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ON SOLUTIONS AND STABILITY OF A GENERALIZED
QUADRATIC EQUATION ON NON-ARCHIMEDEAN
NORMED SPACES

MOHAMMAD JANFADA* AND RAHELE SHOURVARZI

ABSTRACT. In this paper we study general solutions and generalized Hyers-
Ulam-Rassias stability of the following function equation
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for k > 2, on non-Archimedean Banach spaces. It will be proved that this
equation is equivalent to the so-called quadratic functional equation.
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1. introduction

A classical question in the theory of functional equations is the following:
”When is it true that a function which approximately satisfies a functional equa-
tion € must be close to an exact solution of €?”

If the problem accepts a solution, we say that equation e is stable. The first
stability problem concerning group homomorphisms was raised by Ulam [37] in
1940.

We are given a group G and a metric group G’ with metric d(.,.). Given e > 0,
dose there exist a 6 > 0 such that if f: G — G’ satisfies d(f(xy), f(z)f(y)) < ¢
for all 2,y € G, then a homomorphism h : G — G’ exists with d(f(z), h(z)) < €,
for all x € G7
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Ulam’s problem was partially solved by Hyers [15] in 1941; Let Ey be a normed
space, Fo a Banach space and suppose that the mapping f : Fy — FEs satisfies
the inequality

If(z+y) = f(z) = fW)l <€ z,y € B,
where € > 0 is a constant. Then the limit 7'(z) = lim, o, 27" f(2"x) exists, for
each x € E7, and T is the unique additive mapping satisfying

1f(@) = T(2)l| <e, (1)
for all z € F;.

In 1987, Th.M. Rassias [31], formulated and proved the following theorem,
which implies Hyers’theorem as a special case; Suppose that E and F' are real
normed spaces with F' a complete normed space, f : E — F' is a mapping such
that for each fixed x € E the mapping ¢ — f(tx) is continuous on R, and let
there exist € > 0 and p € [0, 1) such that

1f(z+y) = f(@) = F)ll < elll=]]” + [[ylIP), (2)
for all z,y € E. Then there exists a unique linear mapping 7" : £ — F such that
I#() - Ty < D

— (1 —2p-1)’

for all z € E. The terminology Hyers-Ulam stability originates from these
historical backgrounds. The terminology can also be applied to the case of
other functional equations. For more detailed definitions of such terminologies,
we can refer to [12], [14], [16] and [26]. In 1994, P. Gavruta, [13], provided a
further generalization of Th.M. Rassias’s theorem in which he replaced the bound
e(||lz]|P + |ly|I”) in (2) by a general control function ¢(z,y) for the existence of a
unique linear mapping .

The functional equation f(x 4+ y) + f(z —y) = 2f(z) + 2f(y) is called the
quadratic functional equation. In particular every solution of the quadratic
functional equation is said to be a quadratic mapping, see [30, 32]. It is well
know that a function f between real vector spaces X and Y is quadratic if and
only if there exists a unique symmetric bi-additive function B from X x X to Y
such that f(z) = B(z,z) for all z € X.(see [2, 16, 27]).

A generalized Hyers-Ulam stability problem for the quadratic functional equa-
tion was proved by Skof [36] for mappings f : X — Y where X is a normed space
and Y is a Banach space. Cholewa [4] noticed that the theorem of Skof is still
true if the relevant domain X is replaced by an Abelian group. In [5], Czerwik
proved the generalized Hyers-Ulam stability of the quadratic functional equa-
tion. Borelli and Forti [3] generalized the stability result as follows: Let G be
an Abelian group, and X a Banach space. Assume that a mapping f: G — X
satisfies the functional inequality

If(@+y)+ flz—y) —2f(z) = 2f W)l < o(z,y),
for all z,y € G, and ¢ : G x G — [0,00) is a function such that ¢(x,y) :=

Zioio % < o0, for all z,y € G. Then there exists a unique quadratic
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mapping @ : G — X with the property ||f(z) — Q(x)|| < ¢(z,x), for all z € G.
Stability of the quadratic and cubic functional also studied by many other au-
thors in various cases (see for example [6], [17]-[25], and [33]).

