:

Hy: p(1 —p)(pr —p2) =0
{ Hy: p(1 = p)(1 — p2) #0 (2.8)
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Table 1
Estimated sample size

k pi p2 1 2 o n*
3 0.1 0.7 1 1.5 1 54
0.1 0.7 1 1.5 2 200

0.2 0.9 1 1.5 2 147

0.2 0.9 1 3 5 60

0.5 0.8 1 1.5 1 258

8 0.1 0.7 1 1.5 1 85
0.1 0.7 1 1.5 2 314

0.2 0.9 1 1.5 2 231

0.2 0.9 1 3 5 94

0.5 0.8 1 1.5 1 406

32 0.1 0.7 1 1.5 1 128
0.1 0.7 1 1.5 2 467

0.2 0.9 1 1.5 2 343

0.2 0.9 1 3 5 139

0.5 0.8 1 1.5 1 616

The hypotheses in (2.8) represents whether we can consider a mixture model as the under-
lying sampling model for the population or not. The hypothesis H; : p(1—p)(i;—p2) =0
shows that the population model is homogeneous and it has not any sub-population.
This occurs whenever p € {0, 1} or u; = up. On the other hand, the hypothesis H; :
p(1 — p)(u1 — u2) # 0 shows that the relevant model for the underlying population con-
sists of a mixture of two normal distributions.

To test the null hypothesis in (2.8) under evidential perspective, we use the likelihood
ratio given by (1.3). It is fully known that under some regularity conditions, —21In X is
asymptotically distributed according to a chi-square. The main problem here is that the
mixture models do not meet the regularity conditions. Thus, it is not possible to apply
chi-square distribution for testing.

To overcome this difficulty, Chen (1998) suggested to use a modified likelihood ratio
by adding a penalty term 7 (p) to the likelihood ratio, with the following properties:

lim T(p)= —oo, arg max T(p)=0.5. 2.9)
p—> 0Vl pel0,1]

Using this modified likelihood ratio, we obtain fitted ps far from zero and unit. He also
demonstrated that if o be known, then the asymptotic distribution of the modified likelihood
ratio would be a mixture with equal weights as % xo+ % Xi. More interesting, this asymptotic
distribution does not dependent on the form of penalty term.

Chen and Kalbfleisch (2001) then suggested the following penalty term:

T(p)=cln[4p(1—-p)], c>0. (2.10)
Afterward, considered the following penalty term:

T(p)=cln[l—|1—-2p[]], ¢>0. @2.11)
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Figure 4. Graph of penalty term.

The proposed penalty terms (2.10) and (2.11) meet the conditions given by (2.9). Figure
4 displays the graph of penalty terms (2.10) and (2.11) for ¢ = 1. As it is seen, as p gets
closer to zero or unit, the penalty term loads the likelihood ratio more.

The expressions (2.12) and (2.13) propose the estimates of p using EM algorithm (see
the Appendix) based on the penalty terms (2.10) and (2.11), respectively.

n (1)
(t+1) _ Zi:l Tl,i

2.12
p 2c+n ( )
n (1) n (1)
min| Z2L0L 0.5], Z2 < 05
n (1)
p(t+1) — 0.5, Zi:}; i _ 05, (2.13)
n (t) n (1)
max[ "Cj‘r”T” , 0.5], Z‘j‘l NS 05

where T;; is defined by (A.1) in the Appendix.

Now we need to define a measure of support to determine the sample size. In this case,
we first modify the log-likelihood function by adding the penalty term (2.10) to the log
likelihood function, which yields

L(8) = _In f(xi.0) +cInfdp(l — p)l.

i=1
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Estimating the unknown parameter @ gives the following modified log-likelihood ratio

An = 2{ sup 1,(8) — sup 1,,(9)}. (2.14)

0cH, 0cH,

Chen and Chen (2003) derived an upper bound for A,, and then demonstrated that its
asymptotic distribution is chi-square with two degrees of freedom. We again emphasize
that in mixture models the regularity conditions do not satisfy, therefore, we cannot use
chi-square distribution.

