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Abstract
In tfiis [)irp6rr, \ve usc] one of the tnrnous algetrraic topolog'ir:al ttlols,

ca.llecl \,,Iayer-Vietoris sequence, to find a ilecessary condition for

captr,bilitv of groups. Also, we try to generalize our ruain re$ults,,

lbr V-capability of groups.

Entnoduction

li. Bar,er [12] initiatecl an invt:stigabion of the qnestion "wtilch conditions a gror.rp G

rnrrst tirlfill in orclcr trr bc the group of inncr aubomorphisrns of a gl'ol.Ip E?", thilt
is G = EIZ(E\.Fbllowing Nf. Ilall aucl J. K. Senior [10], such a gror.rp CJ is callecl

copable. Brrer [12] deterrninecl all capable groups wirich are clirect srttns of cyclic

gropps. As P. Hall [9] rnerntionc'.c1, c:trararctetizations of ca.pa,ble group$ are inportant
in cliussifi,irig group.s of lrrittte-pow(11' orrler.

F. Il. Beyl. U. Felgne.r a,nci P. Schrnid [3] proveci t]rat every group G possesses a

urriquely cleter.rninecl central sutrgronp Z- (G) which is utittiural sr.rbjec.t to being the

irnage irr C of the center of sorne central extension of G. This Z" (C) is chat'ac[eristic

in G irncl is the img,ge of the center of e.v€r1'' stetn s161icr of G. h'{oreover, Z" (G) is

tlrs ssrallest celtral subgrgr.rp of G, I S Z"(G) < Z(.G) urltosr: far:tor grioup is ctrpable

t3] Hence G is c:apable if ancl only i:f Z"(.G):1.. Thr,r' proverd that if N is a cetrtral

*.it g.oup of G, tlren l1 E Z.(G) if zurcl only if tlrc trtirpping il.{(G) '-| fr{(GlN)
incluced by the natttral epintorphisnr, is urononrclrphisttt.

Then Ni, R.. R. iVloghaclam ancl S. Iiayyalg*t [1fi] generaiized [he concept of capa-

5ility to V-capnl>ility for a group G. They introclucrrrl t,lte srtbgtoup (y.).(G) which

is assoc:int,ecl with the r,':rriety V ciefined by a set of ias's V end a. group G iu order to

csta$istl rr rreces$ilry a.nci sufficierrt conclition undet' tviti<:h (, c:an lre V-capable' They

exhibitecl a close relationship between the grorqrs Vl/(G) iurcl Vn'I(GlN), where l{
is a 1orm1l surbgroup c'ontirinecl in the urarginal subgrottp of G wi'{ih respect to the

r,,arietv V. Using this relationship, they ga,ve a nec:es$ar\' :urrl suflicient conditi<ln ftlr

a group G to be V*ca,pa.ble.
In t,hi's pil,peur we rr$e algebraic

t}.t,,,,.tii1.,.. ffi 
,,,,d,,,
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end n'z(x) =l/lt (tz).
[]U.N] 

r'q

Norv by these notes atrcl ng rve clecluce out' main lesult a.rud sonre

co,rollaries dljou,f trniceffi re a Brot]p G is ttnicentt:al, if ancl only if
z" (G) = ,,(*,),,. ,, ,:, , '.i'. 

'..i,

2 F/$ain ResuEts

Ilirst, we lote that fol any group G one cern (ronstrut:t, lr-tttctrlrierlly er, co[nectec] CW-
ace, r'r'ht.rsr' [ttticlzt,rueutal group is isomor-

ottp$ trivii'l :01 Bv consideling FI', (X)
olclgical r j';;i't' X, wibir coeffic-:ieuts in the

(/{ (G)). , 'r rri tt Z 0. [21.

/{ witl: - i'. ' : {l ancl F/R as n free

presentil[ion for G rve harve the following isorrtorphisi,

Hz(K) "- l?. n F'

ffi=[R.rl
where h2 is the colr:espondirrg'Hureu'ilcz map [11]. !i1;ri'{' I l:opological dcfinition of

the Schur rnultiplier* of a grorlp G can be c;onsiclerer. r. titc sccotrcl honrology Br.ottp

of thcr Eilenl:erg'N,,Iaclane sperce) K(.G),, Hz(K(G)) .-i.i-o. ivt t'c(:r,lll tirtrt Ht(Ii(G)) :
r/r (G) : Gnr,.