Let X and Y be some given vector non-Archimedean spaces, and let f: X —
Y be a given function. For any k > 2, define

Df(z,x1,...,xx) = f(z— Zx) +(k=1)f(z)+ (k—1) Zf(xi) — flz —z1)

where x,x; € X, 1 =0, ..., k. One can see that the quadratic function f : R — R
defined by f(z) = 22 satisfies not only the following functional equation

fla+y)+ flx—y)=2f(x) +2f(y) 3)
but also
Df(x,x1,....,z) =0 (4)

for all x; € R. So it is natural that these functional equations are called qua-
dratic.

Solutions and Hyers-Ulam-Rassias stability of the functional equation (4) has
been studied in [23], for k = 2. Indeed it is prove that, for k = 2, (4) and (3) are
equivalent. In Section 2, we shall prove this fact for any £ > 2. Also in Section
3, by following some ideas from [28, 29], we establish the stability of (4) in the
setting of non-Archimedean normed spaces. Stability of functional equations in
non-Archimedean normed spaces was studied by many authors (see for example
[1], [6]-[11], [20], [29] and [34, 35]).

For our purpose in Section3, we need some preliminaries on non-Archimedean
normed spaces which is presented here.

By a non-Archimedean field we mean a field K equipped with a function
(valuation) | - | from K into [0,00) such that |r| = 0 if and only if » = 0,
|rs| = |r||s|, and |r + s| < max{|r|,|s|} for all r,s € K. Clearly |1|] =|—1] =1
and |n| < 1 for all n € N. By the trivial valuation we mean the mapping | - |
taking everything but 0 into 1 and |0| = 0. Let X be a vector space over a field K
with a non-Archimedean non-trivial valuation | -|. A function ||-|| : X — [0, c0)
is called a non-Archimedean norm if it satisfies the following conditions:

(i) |z|l = 0 if and only if 2 = 0;

(ii) for any r € K,z € X, |lrz| = |r|||=];

(iii) the strong triangle inequality (ultrametric); namely,

[z +yll < max{llz[, [y]l} (z,y € X).
Then (X, | - ||) is called a non-Archimedean normed space. Due to the fact that

len = 2]l < max{llespn — 2y im<j<n-1}  (n>m),
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a sequence {z,} is Cauchy if and only if {x,,11 —z,} converges to zero in a non-
Archimedean normed space. By a complete non-Archimedean normed space we
mean one in which every Cauchy sequence is convergent.

2. Solution of equation (4)

Throughout this section, X and Y are non-Archimedean vector space and
non-Archimedean Banach space, respectively. The following theorem prove that
the functional equation (4) is equivalent to the equation (3). That is every
solution of the equation (4) is a quadratic function.

Theorem 1. Let X and Y be common domain and range of the f’s in the
equations (3) and (4). Then the equation (4) is equivalent to (3).

Proof. Suppose that the equation (4) hold for every k > 2. Then for k = 2 and
x,r1,x2 € X, we have

fl@—z1—22) + f(2) + f21) + f22) = f(@ — 21) + f(22 + 23) + f(22 — ).

Then by Theorem 2.1 in [23], f satisfy in (3). Now, suppose a function f: X —
Y satisfies (3). Then trivially f is even. Now, using mathematical induction, we
are going to show that

Df(xaxlv"'vxk):() (5)
for any k > 2 and x,x1, x3, ..., T, € X. For k = 2, see the proof of Theorem 2.1

[23]. Suppose (5) is holds for k — 1, we prove that (5) is valid for any k. Let
x,%1,%2,...,L, € X be given. For convenience let us consider

k-1
Ari=(k=3)f(x) + (k= 3)f(x1) + (k—4) Y _ f(w:) + f(z1 + 2),
i=2
Ay = fz— Zf:1 ;) 4 flr— Zi:f T+ xk)’
2 2
k-1
Az = [z + x),
=2
Ay = s f(xo; — x2;41)  when k is even
i=1

