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Abstract:    Steel plates are widely used in various structures, such as the deck and bodies of ships and bridges, and in the aero-
space industry. In many instances, these plates are subjected to axial compression loads that predispose the sheets to instability and 
buckling. In this study, we investigate the buckling and post-buckling behaviors of steel plates having groove-shaped cutouts of 
various dimensions and angles using finite element method (FEM) (by ABAQUS software) and experimental tests (by an Instron 
servohydraulic machine). Boundary conditions were clamped by supports at upper and lower ends and free supports at the other 
edges. The results of both numerical and experimental analyses are compared, which show a very good agreement between them. 
Finally, based on the experimental findings, formulas are presented for the determination of the buckling load of such plates.  
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1  Introduction 

 
Steel plates are widely used in various structures, 

such as parts of ships and bridges, and in the aero-
space industries. In many cases, these structures are 
exposed to compressive stresses, which predispose 
the plates to instability and buckling. The problem of 
the buckling of rectangular plates with four simple 
supports was first considered by Timoshenko and Gere 
(1961) and modified by Gerstle (1967) and Brush and 
Almorth (1975). El-Sawy and Nazmy (2001) used the 
finite element method (FEM) to determine the buck-
ling load of plates. They assumed simple boundary 
conditions for all four edges and investigated aspect 
ratios of 1–4 to determine the impact of this parameter 
on the buckling load. They studied two cutouts geo-
metries, including circular and rectangular cutouts 

with rounded corners, with cutouts’ center located in 
different coordinates of the plate. Furthermore, El- 
Sawy et al. (2004) used the FEM for determination of 
the buckling load of plates with circular cutouts. They 
obtained curves for elastic and elastic-plastic stresses 
according to the thickness ratio of the plate (b/t) for 
various steel materials. In their study, the location of 
the cutout was changed along the longitudinal direc-
tion of the plate to determine the effect of cutout lo-
cations on the buckling load. Narayanan and Chow 
(1984) studied the final strength of plates with cutouts 
under axial compression loads. They used an ap-
proximate method to determine the buckling load and 
verified their theoretical work using empirical results.  

Shanmugam et al. (1999) studied the buckling 
and post-buckling behaviors of hole-bearing plates 
with various boundary conditions under uniaxial and 
biaxial compression loadings. They used the FEM 
analysis software ABAQUS to investigate the buck-
ling behaviors of square-shaped plates with circular 

Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering) 

ISSN 1673-565X (Print); ISSN 1862-1775 (Online) 

www.zju.edu.cn/jzus; www.springerlink.com 

E-mail: jzus@zju.edu.cn 

 

‡ Corresponding author 
© Zhejiang University and Springer-Verlag Berlin Heidelberg 2012 



Mohtaram et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2012 13(6):469-480 470

and quadrangular cutouts. Roberts and Azizian 
(1984) also used the FEM to investigate the elasto- 
plastic buckling of plates with cutouts. They modeled 
the plates using triangular elements with three nodes, 
where each node had five degrees of freedom. Fur-
thermore, Mignot et al. (1980) proposed that the in-
vestigation of the buckling of plates having cutouts 
could be reduced to investigate the buckling of plates 
without cutouts using a method called homogeniza-
tion. Maiorana et al. (2008a; 2008b) analyzed the 
linear buckling of perforated plates subjected to lo-
calized symmetrical load, with circular and rectan-
gular holes. They also investigated the linear buckling 
of unstiffened plates under interacting patch loading 
and bending moment. They focused on estimation of 
the elastic critical load due to patch load, and con-
comitant linearly variable compressive stress in the 
normal direction, with analysis of mechanisms of 
plate instability.  