For any two norrpal subgr'oups l./ ancl N clf G, lvc , ,,.tsitl('I' i,ltr: follorving ltontotolry

pnshont clia,grarn

rr (G) \ rc1C i,t- t

Io" I
I{(Gltut ) -+ x.

i,vhere f/1 aIId !/2 arc'inducecl by naturar,l nrttps. Using'

pushortt, we have the follorving exzrc:t sequetlce

I favcr-Vicrt oris seqtlcllce tot'

" ' -+ H{X) -+ Hz(/((G)) -+ Hy(I{(G lAl)) ':i, F/2(i.{(G1i\ )) -+

Hz@) -+ Ht(K(G)) -+ H'(I{(Glt\c)) e flr(f((G lN)) -,
I/r(X) -+ I{o(K(G)) + Ho WGILf)),O Ff,r(fi (G/ff)) -+ FIt,(X) + 0' (i 2)

By thr-, above notes, tve t:ewrite t:his sequence as fbllolvs

. . . -+ H;r(X) -+ A'I (G) -+ /tf (G lht) ,n X'I (G lN) -+

I{z(X) 4 Got, -+ (GlL{)a, D (GiA ),,r, -+ " ' (t).

Using Corolltrtv 3.4 of [aJ we havtr

a1(X) ry

$ttg:,..
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E enrma 2.L. [S] f* Ar bc a cen,tral su,bgroup of G, then N E Z" (G) if and only i,f the

horn,omctrplti,sm, inclu,r:ed, hy th.e naturo,l map If (G) -+ A,I(GlN) i,s o, monon'Lorphism.

Theorenr 2.2. LetG be a gT'olrp tu'ith Lf(G) - 1,' A,I arxl l/ be its cen,tral'nr,bgroups

uith L,I ).1/ - 1. Th,en, ItNIL{ A Z*(ClA'{) {xnd I'ININ < Z.(G/N).

Proof. Usirrg (z'i), the asstunption il/ n N - I itnplies n2(X) : t. By llopf Rn'urula,
HzLX) - ily'(r.t(X)) : A'I(GlI,IN). With respect to the sequence (?), we obtairr the
tbliowing mononrorpl'risrus which are both indtrcecl by rratttral ulaps,

Iut(GlL{) .-+ I/(Glt\,tN) & A,I(GlN) -+ I$(GlA{N).

Sinc:e M and l/ and so /l/N are c:entral subgroup$ of G' h'I N lA{ and ,4.i[N/l/ are

irlscr centrtr,l in GIA{ and G/lf, respective,ly. Hence b;v the above monotnorphisnrs ancl

Lr:mrna 2.1. we concluclc-: the, result. U

Corollary 2.3. Ary1 group G 'u'itlt;/t/(G) - I, i.s urfiae.ntral.

Proof . By ttrre t'trreorem, for aRy central subgroup IL-I ctI G' we have Xd < 7'- (G) (p.,t
rV : l). In particular. Z(G) S Z" (G). n

The above corollary has been proved in group theory [5]. But here we derived it
bv topological urethocls. Also t,he following eorollary is a, new result in group theory
rn'ith el prclof in algeltra,ic topology*.

Corollary 2.4. Let G be a (Jro'tlp witft, nf(G) - 1 an,tl Z(G) be'inner d'irect.'prodntct

of A'I an,d, N . Then, G lN and, G llV are unicerttral.

P'roo.f. Lrsing Theoreru,2.2, Z(G)lXI { Z.(Gl^/) anci Z(G)/N < Z*(G/N). Also we

Irirve Z(G)IA,I - Z(Glil{) and Z(G)/N - Z(GllV) rvhich courpletes the trrroof. I

S A Note osl V -capabitity ofl Groups

Lct V bo a. variety <lf groups clefinecl by a seit r:f lerrvs l'' and consider the fttnctor
X/(-) between gt'oups rl*rich takes a group to its vcr'lrtrl srrbgloup. By a pair of group^s

(G, l/) $re rnea,n a group G witlr norrnal subgrorrl; Ai. A tromomorptrisnr of pairs
(Gt,Nr)+ (G2,ru:) is a group houror,norphism Gl -> G2 that sencls fti into Nz.