As =Y f(xz —2i11)  when k is odd

i=1

By the assumption of induction and the fact that f is even, we have

k k
f($—$1)+Zf(fCi—fU)+Z Z ‘f(ffi+xj)
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k—1 —1

:f(x—Z:ci)+(kf2) fai) + (k=2)f(x)

i=1 i=1
+f(xr — ) + fr1 +2r) + A3

N

k-1 k-1
:A3+f($*zﬂ%)+(k*2)2f($i)+(k*2)f($)+f($*$k*xl)

=1

+f(z) + f(z) + f(z1) — f(21 —2)

k—1

k—1
:A3+f(I*Z$i)+(k*2)Zf(xi)Jr(k* Df(x) + (k—1)f(x1)
+f(xp) + flo —xp — 1) — f(21 — @)

f(x - Zf=1 xz) f(x — Zf;ll z; + mk)

2 + 2

k—1
(k= 4> fl@) + 2f(2) + 2f (21) + 2f (x2) + .. + 2f (1) + 2f (k)
=2

= A + + (k=3)(f(z) + f(21))

+f(x — o) — 1) — f(x1 — )
= A1+ Ap + Az + f(w1 — 2) + f(w2 + 23) + f72 — 73)
+2f(xa) + oo+ 2f (xp-1) + 2f (2k) + f(x — 21 — 1) — 21 — 2)

rT—Tp —T1 — Ty — T r—Tp —21+x2+
Ay gt Ay LT SR )y Jlo = o S )

+f (@2 = 3) + 2f(24) + ... + 2f (wr—1) + 2f ()
flx —ap — 21 — 29 — 73)
2

=A + A+ As+ f(r — 21 — 29 — 23 — ) —

+f(x—xk*I21 +x3 + x3) + flxg —x3) + f(xg + 25) + f(a4 — x5)

2f(x6) + 2f (x7)... + 2f (xp—2) + 2f(wp—1) + 2f ()
flx — 21 — @0 — 23 — T — T4 — 5)

=A;+ Ay + As +

2
flx — 21 — 20 — 23 — ) + T4 + x5) _f(x—wk—fﬁ—ffz—xs)
2 2
rT—Tp—T1+2x2+x
—I—f( b 21 2 3) + flxg —x3) + f(xg — 5) + fas + x7)

+f(xe — x7) + 2f (w8) + 2f (29)... +2f (xp—2) +2f (xp—1) + 2f (x1)
=A1+ A+ As+ flo—21 — 22 — 23 — T4 — T5 — Tp,)
fle -1 — 22 — w3 — x5 — 14 — T5) +f(x—w1—xz—x3—xk+x4+x5)

2 2
_f(fU*Ik*I;*Iz*Is)+f(l’*l’k*3;1+xz+l“3) + f(ws — )

+f(w4 —x5) + f(we +27) + f(x6 — 77) + 2f(78) + 2f(w9) + ... +2f(74—2)
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+2f(zk-1) + 2f(wk)

flo =0 i — ) +f(w—2?:1xi+$6+x7—xk)
2 2

f(xfz?:1xi*xk) f($*2?:1$¢+z4+z5*zk)
- +
2 2
f(x—Z?:1xi_$k) flo —x1 + 22 + 23 — 1)
B 2 + 2

+f(r2 — x3) + f(xa — x5) + (26 — T7) + f(28 + T9) + f(28 — T9)
+2f(z10) + - + 2f (wh—2) + 2f(zp—1) + 2f (zp) = L. (6)

— A+ Ay + Ag +

Now if k is even then continuing this process, we have

T BRI _
I:A1+A2+A3+f($ Dio1 Ti xk)+f(x Do T+ xe + T7 — Th)

2 2
fle =0 wi—ar) | fl@— 30 i+ o+ 25 — 1)
- -
2 2
f($_2f:1xi_xk) fle — 21 4+ 22 + 23 — xk)
- 2 + 2