Yettram and Brown (1985) studied the stability 
of square plates using a direct matrix method. They 
believed that the precision of determination of stress 
distribution in the plate was an essential factor in the 
accuracy of the buckling load prediction. Brown 
(1986)’s analysis results show a good degree of 
compatibility with Roberts and Azizian (1984)’s re-
sults for small cutouts. On the other hand, the mag-
nitude of discrepancy is high for large cutouts, and 
more investigations for determination of the reasons 
for these discrepancies are needed. Brown and Yet-
tram (1986), Brown et al. (1987) and Brown (1990) 
used the conjugate load/displacement method 
(CLDM) to predict the elastic buckling load of per-
forated square plates with centrally located rectan-
gular holes under different types of loads. Maan et al. 
(2007) used the fixed grid finite element analysis 
(FGFEA) method to solve the buckling problem. 
They conduct a detailed analysis of the FGFEA me-
thod to generalize it for the solution of eigenvalue 
problems like the natural frequency and buckling. 
Singh and Tanveer (2006) studied the buckling ei-
genvalue for double joint plates. They used rectan-
gular plates with central cutouts, and calculated the 
buckling coefficient and compared it with the existing 
findings and FEM results. The elastic buckling be-
havior of rectangular perforated plates was studied 
using the FEM by Komur and Sonmez (2008). They 
chose circular cutouts at different locations along the 

principal x-axis of plates subjected to linearly varying 
loading to evaluate the effect of cutout location on the 
buckling behavior of plates. Their results show that 
the center of a circular hole should not be placed at the 
end half of the outer panel for all loading patterns. 
Furthermore, the presence of a circular hole always 
causes a decrease in the elastic buckling load of 
plates. Rahai et al. (2008) formulated a new ap-
proximate procedure using an energy method based 
on modified buckling mode shapes for buckling 
analysis of simply supported rectangular stepped or 
perforated plates subjected to uniform edge stresses. 
Eccher et al. (2008; 2009) introduced the general 
theory of the isoparametric spline finite strip method 
for buckling of perforated plates. They applied this 
method to the elastic buckling analysis of perforated 
folded plate structures. The reliability of their method 
was also demonstrated by applying it to classical 
nonlinear complex plate and shell problems, as well 
as the geometric nonlinear analysis of perforated flat 
and stiffened plates. Maiorana et al. (2009) studied 
the linear buckling analyses of square and rectangular 
plates with circular and rectangular holes in various 
positions subjected to axial compression and bending 
moment. They aimed to give some practical indica-
tions on the best position of the circular hole and the 
best position and orientation of rectangular holes in 
steel plates, when axial compression and bending 
moment act together. Moen and Schafer (2009) pre-
sented closed-form expressions to approximate the 
influence of multiple holes on the critical elastic 
buckling stress of plates in bending or compression. 
The forms of the expressions were founded on clas-
sical plate stability approximations, and were devel-
oped and validated in parametric studies employing 
shell finite element (FE). Paik (2008) studied the 
ultimate strength of perforated steel plates under axial 
compressive loading along short edges using FEM. 
The plates were considered to be simply supported 
along all (four) edges, keeping them straight, and the 
cutout was circular and located at the center of the 
plate. Shariati and Rokhi (2010) studied the numerical 
simulation and analysis of steel cylindrical shells with 
various diameters and lengths having an elliptical 
cutout, subjected to axial compression systematically. 
They examined the influence of the cutout size, cutout 
angle, and the shell aspect ratios L/D and D/t (D, L and 
t are the diameter, length and thickness of the  
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cylindrical shell, respectively) on pre-buckling, buck-
ling, and post-buckling responses of the cylindrical 
shells. Also, Shariati et al. (2011) investigated the 
effects of length, sector angle, and different boundary 
conditions on the buckling load and post buckling 
behavior of cylindrical panels using experimental and 
numerical methods. Tsavdaridis and D′Mello (2011) 
studied the behaviors of perforated steel beams with 
closely spaced web openings and effect of the web 
opening depth/web thickness to investigate the stabil-
ity of the web-post subjected to vertical shear load. 

 
 

2  Experimental tests 

2.1  Mechanical properties of plates 

To determine the mechanical characteristics of 
the specimens, a simple tensile test was performed 
according to the standard specimen ASTM-E8 using a 
servohydraulic Instron 8802 machine, and the 
Young’s modulus, yield stress, and plastic properties 
were determined. The stress-strain curve produced by 
the standard tensile test is shown in Fig. 1. Plastic 
characteristics of material are also required for 
non-linear analysis using the ABAQUS software. The 
plastic strain is computed using the following  
relationship: 
 

real
pl real ,

E


                            (1) 

real engln(1 ),                             (2) 

real eng eng(1 ),                           (3) 

 
where εpl, εreal, and εeng are the plastic strain, real strain, 
and engineering strain, respectively; σreal and σeng are 
the real stress and engineering stress, respectively. 

