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Abstract In this paper, the conjugate gradient method cou-
pled with adjoint problem is used to solve the inverse heat
conduction problem (IHCP) and estimation of the time-
dependent heat flux using the temperature distribution at
a point. In addition, the effects of noisy data and position
of measured temperature on final solution are studied. The
numerical solution of the governing equations is obtained
by employing a finite-difference technique. For solving this
problem, the general coordinate method is used. We solve the
IHCP of estimating the transient heat flux, applied on part
of the boundary of an irregular region. The irregular region
in the physical domain (r, z) is transformed into a rectangle in
the computational domain (ξ, η). The present formulation is
general and can be applied to the solution of boundary IHCP
over any region that can be mapped into a rectangle. The
obtained results for few selected examples show the good
accuracy of the presented method. In addition, the solutions
have good stability even if the input data includes noise and
that the results are nearly independent of sensor position.
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1 Introduction

The direct heat conduction problems are concerned with the
determination of temperature at interior points of a region
when the initial and boundary conditions, thermophysical
properties, and heat generation are specified [1]. In contrast
to the direct problems, the inverse heat conduction problems
(IHCP) are defined as the estimation of initial/boundary con-
ditions, properties of the system/material, sources or sink
terms, shape, and governing equations from transient tem-
perature measurements at one or several interior locations
[2]. The solution of inverse problems is much more diffi-
cult in comparison with direct problems due to instability
in solution where these problems are called mathemati-
cally ill-posed. With the improvement of computing capa-
bility, inverse techniques have become a popular means of
resolving heat-transfer problems in the last decade. Important

123

Author's personal copy

P.O. Box No. 91775-1111,Mashhad , Iran



972 Arab J Sci Eng (2013) 38:971–981

applications for inverse heat conduction problem solutions
include, for example, controlled cooling of electronic com-
ponents, estimation of jet-flow rate of cooling in machining
or quenching, determination of conditions at the interface
between the mold and metal during metal casting or roll-
ing process [3], heat flux estimation in the surface of a wall
subjected to fire or the inside surface of a combustion cham-
ber [4] and also in surfaces where ablation takes place or
in surfaces going through welding process [5]. Some other
applications of the IHCP are prediction of the inner wall
temperature of a reactor, determination of the heat-transfer
coefficient and outer surface conditions in the re-entry of a
space vehicle and modeling of the temperature or heat flux
at the tool–work interface of machine cutting [6] and also in
the transpiration cooling control [7].

There are many different methods for solving the inverse
heat conduction problems. Some of these methods will
be listed here. For instance, the exact solution technique,
the inversion of Duhamel’s integral, Laplace transforma-
tion techniques, the control volume method, the use of
Helmholtz equation, the finite-difference method, the finite-
element approaches, the digital filtering method, Tikhonov
regularization method, Alifannov iterative regularization, the
conjugate gradient method [8], etc.

Jiang et al. [9] obtained the time-dependent boundary
heat flux applied on a solid bar using the conjugate gradient
method with adjoint equation and the zeroth-order Tikhonov
regularization to stabilize the inverse solution. They used
finite-difference method to solve their problem. Chen et al.
[10] calculate the heat flux and temperature distribution of
the quenching surface with use of inverse method. They make
use of conjugate gradient method to improve the estima-
tion of the distribution of the surface temperature and heat
flux for a 2D cylindrical coordinate problem and solve the
governing equation using finite-element method. Chen et
al. [11] used the inverse method to estimate the unknown
heat flux and temperature on the external surface of the
circular pipe. They combined the reverse matrix method
and the linear least-square-error method to determine the
unknown boundary conditions of the pipe flow. Yang et al.
[12] used an inverse algorithm based on the conjugate gra-
dient method and the discrepancy principle to estimate the
unknown time-dependent heat flux and temperature distri-
butions for the system composed of a multi-layer composite
strip and semi-infinite foundation, from the knowledge of
temperature measurements taken within the strip. Chen et al.
[13] used an inverse method, an input estimation method,
to recursively estimate both the time-varied heat flux and
the inner wall temperature in the chamber. The algorithm
includes the use of the Kalman filter to derive a regres-
sion model between the biased residual innovation and the
heat flux through a given heat conduction state space model.
Based on this regression model, the recursive least squares

estimator (RLSE) is proposed to extract the time-varying heat
flux online as the input.