+f(z2 —x3) + f(xa — x5) + fwe — z7) + f(ws + 29) + f(ws — 9) + ...
+f(17k—2 + xk—l) + f(xk—Q - xk—l) + 2f(l’k)
fla =3 e — )

=A1+ A+ Az + D)
_’_f(iE — S @i 4 wh—a + Tho1 — w) _ fl@- S @ — k)
2 2
+f(ir —i mit meat s —an)  f@— 30 @ —w)
2 2
- fla=30 mitawataos—m)  fl@—20 @i— )
5 5
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+f(1? — S m— ) n fla =Y i+ an o+ ak 1 — k)
2 2
_f(it - Zi:{o) T — Tk) n [z — Zf;f Ti + Th—a + Th—3 — Th)
2 2
S-S eiw) @ Y e et s — )
5 5
3 PR —_ —
7f(55 21;1 T — Tk) I [z $1+$22+$3 k) +2f(z1)
k k—3

:A1+A3+A4+f(:£*z:ri)+f(fbfzxi)+f(96k*l’k—2*$k—1)

i=1 =1
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flz— Ef;f T — T) 4 flx — Zf;f ZTi + Th—a + Th—3 — Tk)

2 2
flaz = Y0 @ — ) fl@ =30 @+ 24 + a5 — a)
- + ...+
2 2
_f(x Zzzl X :L'k) + f(.’L' 1 +:l;2+:l?3 :Ek) +2f(l‘k)

k N ].3_3 L
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i=1

flx— Zf;f Ti — Th—d — Th—3 + Th)

+ 2 — f(ox) + f(zk — Th—2 — Tr—1)
flz— Zf;f i —wx)  flw— Zf;f Ti + Th—a + Thg — Ti)
- +
2 2
flz =S50 @ — my) fla =30 o + 24 + 25 — a1
- + ...+
2 2
7f(w_2?:1xi_xk)+f($*$1+$2+$3*$k)+2f($k)
2 2
k k—5

:A1+A3+A4+f(x—2xi)+f(x—z;ri)+f(xk—xk,4—xk,3)

—flar) + flor — Th—2 — Tp—1) — UG 22121 Ti = ) +

S-S mtmt o —n) - S 5w
2 2
flx —z1 + x2 + 3 — 1)

2

+

+2f(xx)

=00 @+ w)
2

k

:A1+A3+A4+f(w—2x¢)+
i=1

flz =S50 @ — mp)

* 2

— flzk) + f(zr — Tp—a — Tr—3)
fla =3 e — )

—fzk) + f(zr — 2p—2 — Th—1) —

2
fa@=Yl mitawatms—a)  fl@—3, @ —a)
ot 5 _ =
+f(x_xl+x22+x3_xk)+2f(:rk):...:A1+A3+A4
k -3 _
+f($E—Zwi)+f(‘r 2131%4—“)_(/@*24)“”)
i=1

+f(xk — x4 —xs) + flxr —x6 — 27) + oo + [Tk — Th—2 — Ti—1)

flx — 1+ @2+ 23 — 28) +2f (@)

* 2

(k—4)
2

k
=Ai+As+As+ fl@ =) m)+ flw—a1) — f(xk)

i=1
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+ Z flar — z2i — x2i41) + 2f (zx)
=A1+A3+A4+f($*zxi)+f($*$1)* (k;4)f(xk)
+ Z [f(mk — z2i) + f(zr — z2i41) + f(z2i + 2i41)

