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We examine the Neveu Shwarz-Neveu Shwarz corrections to the type II supergravity given by Gross

and Sloan, under the linear T-duality transformations. We show that the gravity and the B-field couplings

are invariant under off-shell T-duality, whereas the dilaton couplings are invariant under on-shell

T-duality. Requiring the compatibility of the dilaton couplingswith off-shell T-duality as a guiding principle,

we extend them to include the appropriate Ricci curvature and the divergence of the B-field strength.
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I. INTRODUCTION

T-duality is one of the most fascinating dualities of
superstring theory [1–4]. It relates type IIA superstring
theory compactified on a circle with radius � to type IIB
superstring theory compactified on another circle with
radius �0=�. At low energy, this duality relates type IIA
supergravity to type IIB supergravity. The Neveu Shwarz-
Neveu Shwarz (NS-NS) sector of these theories, i.e.,

S ¼ 1

2�2

Z
d10xe�2�

ffiffiffiffiffiffiffiffi�G
p �

Rþ 4ð@�Þ2 � 1

3
H2

�
; (1)

is invariant under the T-duality. The higher derivative
corrections to this action—in which we are interested—
may be found by the combination of the S-matrix calcu-
lation [5,6] and the T-duality [7–16].

The higher-derivative corrections to this action start at
order �03 [17]. For gravity, they involve couplings with
structure R4, where R refers to the Riemann, the Ricci, or
the scalar curvatures. For the B-field, they involve cou-
plings with structure ð@HÞ4, ð@HÞ2H4, or H8. Similarly for
the corrections for the dilaton and for mixed couplings.
These higher-derivative couplings appear in the contact
terms of the corresponding string theory S-matrix elements
at order �03. For example, the couplings with structure H8

appear in the contact terms of the S-matrix element of eight
Kalb-Ramond vertex operators. The evaluation of this
eight-point function and the extraction of its contact terms,
however, are extremely difficult tasks, so one has to take
advantage of the symmetries/dualities of the effective
field theory to find such higher-derivative couplings.
Supersymmetry is able to determine all �03 couplings up
to field redefinitions [18,19]. It can also fix the moduli
dependence of the type IIB theory [19].

Even for the gravity couplings, which can be extracted
from the four-point function, there is no unique expression
for the R4 couplings. The R4 couplings which reproduce
the sigma-model beta function [20,21] and the particular
R4 couplings extracted from the S-matrix element [22,23]

are identical up to some terms containing the Ricci and
scalar curvatures [22]. These terms can be absorbed by the
supergravity (1) in the field redefinition of the metric
G ! Gþ �G [17]. The field redefinitions, however,
change the standard forms of the duality transformations
to nonstandard forms which receive higher-derivative cor-
rections. The field redefinition ambiguity may then be fixed
by requiring the effective action to be invariant under the
standard form of the duality transformations. We are inter-
ested in the effective action that is compatible with the
standard form of the T-duality transformations [2].
The T-duality at the linear order appears in the S-matrix

elements through the appropriate Ward identity [15,24].
The duality in this case is on-shell because one has to use
various on-shell relations to verify the Ward identity
[15,24]. The T-duality of the effective action, however,
must be off-shell because the effective action is an off-
shell object. To study the T-duality at the simplest level,
one has to examine the compatibility of the effective action
with the linear T-duality. At the more advanced level, one
has to extend the linear T-duality to full nonlinear
T-duality. The appropriate framework for this part is the
double field theory formalism in which the fields depend
on both the usual spacetime coordinates and on the wind-
ing coordinates [25,26]. In this formalism the metric and
the B-field can appear in a generalized metric which
includes the linear and the quadratic order of the B-field
[27]. The effective action in terms of the generalized metric
then would include all couplings at order �03 in a unique
form. Therefore, it seems there are two steps to find the
higher-derivative effective action. The first step that inter-
ests us in this paper is to find the appropriate couplings of
four NS-NS fields which are invariant under off-shell linear
T-duality. The second step would be to rewrite the cou-
plings in terms of the generalized metric in which the
quadratic order of the B-field is set to zero. Releasing
this latter condition might automatically incorporate the
higher-order fields.
The Riemann curvature couplings at order �03 have been

found in Ref. [17] by analyzing the sphere-level four-
graviton scattering amplitude in type II superstring theory.
The result in the eight-dimensional transverse space of the*garousi@ferdowsi.um.ac.ir
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light-cone formalism is a polynomial in the Riemann cur-
vature tensors,