Based on the linear section of the stress-strain 
curve, the Young’s modulus was calculated as 
E=217 GPa and the yield stress was computed as 
σy=350 MPa. Furthermore, the Poisson’s ratio was 
assumed to be ν=0.33.  

2.2  Geometry of specimens 

In this study, we used plates with a width of 
100 mm, length of 150 mm, and thickness of 2.07 mm. 
The cutouts were grooves with a width of 10 mm. It is 
notable that in all specimens, the center of the groove 

coincides with the center of the plate. Specimen was 
named as ‘pls-150-100-C-10-θ-2.07’, where 150 and 
100 show the length and width (mm) of the rectan-
gular plate, respectively; C is the length of groove 
(mm); 10 is the groove width (mm); θ is the angle 
between the direction of groove and the longitudinal 
direction of plate; and, 2.07 is the plate thickness 
(mm). In this paper, all the specimens’ names are based 
on this principle, but in some cases the groove width is 
not exactly the same as the diameter of the end semi-
circle of groove, so in those cases we added the dif-
ferent value of the real groove width between C and 10 
(diameter of the end semicircle of groove) in the names 
of specimens to show the difference, such as pls-150- 
100.2-50-10.3-10-90-2.09. A schematic representation 
for a specimen pls-150-100-C-10-θ with a groove- 
shaped cutout is shown in Fig. 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.3  Test setup 

For experimental testing of the buckling of rec-
tangular plates, tests were taken from an Instron ser-
vohydraulic machine under displacement control. The 
hydraulic grips of the machine hold the upper and 
lower edges of the specimens with clamped boundary 
condition. Also, the lateral edges were free. Therefore, 
a clamped-free-clamped-free (CFCF) boundary con-
dition is created for the plate (Fig. 3).  
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Fig. 1  Stress-strain curve of tested materials

Fig. 2  Geometry of grooved specimen pls-150-100-C-10-θ
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3  Numerical analysis 

3.1  Boundary conditions 

In the numerical analysis, we modeled two solid 
planes attached to upper and lower ends of the plates 
for application of the boundary conditions to the 
edges of the rectangular plates. The load was applied 
in concentric form upon the center of the upper solid 
plane, and resulted in an extensive compression 
loading on both clamped edges of the plate. All de-
grees of freedom of the lower plane and the upper 
plane were constrained except for movement in the 
direction of the z axis (the longitudinal direction of 
the plate). Accordingly, the boundary conditions were 
free for the side edges (vertical edges) and clamped 
for the upper and lower edges, which were 
represented as CFCF.  

3.2  Mesh generation of specimens 

For meshing of specimens, we used the non-  
linear element S8R, a quadratic element consisting of 
eight nodes with six degrees of freedom, which was 
suitable for relatively thin-walled shells. This element 
has appropriate degrees of freedom for modeling the 
specimens and the boundary conditions. In the ele-
ment S8R, the shear stress was also taken into account, 
which could increase the precision of the results. Also, 
a reduced integral was used for calculation of the 
stiffness matrix. However, mass and load matrices 
were integrated using the exact method. Reduced 
integral usually produces more accurate results, pro-
vided that the elements are not damaged and not 

subjected to in-plane bending loads. Additionally, this 
method reduces the computation time. Evaluation of 
the results and comparison with the experimental 
results showed that the chosen element was appro-
priate for this study. In specimens with cutouts, ele-
ments were made smaller in proximity to the cutouts 
in order to enhance the precision of the computations. 
The mesh generation configuration around the cutout 
is shown in Fig. 4. 