—f(zx) — fz2:) — f(z2i11)] + 2f (2k)

k (k _ 4) k—1
:A1+A3+f(ac—zx¢)— 3 f(wk)+f($_w1)+2f(l‘k_mi)
_ ; 2) fzr) — i J(z:) + Z f(w2 — aiy1) + Z f(wai — xaiy1) + 2f (xr)
= f(z — sz) + flx — 1) + Z [f(xzz + x2i4+1) + f(x2: — 3321'4-1)]

k—1
=D F@i) = (k= 3)f (@) + (k= 3)f (@) + (k = 3)f(21)
k—1 k—1
+(k—4) Zf(l‘i) + f(on @)+ 2f (2n) + [f (@i + 2x) + flze — x4)]
= fe =3 w0 +20(@) 4 2f() + 23 (T ee) + )
4237 [Fleai) + floas)] = 3 F(@0) — (k= 3)f @) + (k= 97 (@)

e
-

+(k=3)f(z1) + (k—4) p_ f(w:) +2f (x)

3

k k-1
= fla = @) + (k= Df@) + (k=1 Y f(@).

Il
©

If k£ is odd continuing the process in (6), we have

I:A1+A2+A3+f(w—ZZ:M’i—wk)+f(w—Zf:1xi+me+m7—mk)

2 2
TR > AT NI CR > BE RTINS
2 2
3 PRpp— J— p—
_f(= ZZ? T — Ti) + flz— 1+ 5622 + 3 — Tp) + flan — 1)

+f(za —xs5) + f(xe — x7) + f(x8 + 29) + f(x8 — T9) + ... + f(Th—3 + Tk—2)
+f(zp—s —xp—2) + 2f(xp—1) + 2f(zk) =... = A1 + A2+ A3 + A5
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SN m—w) | fle = S w ot wes + mea — )
2 2
S-S i) | f@ = D v + ok — )
2 2
ST wi—aw) | fl@ - S wker +ars — )
D) 2
f(x—Zf;Smi — k) f(x_Z?:l Ti + T4 + x5 — 1))
_ + ...+
9 2
3 o _ —
_f($ Zz;l Ti — Tk) + [z I1+I22+I3 zx) +2f(xr—1) + 2f(xk)
=A1+ A+ A3+ As + f(I_Z?:ﬁ”i) + f(x_Zi‘:fmi"_xk*l — k)
9 2 2
S-S an) | = S+ aes + an2 — an)
2 2
S-S w ) | @ = S @ wns B — )
D) 2
S-S wi o) | fl@ - S wker +ars — )
2 2
Flo— S P a — ) flo =30, @i+ wa+ 35 — 2k)
_ + ...+
9 2
3 o _ —
R mm) | JEont e b n) g ) 4opm)
- e PN
:A1+A3+A5+f(m %i:1zz)+f($ 21 x; )
f(fole x;) f(x*Zf:_f Ti+ Th-1 — Tk)
+ B + 2
S-S wi o) | fl@ - S i ais faes — )
2 2
f@ -t m — o) flo =30, @i+ wa+ 25 — 2k)
_ + ...+
9 2
3 o _ —
_f(:c Zz? Ti — Tk) + flz - +5522+x3 k) + fzr—1) +2f(zx)
k k—2

:Al+A3+A5+f(m*2$i)+f(m*2xi)+f($k—171'1@)

=1 i=1

fla =il —an) | fle— 305 @i+ @rs + o — )
— +
2 2
f(g;—Zf:_fxl — k) f(m_Z?:l Ti + T4+ 5 — T8
_ + ...+
2 2
3 _ -
oS mmn) | fEom e 00 | ) o)
k

fla =302 @i+ )
2

=A1+As+ A5+ flz— > _xi)+

i=1
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flz =02 m — mp) o= 007 @i — k)

+ 2 7f(zvk)+f(l'k—1 *mk) - 2
Sl =Y et anss aea — o) fla = S0 e - w)
+ — + ...
2 2
=S wbwa s — ) o= S - o)
2 2

flz— o1 + x2 + 25 — 2)
+ 2

+ f(xe—1) + 2f (xk)
k

k—4 _
:A1+A3+A5+f(l‘_zl’i)+f($ 2zl B Ters ~ Ten ¥ )