L � ti1���i8 tj1���j8Ri1i2
j1j2 � � �Ri7i8

j7j8 þ � � � ; (2)

where tf���g is a tensor in eight dimensions that includes the
eight-dimensional Levi-Civita tensor [17] and dots repre-
sent terms containing the Ricci and scalar curvature ten-
sors. They can not be captured by the four-graviton
scattering amplitude as they are zero on-shell. The above
SO(8)-invariant Lagrangian has been extended to the fol-
lowing Lorentz-invariant form in Refs. [20,21]:

L� RhmnkRp
mn

qR
hrspRq

rs
k

þ 1

2
RhkmnRpq

mnRhrspRq
rs
k þ � � � ; (3)

where dots represent the specific form of the off-shell Ricci
and scalar curvature couplings that reproduce the sigma-
model beta function [20,21]. The B-field and the dilaton
have been added into this action by requiring the consis-
tency of the action with the linear T-duality [28]. However,
the resulting theory satisfies the duality only after using on-
shell relations. In particular, under the dimensional reduc-
tion on a circle the couplings (3) produce the following
coupling:

4RkynyR
n
yqyRrysyR

qrks�yy�yy�yy; (4)

where y is the Killing index. This coupling, which is not
invariant under the linear T-duality, is zero after using on-
shell relations [28].

An alternative expression for the SO(8)-invariant
Lagrangian (2) was found by Gross and Sloan in

Ref. [23] by expanding the kinematic factors tf���g.
Moreover, the B-field and the dilaton have been included
in this Lagrangian by extending the Riemann curvature to
an expression which includes the first derivative of H and
the second derivative of the dilaton [23]. In this paper we
would like to find the specific form of the off-shell cou-
plings containing the Ricci curvature and the divergence of
H that make this effective action invariant under off-shell
linear T-duality.

The outline of the paper is as follows. We begin in Sec. II
by reviewing the linear T-duality transformation of the
linearized Riemann and Ricci curvatures. In Sec. III we
observe that while the gravity and the B-field couplings in
the eight-dimensional Lagrangian found in Ref. [23] can
naturally be extended to ten-dimensional spacetime, the
dilaton couplings are valid only in eight dimensions. In this
section we extend the eight-dimensional Lagrangian to a
Lagrangian which is valid in ten dimensions. In Sec. IV we
observe that the prescription given by Gross and Sloan for
finding the dilaton coupling is the same as transforming the
ten-dimensional Einstein frame to the string frame. Using
this observation, we transform the Einstein-frame ten-
dimensional Lagrangian to the string frame and show

that the action is invariant under the on-shell linear
T-duality. In Sec. V we extend it to off-shell T-duality by
including the specific off-shell couplings containing the
Ricci curvature and the divergence of the B-field strength.
In Sec. VI we briefly discuss our results.

II. T-DUALITY

The full set of nonlinear T-duality transformations have
been found in Ref. [2]. When the T-duality transformation
acts along the Killing coordinate y, the massless NS-NS
fields transform as

e2
~� ¼ e2�

Gyy

; ~Gyy ¼ 1

Gyy

;

~G�y ¼
B�y

Gyy

; ~G�� ¼ G�� �
G�yG�y � B�yB�y

Gyy

;

~B�y ¼
G�y

Gyy

; ~B�� ¼ B�� �
B�yG�y �G�yB�y

Gyy

;

(5)

where �, � denote any coordinate directions other than y.
In the above transformation the metric is given in the string
frame. If y is identified on a circle of radius �, i.e.,
y� yþ 2��, then after T-duality the radius becomes
~� ¼ �0=�. The string coupling g ¼ e	0 is also shifted as

~g ¼ g
ffiffiffiffiffi
�0p
=�.

We would like to study the T-duality of the �03-order
couplings of type II superstring theory which involve four
NS-NS fields, so we need the above transformations at the
linear order. Assuming that the NS-NS fields are small
perturbations around the background, i.e.,

G�� ¼ ��� þ 2�h��; Gyy ¼ �2

�0 ð1þ 2�hyyÞ;
G�y ¼ 2�h�y; B�� ¼ 2�b��;

B�y ¼ 2�b�y; � ¼ 	0 þ
ffiffiffi
2

p
�	;

(6)

the transformations (5) take the following linear form for
the perturbations:ffiffiffi
2

p
~	 ¼ ffiffiffi

2
p

	� hyy; ~hyy ¼ �hyy; ~h�y ¼ b�y;