 
 
 
 
 
 
 
 
 
 
 
 

3.3  Numerical procedures 

The initial imperfection parameter and plastic 
characteristics of material, the linear analysis, espe-
cially for thin plates, overestimate the buckling load 
related to actual value. Nevertheless, an (eigenvalue) 
linear analysis is initially performed for all specimens 
to obtain the shapes of modes that have lower eigen-
values, since the buckling usually occurs in the first 
mode shape. The displacements for these modes are 
saved in a file and used in the next analysis (Static, 
Riks), so that the effect of mode shapes is taken into 
account in the buckling analysis. 

For non-linear analysis, the mode shape of the 
actual buckling of the plate (which has been the first 
mode shape for the present experimental analysis) 
and the initial imperfection should be supplied to the 
software. For this purpose, the value of initial im-
perfection was measured by a coordinate measuring 
machine (CMM), with 1-µm accuracy, in laboratory 
for all specimens before the numerical analysis. Then, 
we observed that the average initial imperfection is 
approximately 25% of the plate thickness. However, 
for a higher precision, we measured experimentally 
the initial imperfection of each specimen separately 
and used the measured values as inputs for the nu-
merical analysis software. 

Fig. 3  Plates in hydraulic clamped grips

Fig. 4  Mesh generation around a circular cutout
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4  Results 

4.1  Results of finite element analysis with groove- 
shaped cutouts 

The numerical analysis results are presented as 
the buckling mode shapes of the specimens, load- 
displacement curves, and the relationship between the 
buckling load and the initial imperfection of speci-
mens. The maximum point of the load-displacement 
curve shows the critical buckling load. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5 shows the first mode shape of a buckled 
specimen. The buckling loads obtained by the nu-
merical analysis according to the initial imperfection 
of specimens with cutout angles of 0°, 30°, 45°, 60°, 
and 90° are shown in Table 1. 

Fig. 6 shows the load-displacement curves of the 
numerical analysis performed with ABAQUS soft-
ware for specimens with groove-shaped cutouts and 
angles of 0°, 30°, 45°, 60°, and 90°. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Results of numerical and experimental analyses for plates with groove-shaped cutouts 

Pexp/Pnum
Pexp  
(N) 

Pnum  
(N) 

Imperfection 
(mm) 

Groove angle 
(°) 

Groove length 
(mm) 

Specimen designation 

0.98721 604.76 21 876.0 0.50   0 19.94 pls-150-100-19.94-10-0-2.07 
1.00422 249.17 22 158.5 0.42   0 30.14 pls-150-100-30.14-10-0-2.07 
1.00222 083.04 22 031.6 0.40   0 50.00 pls-150-100-50-10-0-2.07 
0.99021 467.37 21 672.6 0.45   0 70.13 pls-150-100-70.13-10-0-2.07 
0.99822 495.04 22 546.5 0.35   0 90.15 pls-150-100-90.15-10-0-2.07 
1.00123 536.93 23 497.0 0.30 30 20.00 pls-150-100-20-10-30-2.07 
0.99421 542.65 21 667.6 0.43 30 29.70 pls-150-100-29.7-10-30-2.07 
1.00122 961.96 22 937.4 0.25 30 39.80 pls-150-100-39.8-10-30-2.07 
1.00622 308.60 22 166.5 0.30 30 49.60 pls-150-100-49.6-10-30-2.07 
0.99319 903.56 20 034.1 0.50 30 59.70 pls-150-100-59.7-10-30-2.07 
0.99323 127.08 23 286.8 0.30 45 19.70 pls-150-100-19.7-10-45-2.07 
1.00224 409.77 24 344.7 0.15 45 29.70 pls-150-100-29.7-10-45-2.07 
0.96120 306.26 21 122.6 0.35 45 39.70 pls-150-100-39.7-10-45-2.07 
0.98622 331.68 22 645.3 0.15 45 49.70 pls-150-100-49.7-10-45-2.07 
0.99920 583.13 20 602.8 0.25 45 59.70 pls-150-100-59.7-10-45-2.07 
1.01523 320.16 22 962.4 0.30 60 19.70 pls-150-100-19.7-10-60-2.07 
1.00921 523.59 21 330.0 0.35 60 29.70 pls-150-100-29.7-10-60-2.07 
0.97817 996.40 18 388.4 0.55 60 39.70 pls-150-100-39.7-10-60-2.07 
0.99718 347.03 18 403.5 0.40 60 49.70 pls-150-100-49.7-10-60-2.07 
0.99117 683.40 17 834.4 0.30 60 59.70 pls-150-100-59.7-10-60-2.07 
0.99823 126.91 23 166.2 0.25 90 20.00 pls-150-100-20-10-90-2.07 
0.99821 082.67 21 123.1 0.30 90 30.00 pls-150-100-30-10-90-2.07 
0.99319 081.13 19 203.7 0.30 90 40.00 pls-150-100-40-10-90-2.07 
0.98117 496.85 17 825.2 0.25 90 50.00 pls-150-100-50-10-90-2.07 
0.98314 401.54 14 649.1 0.38 90 60.00 pls-150-100-60-10-90-2.07 