2
i=1
k—a
—f(zk) + flxp—1 — k) + UG WL +§k73 oz = On)
7f(l‘_2f:;14mi_mk) N f(w_Z?:lmi;w4+w5_wk)
3
7f(:c — 2131 XTi — Tk) + flx—x1 +=’1022 + z3 — xp) + f(mr_1) + 2f (zx)

k—4

k
=Ai+ A+ As+ fle— Y @)+ fle—> @)+ flans+zh2 — zx) — f(2)

i=1 =1

@ — )~ TE Zf:;{‘xi —m) L fe-¥ w2+x + @5 — k)
3
_f(x_Zzzlxi_“) + f(x—x1—|—.1822-|-133—13k) + f(wr—1) + 2f(zx)
k k—4 . Nk
b Ast st oS )+ f(x—zi:; T; — Tp) n f(= Zi:zl x; + )

i=1

k=4
—f(zr) + f(xr—3 + 22 — 28) — f(2r) + f(2R-1 — 28) — f@ = Dy w2 o0)

2
N +f(:c—2f:1:£i+w4+$€5—xk)_f(m_Z?:lmi_mk)
ves 2 2
+f(1‘—$1+$22+$3—95k)+f(xk_1)+2f(mk):”,:A1+A3+A5
k 3
fa— 3 w-m) k3

o= w0 + : S )

2
+Zf($21'+:62i+1—mk)“‘f(mkfl_“)_kf(milera;ergixk)
=2

+f(zr—1) +2f(2x)
k
= A1+ A3+ As + f(x = Y _@i) + flz — 1) + f(w2 + 23 — 21)

B2 pn) + 3 Flaa + i — w) + Fwno — @) + Flano) +2f ()
=2



On solutions and stability of a generalized quadratic equation 839

k
:A1+A3+A5+f(m—2xi)+f(m—x1)—

=1

k—
5 (k)

+ i flzr — z2i — x2iq1) + flap—1 — xk) + f(zr—1) + 2f (zx)

=1

k
=Ai+ A+ As+ fla— Y @)+ flw—z1) —

=1

23 pan)

+ Z [f(zk — 22:) + f(2e — 2i41) + fx2i + T2ip1) — [(2k)
(:CQZ

D) = f(@2i1)] + fl@r—1 — ) + f(ze-1) + 2f (zx)

:f(mfzxi)+f($fx1)* k;Sf(:ck)+Zf(xk — ;)

+Zf(xzi+mzi+1)— k) = O flxi) + (k= 3)f(x) + (k — 3)f(x1)
i=1 - - =

+(/€—4)_ f(mi)+f($1+$)+Zf(xi+1’k)+f(33k—1+33k)

+ Z f(z2i — z2i41) + f(xe—1 — zk) + f(@r—1) + 2f (zk)

i=1

k—2

a;—z:vz—i—fm—m) +Z k_xz+f(xk+mz)]
i=1 =2

k—3

+ Z [f(z2i + z2i41) + f(@2i — @2i41)] — 2 (i) + (k= 3)f(=)

=1

ko

(k=) f (o) + (k—4) S flan) + flan +2) + Floeo +2n) + Flan — x)

=2

+f(zr-1) +2f(zx) x—zmz xk)+2z (zx) + f(2i)]

ko
| .
N
>
[uny

= @)+ (k=3)f(@) + (k= 3)f(x1) + (k= 4) Y f(a:)

i=1 7
k k—

Ff (i) + 2f (@) = fl@ =Y @)+ (k= D) f(x) + (k- 1) Z

=1 i=1

I
N

Thus (3) and (4) are equivalent. O
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3. Hyers-Ulam-Rassias stability of the equation (4)

In this section, we assume that X and Y are a vector space and a complete
non-Archimedean normed space, respectively.