As we asserted in section 2. finding a topological interpretation for algebraic coll-
cepts can be useful to solve $offre alse"braic prol;lents. Sinrilar to the bopological
clefinition of Schur rnultiplier, the Baer invtrriant of G, yIf(G), has also a teipct-

logica.l inferprertation. For Lhis, consicler yit'{(G) to be the first hornotopy groupt
11(I{. lV(K )), of tlte factor of a free sirrplicial resolution of the group G [8], [14,

friilh ?lt{*rtti.etitrtll*l *lu:n.a.5: 
'T.'i;t:t.tr'\ (-'i}lii.q;, i',':ii.i:
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G" Ellis [7] clefined the Schur rnultiplier of a pa,ir t:f grottps (G, Ar) dt:rroted bv

i\f(G. l/), as a ftrnctorial abetrian group whose print:ipal featnt'e is a na[ural exnct

sequen(;€)

f iilri;,t I l'.f,'lil'''llf;/I] '
Tlre latur.al epinrorphism G -+ GIN lmltlies tiu' ,,ilorvirrg crxarct se({uence of free

sirnplicia'l groups 
1 -+ ker(a) -+ tr{ g ,,. :

wlrere y'{ ar,nd -L are free sirnplicial resolutions of G t '; !'","N, ios}>tlctir''eiy [8]' Ttre au-

hhor, Z. Vasagh arrd B. N,Iaslraye_k-1ry extencled ilrcr lr:, r,r' ttr-rtartioti to thcl Baer invariant

of a pair [18] and a tr-iple [19] of groupri. They ciciu i,', 1 I,If (G. r\i), as the fir:st honro-

topy grogp of the kernel of o nrap e,r,r zr1(her:c1,,). ,.i it('i'r.' ,:t,, : fl. lV(K.) -+ I. lV(L )

is incfircecl from the simplicial nr€rp cl" Atrso the.; ,'r;(uilL("rl the fiilklu'ing loirg exact,

seque{lce

-+ VIvd(G, n/) -r VI,/(G) -+ v*.\[ (;,',V)

+ Nl[rry"G] + Glv(G) -+ tt,; 1i1,'[r(G/,V) -r 0.

L.Ioreover, in Corollary 3.4 of [1S], thcy sltori-r'tl rhat VI/((J,,A/) = WF,
rvlrere I.''lR is a free presenta.tion qJ G, t\y' - Slil is ;r ttortrtal sttltgl'ottp of G, ancl

G is semiclirect product of Iil b1' a group Q. Iu pailictiiar, using t,his corollar.y they

r:rrnclrrclecl that tlreir clefinition of Vht(G,,nf) is a r;usi ;citcralization of thtl one in [16].
In r:ontinue, we recall the clefinition of V-cap,rtrilitv of gt'oups [15]; t], g..rottp G is

sa,id to be V-capablrr if there exists a group E sttt:lt firat G = Ef|i-' (E)., rvhcrc V"(E)
is the urarginal subgroup of .O' which is defined ars lollorvs [12]:

{,g e E I u(:r1, !u2,,.",rrr) : u(.rt, ff2. . ..1 lJ,tt 1,.lri+1,'..' r,r)

Vu r, frz,....;7:,, e E, Vi g i1.2....,tt}).
If tl : E -+ G is a surj'ectir,'e homornorpltism rvith k;er{ g y*(E),, tiren ther irrtersec:tiort

of all subgroups of the folm 'nl,(V"(E)) is denotccl by (y-)-(G). It is obviotts that
(y.).(G) is a characteristic subgroup of G containcrd in Vo(G) If V is thc varicty of
abelian grorrps, then the su[group (y.).(G) is the sartre as Z"(.G) aud in this case

V-caperbilitv is eqtral to capability.

Lemma 3.1. [t'\J LetV be a uariety of groups utith, a set o,f laus \' . Let, G be a grotqt

an,rl N be a n,orrnal stfigrot4t with the properfil ,n/ g V"(G). Th'err' 1V C (y.)-(G) il
antl, only if the hornorn,nryldsm irtdu,t:ed, by th.e n,atu'ral, m,o;p VII(G) -+ VIt(GlN) es

0, TnoTlonlorph'ism,.

Rernark 3.2.
i) By the not,ations of trieutrna 3.'1, if )lM((;, /v*) l,thenNq(I/.).(G).

then G is V-turicreutrtrl.ii') 'As, a. ,co

{BV'.,.U=iu+

.... ..::i::
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