~b�y ¼ h�y; ~h�� ¼ h��; ~b�� ¼ b��: (7)

The effective action at order �03 includes the Riemann
curvature and the derivative of the B-field strength H ¼
1
2dB, so we need the transformation of these fields under

the linear T-duality. The transformation of the linearized
Riemann curvature tensor when it carries zero, one, and
two Killing indices are, respectively [28],

Rabcd $ Rabcd; Rabcy $�Haby;c; Rayby $�Rayby;

(8)

where the linearized Riemann curvature and H are
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Rabcd ¼ �ðhad;bc þ hbc;ad � hac;bd � hbd;acÞ;
Habc ¼ �ðbab;c þ bca;b þ bbc;aÞ;

(9)

where as usual the comma represents partial differentia-
tion. The field strength H is also invariant when it carries
no Killing index.

As we will see in the next section the effective action
in the string frame involves the second derivative of the
dilaton, which is not invariant under the T-duality. It must
be combined with the Ricci curvature to become invariant
[28]. The transformation of the Ricci curvature when it
carries zero, one, and two y indices are, respectively [28],

Rab þ 2
ffiffiffi
2

p
�	;ab $ Rab þ 2

ffiffiffi
2

p
�	;ab;

Ray $ �Hay; Ryy $ �Ryy;
(10)

where Hab is the divergence of the B-field strength, i.e.,
Hab � Habc

;c, where the semicolon represents covariant

differentiation.
In a T-duality-invariant theory, all the couplings in the

dimensional reduction must be invariant under the above
T-duality transformations. So to extend a coupling to a set
of couplings which are invariant under linear T-duality, we
first use the dimensional reduction to reduce the ten-
dimensional couplings to nine-dimensional couplings,
i.e., separate the indices along and orthogonal to y, and
then apply the above T-duality transformations. If the
original coupling is not invariant under the T-duality, one
must add new terms to make them invariant.

Before ending this section, let us compare the above
method for finding the T-duality-invariant couplings in the
spacetime, and the method used in Ref. [7] for finding the

T-duality-invariant couplings on the D-brane world vol-
ume. In both cases, one first uses the dimensional reduction
to separate the indices along and orthogonal to the Killing
y direction, then uses the linear T-duality transformations.
After the T-duality has been performed, the indices must be
complete. In a T-duality-invariant theory in spacetime, the
completion of the y index trivially gives the original theory
because the y index is a spacetime index before and after
T-duality. However, in a D-brane theory the world volume
Killing index y becomes the transverse index after
T-duality. Hence, the completion of the transverse indicies
gives a nontrivial constraint on the D-brane couplings [7].

III. TEN-DIMENSIONAL ACTION

The Lagrangian (2) has the eight-dimensional Levi-
Civita tensor in its kinematic factor ti1���i8 [17], so this
form of the Lagrangian is only valid in eight dimensions.
The dilaton and the B-field fluctuations have been added
into this Lagrangian by the following replacement [23]:

Rab
cd! �Rab

cd�Rab
cdþe�	0=2Hab

½c;d�� �ffiffiffi
8

p �½a
½c	;b�

d�;

(11)

where the bracket notation is Hab
½c;d� ¼ Hab

c;d �Hab
d;c

and	0 is the constant dilaton background. The Lagrangian
(2) along with the replacement (11) reproduces exactly the
string theory S-matrix elements.
In order to extend the Lagrangian (2) to ten dimensions,

the first step is to expand the kinematic factor ti1���i8 , which
has been done in Ref. [23]:


e�3	0=2

�2
L1ð �RÞ ¼ 
e�3	0=2

�2

�
�Rhkmn

�Rkrnp �Rrs
qm �Rsh

pq þ 1

2
�Rhkmn

�Rkrnp �Rrspq
�Rshqm � 1

2
�Rhkmn

�Rkrmn �Rrspq
�Rshpq

� 1

4
�Rhkmn

�Rkrpq �Rrs
mn �Rsh

pq þ 1

16
�Rhkmn

�Rkhpq �Rrsmn �Rsrpq þ 1

32
�Rhkmn

�Rkhmn �Rrspq
�Rsrpq

�
þ � � � ; (12)

where 
 ¼ �03
25
�ð3Þ. We have called this Lagrangian L1

because—as we will see shortly—there are two other
Lagrangians in ten dimensions.