Theorem 2. Let k > 2 and let p : X x X X ... x X — [0,00) be a mapping
—_—

k+1—times
such that with ¥ (z,y) = ¢(x,y,—y,0, ..., 0),
2Mx, 2™
i 2202 2%)
~ 2i 2i
Y(z,y) ;== lim max{ W, 0<i<n}<oo (7)
n—oo
2ig, 20
lim lim max{ w, E<i<n+k}=0
k— o0 n—oo ‘4|’L
or
: n+1 x Y _
A T G garr) = 0
1+1 Yy .
U(x,y) = hm max{ [4] w(21+1’21+1) 0<i<n}<o (8)
i+1 < _
kl;r{:onlinéomax{ 4] ¢(22+1> 2Z+1) kE<i<n+k}=0.
Suppose that the function f: X —Y satisfy
HDf(.T,SUl,xQ,...,in)” Sw(xvxl,“'a$k) (9)

forallz,z; € X,i=0,....,k. Then there exists exactly one function @ : X —Y
that satisfies the equation (4) and with conditions , for any x € X,

1 - : 1 - ~

||f(£l?) - Q(I)” < m ma‘X{M ’l/)(0,0), Lk — 1|¢($a0)7 mw(2xvo)a¢(:€ax)}a
(10)
where M = max{1, Ik_ﬂ |k(l|c4‘1)| = 1I} M’ = max{M, ‘k(k 1 ‘} and the func-

tion Q is given by

, e :
Qx) = l%mn_m o Z.f @ satz.sﬁes (2)
lim, o 4" f(5%), if ¢ satisfies (8).
Proof. Suppose that ¢ satisfies (8). Let x,y be elements of X. From (9) we have
k(k—1)
[ulaet

k- D)~ - D52 + Do) <00 02)

These relations imply that

FOI < ¢(0,...,0) (11)

. 0)  (x,0,...,0)
150) = f=a)] < max(E) 4 2000y, (13)
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Then by equation (13) we have

0,...,0)  o(x+z1,0,...,0)

19t e0) = fe )| < max{ 2 ST

(14)

Also by (9) we get
1f(z = a1 —22) + f(@) + f21) + fa2) + (k= 2)f(2) — (k- 2)f(~2)

= a0) — fle - )~ fas+ )+ 2ED p0) — o))
< p(z,x1,29,0,...,0). (15)
From (11),(13) and (15), we get

[f(z =21 —22) + f2) + flz1) + fz2) — flz —21) — f(22 — 2)

—f(x1 + 22) — f(0)|| < max{p(z, z1,22,0,...,0),(0,...,0),

k- k-

2 0, 0 [ (0,0, O (16)
By putting xo =

12f(2) + f(21) + f(=21) = flw —21) = f(=21 = 2)

—z7 in (16) and applying (11) we get

-2
< max{¢(x, 1, —21,0,...,0), (0, ...,0), :Z — 1: (0, ...,0),
|k — 2| |4]
(z,0,...,0), »(0,...,0)}. (17)
|k —1] k(k —1)|

From (13) and (17) we have,

12f(z) +2f(x1) — f(x — 1) — f(—21 — 2)|| < max{p(x, 21, —21,0,...,0),

|k — 2] |k — 2]
(0, ...,0), T (0, ...,0), ST o(z,0,...,0),

|4| w(m1’07 ""0) SO(O’ ""O)
—— (0,...,0), , .
[ = | R e T
From (14) and (18) we get
12f () +2f(21) — f(z + 21) — f(z — 21)|| < max{p(x,z1, —21,0,...,0),
|k72| (,0(351,0,...,0) §0(1'+.’£1,0,...,0)
] o(z,0,...,0), ST 1| o (19)

With ¢ (z,y) := W, from (19), we have

12f () +2f (21) = fz + 21) = fz —21)||

|k_2| w(%,o) ,(/J(m—"_xlvo)
< M (2
< max{y(z, x1), M (0,0), ] ¥(z,0), T T— }.(20)
Now by letting x; = = in (20) and from (11) we get

1 (22) = 4f (2)|| < max{y(z,z), M 4(0,0),

(18)

M@(Oa ) O)a
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b o), w0, P

T V@0 e 0, v (0,00 (21)
Thus
|7(@) = A£G < max{(5, 5), M $(0,0), 7 ¥(5,0) ﬁwmon. (22)