In this research, we use the conjugate gradient method
coupled with adjoint equation approach to solve the inverse
heat conduction problem and estimation of the time-
dependent heat flux using the temperature distribution at a
point. This method appears to be very powerful for solving
inverse heat conduction problems in which the regulariza-
tion procedure is performed during the iterative processes
and, thus, determination of optimal regularization conditions
is not needed. The problem is solved in the axisymmetric
cases and the general coordinate method is used. The irreg-
ular region in the physical domain (r, z) is transformed into
a rectangle in the computational domain (ξ, η). The present
formulation is general and can be applied to the solution of
boundary inverse heat conduction problems over any region
that can be mapped into a rectangle. The governing equa-
tions are solved by employing the finite-difference method.
The obtained results show that the applied method causes
high stability even if the input data includes considerable
noise and is nearly independent of the sensor position.

2 Problem Formulation and Solution

2.1 Direct Problem

The geometry of this problem is presented in Fig. 1. As
shown, a time-dependent heat flux is applied in outer surface
while the inner surface and side surfaces have been insulated.
We aim to obtain the unknown heat flux q(t) in the outer sur-
face for the time 0 ≤ t ≤ t f using the temperature field at

Fig. 1 Geometry of the problem and boundary condition
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Fig. 2 Boundary condition in computational plane

a point. The input data could include noise. In the numeri-
cal solution, the general coordinate method is applied. The
calculations have been done in the rectangular coordinate
system (ξ, η) initially, and then, the results transfer to phys-
ical coordinate system (r − z). The computational plane and
corresponding boundary conditions are shown in Fig. 2. The
heat conduction equation in cylindrical coordinate system in
the axisymmetric case with the initial and boundary condi-
tions are as follows:

∂2 T

∂ r2 + 1

r

∂ T

∂ r
+ ∂2T

∂ z2 = ρ CP

k

∂ T

∂ t
(1)

Tz = 1

J
(rη Tξ − rξ Tη) (2)

Tr = 1

J
(−zη Tξ + zξ Tη) (3)

∇2 T = 1

J 2

[
α Tξξ − 2 β Tξ η + γ Tηη

]

+
[
(∇2 ξ) Tξ + (∇2 η) Tη

]
(4)

α = z2
η + r2

η (5)

β = zξ zη + rξrη (6)

γ = z2
ξ + r2

ξ (7)

∇2ξ = k1(rξξ zη−zξξrη)+ k2(rξηzη−zξηrη)

J

+ k3(rηηzη−zηηrη)

J
(8)

∇2η = k1(zξξrξ − rξξ zξ ) + k2(zξηrξ − rξηzξ )

J

+ k3(zηηrξ − rηηzξ )

J
(9)

k1 = 1

J 2 (z2
η + r2

η ) (10)

k2 = −2

J 2 (zξ zη + rξrη) (11)

k3 = 1

J 2 (z2
ξ + r2

ξ ) (12)

ξz = 1

J
rη (13)

ξr = − 1

J
zη (14)

ηz = − 1

J
rξ (15)

ηr = 1

J
zξ (16)

J = zξ rη − rξ zη (17)

where the subscripts denote differentiation with respect to
the variable considered.

∂T

∂z
= 0 ξ = 1, ξ = nz, t > 0 (18)

∂T

∂r
= 0 η = 1, t > 0 (19)

k
∂T

∂r
= q(t) η = nr, t > 0 (20)

T (ξ, η, 0) = 0 1 < ξ < nz, 1 < η < nr, t = 0 (21)

where T, t, q(t), ρ, k, C p are temperature, time, time-
dependent heat flux, density, thermal conductivity, and spec-
ified thermal capacity, respectively.

As shown in Fig. 3, considering a boundary element in
physical plane and applying the energy equation, the bound-
ary conditions are calculated as follows:

ki, j ds1
T n−1

nz−1, j − T n−1
nz, j

ds2
+ ki, j

ds2

2

T n−1
nz, j−1 − T n−1

nz, j

ds1

+ ki, j
ds2

2

T n−1
nz, j+1 − T n−1

nz, j

ds1
+ qwds1

= ρi, j Ci, j ds1
ds2

2

(T n
nz, j − T n−1

nz, j

	t

)
(22)

where T n
nz, j in the above relation is as:

T n
nz, j = 1

F
(

T n−1
nz, j + A1 + A2 + (2 qw 	t /

ρi, j Ci, j ds2)
)