Pexp: experimental buckling load; Pnum: numerical analysis buckling load
 

Fig. 5  The first mode shape of the 
specimen pls-150-100-59.7-10-30 
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4.2  Results of experimental analysis for specimens 
with groove-shaped cutouts 

Fig. 7 shows the modes shapes of several dif-
ferent specimens. Furthermore, the experimental 
load-displacement curves of several specimens are 
shown in Fig. 8.  

 
 

5  Comparisons of numerical and experi-
mental results  
 

In this section, the experimental and numerical 
load-displacement curves and buckling modes of 
some specimens are compared. Finally, formulas are 
proposed for the calculation of the buckling load of 
plates with groove-shaped cutouts based on the ex-
perimental results.  

In Fig. 9, the load-displacement curves obtained 
by FEM are shown with the experimental results for 
five specimens. In Fig. 10, the experimental buckling 
modes of two specimens are displayed accompanied 
by the buckling modes obtained by numerical analysis 
using ABAQUS software.  

Furthermore, Table 1 shows the buckling loads of 
experimental and numerical analyses and initial im-
perfection values for specimens with groove-shaped 
cutouts with θ=0°, 30°, 45°, 60°, and 90°, respectively.  

As is evident from all load-displacement curves, 
the slope of the elastic part of load-displacement 
curves is slightly higher for the numerical analysis than 
the experimental analysis; in most cases, the experi-
mental buckling loads are lower than the numerical 
values. In reality, since the material is not perfectly 
homogeneous and there are impurities in the bulk of 
the plate and micro-structural defects, the buckling 
load is usually lower than the value predicted for the 
ideal material. In other words, these defects are not 
taken into account in the numerical analysis.  

In all specimens having groove-shaped cutouts 
with θ=30°, the difference between the experimental 
and numerical results is less than 0.6%. The average 
difference between the experimental and numerical 
results for all specimens is 0.4%. This is a reason for 
the validity of FEM using ABAQUS software.  

Additionally, as can be observed in Fig. 10, the 
experimental and numerical buckling mode shapes 
are quite similar. The results of both methods closely 
fit with each other and therefore, the experimental 
results confirm the validity of FEM.  

Fig. 6  Numerical load-displacement curves of specimens 
include groove-shaped cutouts with different lengths at 
θ=0° (a), θ=30° (b), θ=45° (c), θ=60° (d), and θ=90° (e) 
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pls-150-100.03-40.15-10.1-10-90 

Fig. 7  Mode shapes and buckling behaviors of some 
groove-shaped specimens (thickness 2.07 mm) 
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Fig. 8  Experimental load-displacement curves of speci-
mens include groove-shaped cutouts with different lengths 
at θ=0° (a), θ=30° (b), θ=45°(c), θ=60°(d), and θ=90° (e) 
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6  Discussion 

 
According to the experimental and numerical re-

sults as shown in Table 1, the critical buckling load 
decreases with the increasing area of the cutout. 
Comparing specimens pls-150-100-30.14-10-0-2.07, 
pls-150-100-50-10-0-2.07, and pls-150-100-70.13-10- 
0-2.07, which have almost identical initial imperfec-
tions, it can be seen that with the increasing cutout 
length, i.e., with the increasing cutout area, the buck-
ling load decreases. 