The gravity and the B-field parts of the above
Lagrangian are valid in ten dimensions; however, the dila-
ton part is only valid in eight dimensions. To clarify this
point we first write the replacement (11) for the linear
perturbations. Using Eq. (9), one can write Eq. (11) as

hab ! hab þ e�	0=2bab þ �ab	=
ffiffiffi
8

p
: (13)

This gives the following transformations for the expression
habh

ba in eight dimensions:

habh
ba ! habh

ba þ e�	0babb
ba þ	2: (14)

This is also what one finds in the string theory scattering
amplitude [28]. That is, if we denote the graviton polar-
ization tensor by "ab, then the term corresponding to
habh

ba is Tr½"1 � "2�. The prescription given in the string
theory for calculating the dilaton amplitude from the gravi-
ton amplitude gives the replacement [28]

Tr ½"1 � "2� ! 	1	2; (15)

in the scattering amplitude, which is consistent with the
replacement (14) in the field theory. However, the replace-
ment (13) gives the following result in ten dimensions:

habh
ba ! habh

ba þ e�	0babb
ba þ 5

4
	2: (16)
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This is not consistent with the string theory scattering
amplitude. Note that the difference between eight- and
ten-dimensional couplings happen only for the couplings
in Eq. (12) that contain the expression habh

ba. All other
couplings are the same in both eight and ten dimensions.

To extend the Lagrangian (12) to ten dimensions, we
rewrite the replacement (14) as

habh
ba ! habh

ba þ e�	0babb
ba þ 5

4
	2 � 1

4
	2: (17)

The couplings in Eq. (12) corresponding to the first three
terms above are reproduced by the ten-dimensional exten-
sion of the replacement (11), and the couplings corre-
sponding to the last term above must be subtracted from
the ten-dimensional theory. To find these latter couplings,
we have to find the couplings in Eq. (12) that contain
habh

ba, and then replace habh
ba with 1

4	
2.

A simple way to find the couplings in (12) that contain
habh

ba is to use the dimensional reduction on a circle and
look for the terms containing hyyh

yy. On the other hand, the

dimensional reduction of the linearized Riemann curvature

(9) with two killing indices is Rayby ¼ � ��2

�0 hyy;ab.

Therefore, we have to find the couplings in the dimensional
reduction of (12) which contain two such Riemann curva-
tures. They are


e�3	0=2

�2

�
2 �Rmqrs

�RpqhsRhy
myRry

py

þ 2 �Rmqhs
�RpqrsRhymyRrypy

þ 2 �Rhqmp
�RqrmpRhysyRrysy

þ 1

4
�Rhpmr

�RhpmrRqy
syRqy

sy

�
: (18)

The terms that must be subtracted are then given by the
above couplings in which hyyh

yy is replaced by 1
4	

2. For

example, in the first term one must replace Rhy
myRry

py with
�2

4 	;h
m	;r

p. Therefore, the following Lagrangian must be

added to the ten-dimensional extension of (12):


e�3	0=2

�2
L2ð �R;	Þ

¼ 
e�3	0=2

�2

�
��2

4

��
2 �Rmqrs

�Rpqhs	;h
m	;r

p

þ 2 �Rmqhs
�Rpqrs	;hm	;rp

þ 2 �Rhqmp
�Rqrmp	;h

s	;r
s þ 1

4
�Rhpmr

�Rhpmr	;q
s	;q

s

�
:

(19)

We have explicitly checked that the sum of the two-dilaton
couplings in the above equation and in the ten-dimensional
extension of (12) produces exactly the two-dilaton cou-
plings in the eight-dimensional Lagrangian (12).

The eight-dimensional Lagrangian (12) also has terms
containing ðhabhbaÞ2. The replacement (11) in eight dimen-
sions gives

ðhabhbaÞ2 ! ðhabhba þ e�	0babb
ba þ	2Þ2; (20)

which is consistent with the string scattering amplitude
[28]. This term can also be rewritten as

ðhabhbaÞ2 !
�
habh

ba þ e�	0babb
ba þ 5

4
	2

�
2

� 1

2
	2

�
habh

ba þ e�	0babb
ba þ 5

4
	2

�

þ 1

16
	4: (21)

The first part again corresponds to the couplings in the ten-
dimensional extension of (12) the second part corresponds
to the couplings given by (18) and the last term corre-
sponds to yet another Lagrangian which must be added to
the ten-dimensional Lagrangians (12) and (19).
To catch this Lagrangian, one may first find the cou-

plings in Eq. (12) that contain ðhabhbaÞ2 and then replace
ðhabhbaÞ2 in them by 1

16	
4. We use this replacement in the

couplings containing ðhyyhyyÞ2 in the dimensional reduc-

tion of Eq. (12). Note that the couplings in Eq. (12) with the
structure habh

bchcdh
da do not survive in the dimensional

reduction [28]. The couplings in the dimensional reduction
of Eq. (12) which contain four Riemann curvatures with
two Killing indices are the following:


e�3	0=2

�2

�
Rky

nyRky
pyRsy

nyRsy
py þ 1

2
ðRky

nyRny
kyÞ2

�
:

(22)

The terms that must be subtracted are then given by the
above couplings in which ðhyyhyyÞ2 is replaced by 1

16	
4.