(23)

F = 1 + 2αi, j	t

ds2
1 nz, j

+ 2 αi, j	t

ds2
2nz, j

(24)

A1 = 2αi, j	tT n−1
nz−1, j

ds2
2nz, j

(25)

A2 = αi, j	t (T n−1
nz, j+1 + T n−1

nz, j−1)

ds2
1nz, j

(26)

αi, j = ki, j

Ci, j
(27)
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Fig. 3 Boundary element in physical plane

With similar method for other boundary conditions, we
have:

T n
1, j = 1

F(T n−1
1, j + A1 + A2)

(28)

F = 1 + 2αi, j	t

ds2
11, j

+ 2αi, j	t

ds2
21, j

(29)

A1 = 2αi, j	tT n−1
2, j

ds2
21, j

(30)

A2 = αi, j	t (T n−1
1, j+1 + T n−1

1, j−1)

ds2
11, j

(31)

αi, j = ki, j

Ci, j
(32)

T n
i,1 = 1

F(T n−1
i,1 + A1 + A2)

(33)

F = 1 + 2αi, j	t

ds2
1i,1

+ 2αi, j	t

ds2
2i,1

(34)

A1 = 2αi, j	tT n−1
i,2

ds2
1i,1

(35)

A2 = αi, j	t (T n−1
i+1,1 + T n−1

i−1,1)

ds2
2i,1

(36)

αi, j = ki, j

Ci, j
(37)

2.2 Inverse Problem

In inverse problem, the time-dependent heat flux using mea-
sured transient temperatures is estimated with a sensor posi-
tioned at a point. The inverse problem should be solved as
the following function is minimized:

S [q(t)] = 1

2

t f∫

t=0

NS∑

m=1

[T (ξm, ηm, t; q) − Ym(t)]2dt (38)

In the above relation, T (ξm, ηm, t; q), Ym(t) are estimated
temperatures and measured temperature, respectively. In
addition, number of sensors (NS) is equal to 1. The above
equation will be minimized using the conjugate gradient
method based on iterative processes. In the conjugate algo-
rithm, the direction of seeking the unknown heat flux is
depend on the gradient of the error function which will be
solved with adjoint equation [14–16].

Adjoint problem

∂2λ

∂r2 + 1

r

∂λ

∂r
+ ∂2λ

∂z2 +
NS∑

m=1

[T (ξ, η, t; q) − Ym(t)]

× δ(η − ηm)δ(ξ − ξm) = ρCP

k

∂λ

∂t
(39)

∂λ

∂z
= 0 ξ = 1, ξ = nz, t > 0 (40)

∂λ

∂r
= 0 η = 1, η = nz, t > 0 (41)

λ(ξ, η, t f ) = 0 1 < ξ < nz, 1 < η < nr, t = t f (42)

by considering a boundary element in physical plane and
applying the energy equation, the boundary conditions are
calculated as follows:

ki, j ds1
λn−1

nz−1, j − λn−1
nz, j

ds2
+ ki, j

ds2

2

λn−1
nz, j−1 − λn−1

nz, j

ds1

+ ki, j
ds2

2

λn−1
nz, j+1 − λn−1

nz, j

ds1

= ρi, j Ci, j ds1
ds2

2

(λn
nz, j − λn−1

nz, j

	t

)
(43)

where λn
nz, j in the above relation is as:

λn
nz, j = 1

F(λn−1
nz, j + A1 + A2)

(44)

F = 1 + 2αi, j	t

ds2
1 nz, j

+ 2αi, j	t

ds2
2 nz, j

(45)

A1 = 2 αi, j 	tλn−1
nz−1 , j

ds2
2 nz, j

(46)

A2 = αi, j 	t (λn−1
nz , j+1 + λn−1

nz , j−1)

ds2
1 nz, j

(47)

αi , j = ki , j

Ci , j.
(48)
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With similar method for other boundary conditions, we have:

λn
1, j = 1

F(λn−1
1, j + A1 + A2 )

(49)

F = 1 + 2αi, j	t

ds2
11, j

+ 2αi, j	t

ds2
21, j

(50)

A1 = 2 αi, j 	t λn−1
2 , j

ds2
2 1, j

(51)

A2 = αi, j 	t (λn−1
1 , j+1 + λn−1

1 , j−1)

ds2
1 1, j

(52)

αi, j = ki , j

Ci , j
(53)

λn
i,1 = 1

F(λn−1
i,1 + A1 + A2)

(54)

F = 1 + 2 αi, j 	t

ds2
1 i,1

+ 2 αi, j 	t

ds2
2 i,1

(55)

A1 = 2 αi, j 	tλn−1
i ,2

ds2
1 i,1

(56)

A2 = αi, j 	t (λn−1
i+1 , 1 + λn−1

i−1 , 1)

ds2
2 i,1

(57)

αi , j = ki , j

Ci , j
(58)

where the λ parameter is adjoint temperature and δ is Dirac
delta function.