Among the specimens with θ=0°, the specimen 
pls-150-100-19.94-10-0-2.07, despite having a 
smaller initial imperfection than the specimen without 
a cutout, has a buckling load that is approximately 
1 kN lower than that specimen. The specimen pls- 
150-100-90.15-10-0-2.07 has the highest buckling 
load among the specimens with θ=0°, because it has 
the lowest initial imperfection in this group. 

An important observation is that when θ=0°, 
reduction or increase of the groove length has little 
effect on the buckling load, because in these in-
stances, the change of the groove length has no effect 

Fig. 10  Experimental buckling behaviors (left) and 
mode shapes (right) of specimens pls-150-100.1-59.7-10- 
45-2.07 (a) and pls-150-100.2-49.7-10-60-2.07 (b)  

(a) 

(b) 

Fig. 9  Load-displacement curves of five specimens 
(a) pls-150-100.17-50-10.03-10-0-2.07; (b) pls-150-100.2-
59.65-10-30-2.07; (c) pls-150-100.1-59.7-10-45-2.07; (d) 
pls-150-100.2-49.7-10-60-2.07; (e) pls-150-100.1-20.03-
10.04-10-90-2.07  
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on the projection of the groove on the transverse di-
rection of the plate. After examination of the other 
values of θ, it becomes evident that the greater the 
change in the projection of the groove on the trans-
verse direction, the bigger the reduction in the buck-
ling load.  

In specimens with θ=30°, by examining the 
specimens pls-150-100-20-10-30-2.07 and pls-150- 
100-49.6-10-30-2.07 with identical initial imperfec-
tions, we observe that with the increase of the groove 
length, the buckling load decreases in the specimen 
pls-150-100-49.6-10-30-2.07 by 5% compared with 
the specimen pls-150-100-20-10-30-2.07. The spe-
cimen pls-150-100-39.8-10-30-2.07 has the highest 
buckling load among the specimens with θ=30°, be-
cause it has the lowest initial imperfection in this 
group; the specimen pls-150-100-59.65-10-30-2.07 
has the lowest buckling load, because it has the 
longest groove and the highest initial imperfection. In 
specimens with θ=45°, by examining the specimens 
pls-150-100-29.7-10-45-2.07 and pls-150-100-49.7- 
10-45-2.07, we observe that the buckling load in the 
specimen pls-150-100-49.7-10.05-45-2.07 decreased 
by 7% in comparison with the specimen pls-150- 
100-29.7-10-45-2.07. Moreover, the lowest buckling 
load among the specimens with θ=45° is found in the 
specimen pls-150-100-59.7-10-45-2.07 which has the 
longest groove-shaped cutout.  

In specimens with θ=60°, the buckling load de-
creased by 22% from the specimen pls-150-100- 
19.67-10-60-2.07 to pls-150-100-59.65-10-60-2.07, 
i.e., from the specimen with the lowest groove length 
to the specimen with the highest groove length. In 
specimens with θ=90°, the effect of changing the 
groove length is more pronounced than the specimens 
with lower values of θ, because the groove is com-
pletely parallel to the transverse direction of the plate 
in this group,, and therefore, the projection of the 
groove on the transverse line has the highest value (in 
fact, in this instance, the length of the projection is 
equal to the length of groove). As can be seen, the 
buckling load in the specimen pls-150-100-20.03- 
10-90-2.07 is 23% higher than that of the specimen 
pls-150-100-50-10-90-2.07, even though both of 
them have identical initial imperfections. Also the 
specimen pls-150-100-40.15-10-90-2.07 shows a 
10% reduction in the buckling load in relation to the 
specimen pls-150-100-30.1-10-90-2.07. 

The yield load for the steel used in this analysis 
can be easily computed by multiplying the yield stress 
obtained from the standard tensile test by the cross 
section area of the plate. This load is 72 kN. Since the 
buckling load is much lower than this value in all 
specimens, it is evident that in all specimens, buckling 
has occurred in the elastic state. 

6.1  Effect of groove angle on buckling load  

In this section, we study the effect of the groove 
angle in specimens with the groove of an equal length. 
In Fig. 11, the critical load is shown against the 
groove angle θ for specimens with groove lengths of 
20, 30, and 50 mm, respectively. Comparing the re-
sults of the buckling load in specimens with the same 
groove length and identical initial imperfections, we 
see that with the increase of the angle from 0° to 90°, 
the buckling load decreases.  