The direct way to observe the above four-dilaton cou-
plings is to find the couplings in Eq. (12) that have
ð�ab�

abÞ2. They are given by the following expression:

�2
e�3	0=2

�
3

2
ð	;hm	

;hmÞ2�	;hn	
;hq	;qr	

;rn

�ð�ab�
abÞ2

64
:

(23)

The factor ð�ab�
abÞ2

64 is 1 in eight dimensions and is ð5=4Þ2 in
ten dimensions. Moreover, the ten-dimensional Lagrangian
(19) produces similar four-dilaton couplings:

��2
e�3	0=2

�
3

2
ð	;hm	

;hmÞ2�	;hn	
;hq	;qr	

;rn

�
�ab�

ab

16
:

(24)

The factor �ab�
ab

16 is 5=8 in ten dimensions. Writing the

factor of 1 in eight dimensions as ð5=4Þ2 � 5=8þ 1=16
in ten dimensions, one finds that the following four-dilaton
couplings must be added in the ten-dimensional theory:
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e�3	0=2

�2
L3ð	Þ¼
e�3	0=2

�2

�
1

16
�4

�

�
�
3

2
ð	;hm	

;hmÞ2�	;hn	
;hq	;qr	

;rn

�
;

(25)

which is the same as the four-dilaton couplings given by
Eq. (22). Note that up to Laplacian of the dilaton and total
derivative terms, one can write

ð	;hm	
;hmÞ2¼�2	;m	

;hm	;prh	
;pr

¼2	;mp	
;hm	;rh	

;prþ2	;m	
;hm

p	;hr	
;pr

¼2	;mp	
;hm	;rh	

;pr

þ2

3
ð	;m	

;h
p	;hr	

;prÞ;m: (26)

The last term, which is a total derivative, can be dropped.
The ten-dimensional theory which is reproduced by the

string theory scattering amplitude then has three parts,

S¼ 


�2

Z
d10x

ffiffiffiffiffiffiffiffi�G
p

e�3	0=2½L1ð �RÞþL2ð �R;	ÞþL3ð	Þ�;
(27)

where the LagrangianL1ð �RÞ is the natural extension of the
eight-dimensional Lagrangian (12) to ten dimensions, and
the other two Lagrangians are the following:

L2ð �R;	Þ ¼ ��2

4

�
2 �Rmqrs

�Rpqhs	;h
m	;r

p

þ 2 �Rmqhs
�Rpqrs	;hm	;rp

þ 2 �Rhqmp
�Rqrmp	;h

s	;r
s

þ 1

4
�Rhpmr

�Rhpmr	;q
s	;q

s

�
;

L3ð	Þ ¼ �4

16
ð	;k

n	;k
nÞ2: (28)

Since the action (27) is reproduced by the string theory
scattering amplitude, it is in the Einstein frame.

IV. ON-SHELL T-DUALITY

In this section we would like to study the transformation
of the action (27) under the linear T-duality. Since the
standard T-duality transformation rules are given in the
string frame, we have to transform this action to the string
frame. The relation between the string and the Einstein

frames in ten dimensions is Gs
ab ¼ Gabe

�=2. Using the

perturbations (6), one finds this transformation at the linear
level to be the following:

hab ¼ hab þ �ab	=
ffiffiffi
8

p
; (29)

where hab on the left-hand side is in the string frame. The
right-hand side is exactly the graviton and the dilaton in the

replacement (13). Hence, the transformation of the line-
arized �Rabcd to the string frame is

�R abcd ¼ e�	0=2Rabcd; (30)

where Rabcd is the following expression:

R abcd ¼ Rabcd þHab½c;d�: (31)

One can check that the first term is symmetric under an
exchange of the indices ab $ cd, whereas the second term
is antisymmetric.
The Einstein frame action (27) then transforms to the

following action in the string frame:

S¼ 


�2

Z
d10x

ffiffiffiffiffiffiffiffi�G
p

e�2	0½L1ðRÞþL2ðR;	ÞþL3ð	Þ�:
(32)

The overall dilaton factor e�2	0

ffiffiffiffiffiffiffiffi�G
p

is invariant under
nonlinear T-duality. We are going to check the transforma-
tion of the other terms under the linear T-duality trans-
formations (8) and (10). To this end, we have to do
dimensional reduction on a circle, and then study the
various components under these transformations.
We begin by studying the T-duality in the absence of the

B-field and the dilaton. Unlike the Lagrangian (3), the
Lagrangian L1 does not produce terms with the structure
RRyyRyyRyy, where Ryy is the Riemann curvature in the

string frame with two killing indices. So the action (32) in
the absence of the B-field and the dilaton is invariant under
off-shell T-duality transformations. Note that the consis-
tency with the T-duality (8) requires one to set the Riemann
curvature with one Killing index to zero when the B-field is
set to zero.
Since the Lagrangian L1ðRÞ is invariant under the off-

shell T-duality in the absence of the B-field, we hope that
this happens in the presence of the B-field too. The sym-
metries of the first term in Eq. (31) are different from the
symmetries of the second term, so we have to do the
dimensional reduction separately for L1ðRÞ, L1ðHÞ, and
the mixed terms. We have found explicitly that the cou-
plings with the structure HyHyRyRy, where Hy refers to

Hab½c;y� and Ry refers to Rabcy, are invariant under the linear

T-duality (8). We have also found that the couplings with
the structure HHyRRy are invariant under the transforma-

tion (8). Moreover, we have found the following trans-
formations for other couplings:

RyRyRyRy ! HyHyHyHy; RRRyRy ! RRHyHy;

HHHyHy ! HHRyRy; RRyRyRyy ! �RHyHyRyy:

(33)

All of the above T-duality transformations have been veri-
fied without using any on-shell relations. So the
Lagrangian L1ðRÞ is invariant under the off-shell linear
T-duality.
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The Lagrangians L2ðR; 	Þ and L3ð	Þ, however, con-
tain the dilaton, which is not invariant under the linear
T-duality. The transformation (10) indicates that the second
derivative of the dilaton must be combined with the Ricci
tensor to be invariant. The Ricci tensor, however, is zero
when using on-shell relations. So the second derivatives of
the dilaton are invariant under on-shell linear T-duality.
This immediately confirms that L3ð	Þ is invariant under
the on-shell T-duality. Assuming that the second deriva-
tives of the dilaton are invariant under T-duality, we have
explicitly checked that all terms in the dimensional reduc-
tion of the Lagrangian L2ðR; 	Þ transform among them-
selves under the transformation (8). Therefore, the action
(32) is invariant under the on-shell linear T-duality.

V. OFF-SHELL T-DUALITY

In this section, we extend the action (32) to be invariant
under off-shell linear T-duality. The original gravity action
(2) is off by terms containing the Ricci and scalar curva-
tures. Including the B-field and the dilaton through the
replacement (11), the theory does not include the diver-
gence of the B-field strength and the Laplacian of the
dilaton either. These missing terms, however, are all zero
when using on-shell relations. They can also be absorbed
by the supergravity action (1) in the field redefinition G !
Gþ �G, B ! Bþ �B, and � ! �þ ��. This field
redefinition, however, would change the standard form of
the duality transformations to receive higher-derivative
corrections. If one is interested in the higher-derivative
action that is invariant under the standard form of the
duality transformations, the action must then take a specific
form for these couplings. In this section we are going to
include the Ricci curvature and the divergence of H by
requiring the action (32) to be invariant under the standard
linear T-duality transformations (8) and (10).

The Ricci curvature can easily be included in the action
(32) by noting that the combination of the second deriva-
tive of the dilaton and the Ricci curvature is invariant under
the T-duality (10). Therefore, one has to use the replace-

ment 2
ffiffiffi
2

p
�	;ab ! Rab þ 2

ffiffiffi
2

p
�	;ab in the action (32) to

include the Ricci curvature. The resulting action produces
many terms in the dimensional reduction which are invari-
ant under T-duality. For example, the Lagrangian L2 pro-
duces the terms with the structure of one Ricci curvature
without a Killing index, one Ricci curvature with two
Killing indices, and two H each with one Killing index.
They simplify to the following term:

� 4Hmqy;sHhsy;qRhmRyy: (34)