Replacing x by 5% in (22) and multiplying it by [4|" in (22), we have

4752 - 4”“f(2n+1)||<max{\4l”w(2n+1,2n+l) 41" (0,0,
|4|™ x [4|™ T Ly T T
0 Lo = ne
w1 Yo O ot O = g i el V(T et )

g 4" x 4t

From condition (8), we conclude that the sequence {4" f(5%)}nen is a Cauchy
sequence in Y and so converges in Y for all x € X, since Y is complete. So we
can define the mapping @ : X — Y by Q(z) = lim,, .o 4" f(5%).
Similarly for any m,n € N, m < n, we get
1
max {4/ (5

47 () =4l < o

AT gy A 2 .
7|k_1| ¢(21+170)7 ‘k_1‘¢(21+170), mil<n}

X
21+1 ’ 2i+1 )

4] M (0, 0)

Letting m = 0 and passing the limit n — oo in this equation, we get

V(. 0),

1f(z) = Q)] < |i| max{M'{(0, 0), 7% b (22,0),9(x,7)}.

1
— 1] |k — 1]
This prove (10) with condition (8).
Now using definition of @ and condition (8) and putting z; = y in (20), one
can easily show that

Qr +y) + Q(r —y) = 2Q(z) + 2Q(y), =,y € X.
On the other hand it follows from Theorem (1) that for any k > 2,

k k k
Qe =Y z) + (k=1)Q) + (k=1))_Qz:)) = Qz —z1) + )_ Qi — )
i=1 i=1 =2
k k
>0 Qi +ay),
i=1j=1, j>i
To prove the uniqueness of @, let T': X — Y be another quadratic mapping
satisfying (10). From the condition (8) we get

T

lim 455 ST

) klirn li_>m max{ |47 a( —), k<i<n+k}=0
—00 N—00

2k ok
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Since @ and T are quadratic mappings, (20) implies that
L ki T T
nmm—T@m—ggMWﬂ?ﬂ—ﬂﬁm

| k

4 1 -~ =z 1 ~ 2z ~ x x

for all z € X. So Q@ = T. Now suppose ¢ satisfies the condition (2), then one
can easily see that ¥(0,0) = 0. From (21),

28— f@) < max{ o), S0.0),
1 1
mlﬂx,o), mlﬂ@x,@), mwm’o)}. (23)

Replacing by 2"z in (23) and multiplying it by ﬁ, we have

) g ey, M

1 1 1
e (272,0), — (2" 2. 0), —————4(0,0
1 YO T O e o YOO

which tends to zero, by (2), when n — oo. Thus {f( }neN is a Cauchy
sequence in the complete non-Archimedean normed space Y and so is convergent.

Hence for any = € X,
Q(z) := lim f2"x)

n—oo  4M

exists. Also for m,n € N, we get

1 1 1
— y(2'z,0), ——— S
|k — 147 |47k — 1] 2[|k(k — 1)[]47]
Letting m = 0 and passing the limit n — oo in this equation, we get (10).
The other parts of proof is similar to the case that (8) is valid. O

P2+ 2,0), $(0,0) : m < i < n}.

Corollary 1. Let k € N, e,p € R, p # 2,e > Oand |2| < 1. Suppose that the
function f: X —'Y satisfies the inequality

k
IDf (@, 1, ey )| < e(lllP + D llalP). (24)
i=1
Then there exists a unique quadratic function Q : X — 'Y such that satisfies in
(4)
@) = Q) < gy max{ = el 3 elal}. p>2
1) = Q) < r max{ 7 clelP. 5 llel”). <2
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Proof. Define ¢ : X" — [0,00) by

k
Oz, 21, ey ) = e[l + D llzil|P)-
i=1

One can see that for p < 2, the conditions (2) is valid and for 2 < p < oo the
conditions (8) is satisfied. Now using Theorem 2, we may complete the proof. O
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