Based on these findings, it is observed that in 
specimens with identical values of the groove angle θ, 
the buckling load decreases with increasing the length 
of the groove, and this effect is most prominent when 
θ=90°. By increasing θ from 0° to 90°, while the 
groove length is kept constant, the buckling load 
decreases, and the effect of the change in the groove 
angle is more pronounced in specimens with longer 
grooves. For example, the difference in the buckling 
loads between the specimens with the groove angle θ 
of 0° and 90° is 5% when the groove length is 30 mm, 
but 19% when groove length is 50 mm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
Fig. 11  Critical buckling load vs. groove angle for spe-
cimens with groove lengths of 20, 30, and 50 mm 
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6.2  Discussion and analysis of the experimental 
results 

The experimental results in Table 1 clearly show 
that the buckling load decreases when the cutout area 
increases. Comparing specimens pls-150-100.22- 
30.14-10.04-10-0-2.07, pls-150-100.17-50-10.03-10- 
0-2.07, and pls-150-100.16-70.13-10.02-10-0-2.09, 
which have identical initial imperfections, it can be 
seen that with an increase in the groove length, i.e., 
with an increase in the cutout area, the buckling load 
decreases. The highest buckling load in the group 
with a groove angle θ=0° is seen with the specimen 
pls-150-100.12-90.15-10-10-0-2.07 that has the 
lowest initial imperfection. 

In specimens with θ=30°, by comparing speci-
mens pls-150-100.2-20-10-10-30-2.07 and pls-150- 
99.92-49.6-10-30-2.07, which have identical initial 
imperfections, we find that with increasing the length 
of the groove, the buckling load in the specimen 
pls-150-99.92-49.6-10-30-2.07 is 5% lower than that 
in the specimen pls-150-100.2-20-10-10-30-2.07. 
Amongst specimens with θ=30°, pls-150-100.15- 
39.8-10.02-10-30-2.07, with the smallest initial im-
perfection, has the highest buckling load, and 
pls-150-100.2-59.65-10-30-2.07, with the highest 
amount of initial imperfection and longest groove, has 
the lowest buckling load. In specimens with θ=45°, 
when comparing specimens pls-150-100.1-29.7-10- 
45-2.07 and pls-150-100.18-49.7-10.05-45-2.07, the 
buckling load in the specimen pls-150-100.18-49.7- 
10.05-45-2.07 is 9% lower than that in pls-150-100.1- 
29.7-10-45-2.07. In specimens with θ=60°, the 
buckling load decreases by 24% from the specimens 
pls-150-100.1-19.67-10-60-2.07 to pls-150-100.08- 
59.65-10-60-2.07, i.e., from the shortest to the longest 
grooves. In specimens with θ=90°, the effect of 
changing the groove length on the buckling load is 
bigger than the specimens with smaller values of the 
angle θ, because in this instance, the groove is com-
pletely parallel to the transverse direction of the plate, 
and consequently, the projection of the groove on the 
transverse direction of the plate is longer than in other 
angles. It can be observed that the buckling load for 
the specimen pls-150-100.1-20.03-10.04-10-90-2.07 is 
24% higher than the specimen pls-150-100.2-50-10.3- 
10-90-2.07, while both of them have equal initial im-
perfections. Also, the buckling load for the specimen 
pls-150-100.03-40.15-10.1-10-90-2.07 is 9% lower 

than that in the specimen pls-150-100.07-30.1-10.06- 
10-90-2.07. 

An important observation is that when θ=0°, 
reduction or increase of the groove length has little 
effect on the buckling load, because in these instances, 
the change of the groove length has no effect on the 
projection of the groove on the transverse direction of 
the plate. After examination of the other values of θ, it 
becomes evident that the greater the change in the 
projection of the groove on the transverse direction, 
the bigger the reduction in the buckling loads. An 
examination of the results reveals that with the in-
creasing of the groove length, the buckling load in-
creases in specimens with identical values of θ, and 
this effect is most pronounced for the specimens with 
θ=90°. When the groove length is constant, the 
buckling load decreases when the angle θ increases 
from 0° to 90°, and this effect is more prominent for 
specimens with longer grooves. 