It also produces the terms with the structure of one Ricci
curvature without a Killing index, one Ricci curvature with
two Killing indices, and two Riemann curvatures each with
one Killing index. They also simplify to

þ 4RhmRyyRmqsyRhsqy; (35)

which is the transformation of Eq. (34) under the T-duality
rules (8) and (10).
However, the resulting action is not yet fully invariant

under T-duality because under the dimensional reduction
one would find terms containing the Ricci curvature with
one Killing index, Ray; under the T-duality (10) it goes to

�Hay. Therefore we also have to include the appropriate

divergence of the B-field strength in order to find the
desired action. We propose the following replacement for
the second derivative of the dilaton in the action (32):

2
ffiffiffi
2

p
�	;ab ! H ab � Rab þHab þ 2

ffiffiffi
2

p
�	;ab: (36)

Note thatHab is antisymmetric whereas the Ricci curvature
and the dilaton term are symmetric.
The couplings of two dilatons, one graviton, and one

B-field is zero, so the Lagrangian L2ð �R;	Þ is nonzero for
two gravitons or two B-fields. As a result, we can write the
third term in Eq. (28) as

�R hqmp
�Rqrmp	;h

s	;r
s ¼ �Rmphq

�Rmpqr	;h
s	;r

s: (37)

This makes no difference in the action (27). However,
when one uses the replacement (36), the two sides of the
above identity give different couplings. Imposing the in-
variance under off-shell T-duality forces us to choose the
left-hand side of the above equation. Similarly, the indices
in the second derivative of the dilaton are symmetric, so it
makes no difference if one changes the ordering of the
dilaton indices in Eq. (28). However, we have chosen the
specific ordering that makes the extension of the action
under the replacement (36) invariant under the off-shell
T-duality.
Using the replacement (36) in the on-shell T-duality-

invariant action (32) and taking the above points, we
propose the following action:

S ¼ 


�2

Z
d10x

ffiffiffiffiffiffiffiffi�G
p

e�2	0½L1ðRÞ þL2ðR;H Þ
þL3ðH Þ�; (38)

where L1 is given in Eq. (12), and

L 2ðR;H Þ ¼ � 1

25

�
2RmqrsRpqhsH h

mH r
p

þ 2RmqhsRpqrsH hmH rp

þ 2RmphqRmpqrH h
sH r

s

þ 1

4
RhpmrRhpmrH q

sH q
s

�
;

L3ðH Þ ¼ 1

210
ðH k

nH k
nÞ2 þ �

�
ðH k

nH k
nÞ2

� 2H k
nH k

pH s
nH s

p

�
;

where � is a constant that our calculations cannot fix; it
represents the identity (26) under the replacement (36).
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Obviously, the above action reduces to Eq. (32) if one uses
the on-shell relations Rab ¼ Hab ¼ 0. As we have shown
before, the Lagrangian L1ðRÞ is invariant under off-shell
linear T-duality. We have also checked that the
Lagrangians L2ðR;H Þ and L3ðH Þ are invariant under
the off-shell T-duality. For example, the Lagrangian
L2ðR;H Þ produces the following terms with the structure
of two Ricci curvatures each with one Killing index and
two H each with one Killings index:

� 2RhyRryHmpy;hHmpy;r � 4RhyRpyHpqy;sHhsy;q

þ 4RhyRryHhsy;qHrsy;q: (39)

It also produces the following terms with the structure of
two divergences of H each with one Killing index and two
Riemann curvatures each with one Killing index:

� 2HhyHryRmphyRmpry � 4HhyHpyRpqsyRhsqy

þ 4HhyHryRhsqyRrsqy: (40)

This is the transformation of (39) under the T-duality rules
(8) and (10). Similar examinations have been done for all
other structures.

VI. DISCUSSION

In this paper we have written the eight-dimensional
Lagrangian (12) found by Gross and Sloan [23] in a ten-
dimensional form (27). We have shown that the gravity and
the B-field couplings in the ten-dimensional theory are
invariant under off-shell linear T-duality, whereas the dila-
ton couplings are invariant under on-shell T-duality. We
then imposed the consistency of the dilaton couplings with
off-shell T-duality to extend them to include the couplings
containing the Ricci curvature and the divergence of the
B-field strength (38). We have done this extension through
the replacement (36), which is similar to the replacement
(11) found in Ref. [23].