In order to evaluate the strong misleading evidence to determine the sample size, we
need to compute the following probability:

(2.15)

1,(0
Py, (A > k) = Py, (Su%l—() > k/> :

supg, 1,(0)

where ©; is the parameter space under H;, i = 1, 2. But the probability in (2.15) cannot
be computed since the distribution of & is unknown. In this case, we apply the modi-
fied log-likelihood ratio given by (2.14) to evaluate the strong misleading evidence as
follows:

(2.16)

1,(0
Py, (hy > k) = Py, (su%'—() > k’) .

supg, I.(8)

Larger value Py, (A, > k) supports H; more.

3. Conclusion

In this article, we consider the problem of determining the sample size for testing problem
under evidential analysis. In fact we looked for a number of samples in which we can have
strong misleading evidence on supporting one hypothesis in mixture models.

As the parameter ratio plays deterministic role in fitting mixture models to a dataset
(see Figs. 1-3 for its importance), we considered hypotheses about its true value and
homogeneity as well.

We evaluated the strong misleading evidence for supporting two sets of hypotheses to
determine the sample size using Taylor’s expansion and EM algorithm. For the purpose of
probability evaluation, we applied modified likelihood ratio as a measure of support, since
its asymptotic distribution could not be applied in mixture models.

Appendix

In this section, we propose the estimates of parameters of a mixture of two normal distri-
butions using EM algorithm.

Suppose X = (X, ..., X,) be a random sample from the model (2.1) and Z =
(Z,, ..., Z,)is alatent variable such that

Xi|(Z; = 1) ~ N(uy,0f), and  X;|(Z; =2) ~ N(ua, 03),
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PZi=1)=p;, and P(Z;=2)=p,=1 — py, i=1,...,n, and 0=
(p1, P2, 1, U2, 012, 022) is the unknown vector parameter.
Then the likelihood functions are given by

n 2
LO.X,2)=[]]]1Z = ppifxi 10

i=1 j=I

)

A log(o?) + (x; — j1;)* — log(2m)
= exp ZZI(Z,-=j)[log(pj)— 20 : 20'(;] £

i=1 j=1 J

where I(.) is the indicator function.
Now assume that ) be the initial estimate of @ and let

Tf) = P(Z = jIXi = x;;6)
(t)f(x M(f)) (t)
1
T 0. Oy O, D Oy O (A1)
pl f(xh ])70 +p2 f(-xlslfl/z )302

0(010") = Ezx [logL(6, X, Z)]

LA 1 2 i — wi)? —log(2
=> > |:10g(l’j)_ 08(]) + (i — 1)~ logl n)]. (A2)
~ S

2
2oj

At this stage, we evaluate the parameters for which the term Q(8 |6) maximizes. In other
words,

p'tY = arg mgx[wa‘”)]

= arg max { |:Z Tl(r,):| log(p1) + |:Z T;t,):| 10g(P2)}

i=1

Thus, for the estimates of p;, j = 1, 2, we obtain

(t)
p§t+1) — Z T Z T(f) (A.3)
S ()

Also for the estimates of (i, 012), we have

(HYH)’ (t+1)) — arg max 0(0]?)

(11,07)
T® _log(af) + (xi — m1)?
DT ; :

(1,07) im1 201

= arg max |:
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resulting in

n (t)
t+1) _ D it xi Ty
1 = n G

> i1 T,;

2
n (t+1) ()
D oici (x,- — My ) Ty;

ot = (A4)
ST
i=1 "1,
In a similar fashion, we get
n (t)
t+1) _ Zi:l xi Ty
2 - n o’
Zi:l T2 i
n (t+1) 2 T(z)
(+1) Do (X — 2.i
0, = . (A.5)

n (t)
Zi:l T2,i
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