6.3  Experimental formulas for calculating the 
buckling loads in plates with groove-shaped cutouts 

In this section, we present two equations for 
calculation of the critical buckling load in plates with 
groove-shaped cutouts under axial compression load 
using Lagrange polynomials and the obtained expe-
rimental results. 

For grooves angles θ between 30° and 90°, the 
critical bucking load can be obtained by 

 
Pcr=1.261 466 255C4+2 685 423.799 

−0.658 774 283 0×10−5C4θ3 

+0.001 242 519 265C4θ2−0.072 588 922 05C4θ 
+0.001 077 229 964C3θ3+11.894 122 89C3θ 
−0.063 366 503 17C2θ3−304 370.2980C 
−0.203 354 876 8C3θ2+11.964 008 88C2θ2 

−700.037 820 2C2θ+1.580 630 449Cθ3 

−298.165 682 2Cθ2+17 429.528 88Cθ 
+12 215.581 87C2−152 414.4978θ 
+2611.066 205θ2−207.191 445 7C3 

−13.859 292 53θ3.                                               (4) 

 
For groove angle θ=0°, the critical bucking load 

can be obtained by 

 
Pcr=0.000 090 597 631 00C4+0.021 858 235 23C3 

−5.235 863 804C2+278.814 696 2C 
+17 933.450 10.                                                   (5) 
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Eqs. (4) and (5) are valid for rectangular plates 
with a aspect ratio of 1.5, width of 100 mm, and 
thickness of 2 mm, of which the center coincides with 
the center of the cutout, the width of the groove is 10 
mm, and the initial imperfection is approximately 
15%–20% of the plate thickness. Eq. (4) predicts the 
buckling load for a plate with a groove-shaped cutout 
where the groove length C is from 20 to 60 mm, and 
the angle θ is from 30° to 90°. For specimens with 
θ=0° and variable groove length, Eq. (5) can be used, 
which is valid for calculation of the buckling load in 
specimens with a groove length of 20 to 90 mm. It is 
notable that these formulas are only applicable to 
plates made of a steel type comparable to the material 
used for this study. 
 
 
7  Conclusions 
 

We investigated the buckling of rectangular 
plates with a thickness ratio of b/t=50, under the 
clamped boundary conditions for the loaded edges 
and free boundary conditions for the unloaded edges 
(CFCF) using FEM and experimental tests. The ef-
fects of changing the location and area of the cutout 
were studied. The experimental results showed very 
small discrepancies with the numerical results, and 
therefore, confirmed the validity of the method used 
for analysis of rectangular plates with groove-shaped 
cutouts. The conclusions of this study are as follows: 

1. Comparison of the curves obtained by the 
numerical and experimental analyses shows that these 
two sets of curves are closely fit with each other. 

2. The difference between the buckling load 
obtained by experimental analysis and that calculated 
by the numerical method is less than 2% in most 
specimens. 

3. The buckling and post-buckling behavior ob-
tained by the FEM and the experimental tests are 
quite similar. 

4. The buckling load in all specimens is much 
lower than the yield load, and elastic buckling occurs 
in all specimens. 

5. The amount of initial imperfection has no ef-
fect on the post-buckling of the rectangular plates, but 
has a high effect on the buckling of the plates. 

6. With an increase in the length of the groove, 
the buckling load increases in specimens with iden-

tical θ, and this effect of decreasing the buckling load 
is most distinct when θ=90°. 

7. In specimens with equal groove lengths, an 
increase in the value of the groove angle θ decreases 
the buckling load, and this effect is more obvious in 
the plates with longer grooves. 

8. In plates with a groove angle θ=0°, changing 
the length of the groove has no effect on the buckling 
load, because no change happens in the projection of 
the groove on the transverse direction of the plate. 
Examination of the other values of θ reveals that the 
buckling load decreases with an increase in the length 
of the groove projection on the transverse (horizontal) 
direction of the plate.  
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