In the absence of the B-field and the dilaton, the actions
(38) and (3) are identical up to some terms containing the
Ricci and scalar curvatures [22], which can be eliminated
by field redefinitions. These field redefinitions at the same
time change the standard form of the T-duality rules (5) to a
nonstandard form which contains higher-derivative correc-
tions. Since the action (38) is invariant under the standard
linear T-duality, one would expect the supergravity with
the Riemann curvature corrections (3) to be invariant under
the nonstandard T-duality transformation. In particular, the
coupling (4) may be canceled with the nonstandard
T-duality transformation of the supergravity (1).

We have been able to find the couplings in Eq. (2) that
involve the Ricci curvature and the divergence of the
B-field strength by imposing the off-shell T-duality of the
effective action. However, the Lagrangian (2) has cou-
plings involving the scalar curvature and the Laplacian of

the dilaton. How can one find such couplings? We show
that they can be found by imposing the linear
S-duality and T-duality. In the type IIB theory, the cou-
plings involving the divergence of the R-R three-form
field strength can easily be included in Eq. (38) by replac-
ing e�	0HabHcd with the following S-duality-invariant
expression:

e�	0HabHcd ! e�	0HabHcd þ e	0FabFcd;

where Fab is the divergence of the R-R three-form field
strength. In the dimensional reduction of the resulting
couplings, one finds the couplings that have Fay. Under

T-duality they produce the couplings in the type IIA theory
which involve the divergence of the R-R two-form field
strength Fa. Again, in the dimensional reduction of the
resulting theory, one finds the couplings which have Fy.

Under T-duality this theory produces the couplings in the
type IIB theory that involve the Laplacian of the R-R
scalar, F¼C;a

a. Under the S-duality both the dilaton and

the R-R scalar appear in the complex field � ¼ Cþ ie��,
so one expects that there should be similar couplings for
the Laplacian of the dilaton. On the other hand, the
Laplacian of the dilaton is not invariant under linear T-
duality. The combination of the scalar curvature and the
Laplacian of the dilaton, Rþ 4�;a

a, is invariant under the

T-duality [28]. So in the couplings involving the Laplacian
of the dilaton one should replace 4�;a

a ! Rþ 4�;a
a to

find the couplings involving the scalar curvature.
The linear T-duality-invariant action (38) includes all

couplings of four B-fields at order �03. At this order,
however, there are higher-order couplings, e.g., couplings
involving H8. These couplings may be found by extending
the linear T-duality of Eq. (38) to nonlinear T-duality. The
appropriate framework for such studies is the double field
theory formalism [25,26]. In this formalism a T-duality-
invariant action is expressible in terms of the generalized
metric [27]

Gij � BikG
klBlj BikG

kj

�GkBkj Gij

 !
; (41)

which transforms covariantly under the T-duality, and the
T-duality-invariant field d which is related to the dilaton

via the field redefinition e�2d ¼ ffiffiffiffiffiffiffiffi�G
p

e�2�. The double
field theory action must be invariant under the large gauge
transformation, which is a combination of the conventional
diffeomorphism and the B-field gauge transformations
[25,26]. If one sets to zero the nonlinear terms in the above
metric, then one may be able to rewrite the action (38) in
terms of the linearized metric. That action might then
automatically include the higher-order couplings of the
B-field by restoring the nonlinear terms in the metric.
Finally, let us compare the �03-order spacetime action

(38) with the string frame �02-order D-brane action found
in Refs. [7,29,30]:
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S�
Z
dpþ1x

ffiffiffiffiffiffiffiffi�G
p

e�	0

�
�2ðR̂abþ�;abÞðR̂abþ�;abÞ

þ2ðR̂ijþ�;ijÞðR̂ijþ�;ijÞþRabcdR
abcd�RabijR

abij

�2

3
@aHijk@

aHijk�4

3
@iHabc@

iHabcþ2@aHbci@
aHbci

�
:

In this equation the indices a, b, c, d are the world volume
indices and i, j, k are the transverse indices. Note that the

Ricci curvature R̂ is the Riemann curvature that is con-
tracted only with the world volumemetric [29]. This makes

the combination R̂�� þ
ffiffiffi
2

p
�	;�� invariant under linear

T-duality. The above action is invariant under off-shell

linear T-duality [7,30]. In both the D-brane action and
the spacetime action (38), the dilaton appears via an exten-
sion of the corresponding Ricci curvature. One may expect
that the same thing would happen for higher �0-order
curvature couplings. While the B-field couplings appear
in the spacetime action (38) via an extension of the
Riemann curvature (31) and the Ricci curvature (36), in
the D-brane theory there is no such analogy.
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