The optimum step size can be obtained based on the sen-
sitivity problem which is defined as in Refs. [15,16]:

Sensitivity problem To obtain the sensitivity equation, it
is assumed that perturbing q(t) by 	q(t) would change
T (r, z, t) by 	T (r, z, t). Thus, in direct problem, the
quantities [T (r, z, t) + 	T (r, z, t)] and [q(t) + 	q(t)] are
replaced by T (r, z, t) and q(t) and the resulting expression
is subtracted from the direct problem. In this way, the sensi-
tivity equation is obtained as:

∂2	T

∂r2 + 1

r

∂	T

∂r
+ ∂2	T

∂z2 = ρCP

k

∂	T

∂t
(59)

∂	T

∂z
= 0 ξ = 1, ξ = nz, t > 0 (60)

∂	T

∂r
= 0 η = 1, t > 0 (61)

k
∂	T

∂r
= 	q η = nr, t > 0 (62)

	T (ξ, η, 0) = 0 1 < ξ < nz, 1 < η < nr, t = 0 (63)

As explained before, by considering a boundary element in
physical plane and applying the energy balance relations the

boundary conditions are calculated as follows:

ki, j ds1
	T n−1

nz−1, j − 	T n−1
nz, j

ds2

+ ki, j
ds2

2

	T n−1
nz, j−1 − 	T n−1

nz, j

ds1

+ ki, j
ds2

2

	T n−1
nz, j+1 − 	T n−1

nz, j

ds1
+ 	q ds1

= ρi, j Ci, j ds1
ds2

2

(	T n
nz, j − 	T n−1

nz, j

	 t

)
(64)

From which 	T n
nz, j is calculated as below:

	T n
nz, j =

1

F(	T n−1
nz, j + A1+ A2+(2 	q 	t/

ρi, j Ci, j ds2
) )

(65)

F = 1 + 2 αi, j 	t

ds2
1 nz, j

+ 2 αi, j	t

ds2
2 nz, j

(66)

A1 = 2 αi, j 	t	 T n−1
nz−1 , j

ds2
2 nz, j

(67)

A2 = αi, j 	t (	T n−1
nz , j+1 + 	T n−1

nz , j−1)

ds2
1 nz, j

(68)

αi , j = ki , j

Ci , j
(69)

Other boundary conditions are obtained in similar manner
as:

	T n
1, j = 1

F(	T n−1
1, j + A1 + A2 )

(70)

F = 1 + 2αi, j	t

ds2
11, j

+ 2αi, j	t

ds2
21, j

(71)

A1 = 2αi, j	t 	T n−1
2, j

ds2
21, j

(72)

A2 = αi, j 	t (	T n−1
1, j+1 + 	T n−1

1, j−1)

ds2
11, j

(73)

αi, j = ki, j

Ci, j
(74)

	T n
i,1 = 1

F(	T n−1
i,1 + A1 + A2)

(75)

F = 1 + 2αi, j	t

ds2
1i,1

+ 2αi, j	t

ds2
2i,1

(76)

A1 = 2αi, j	t	T n−1
i,2

ds2
1i,1

(77)

A2 = αi, j	t (	T n−1
i+1,1 + 	T n−1

i−1,1)

ds2
2i,1

(78)
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αi, j = ki, j

Ci, j
(79)

where 	T is the sensitivity temperature.
The transient heat flux q(t) which is an unknown func-

tion can be estimated by minimizing the function S [q(t)] in
Eq. (38). The iterative equation for estimating the q(t) is as
below [14,16,17]:

qk+1(t) = qk(t) − βkdk(t) (80)

where k is the number of iteration. The direction of descent
dk(t) is determined as in Refs. [14,16,17]:

dk(t) = ∇S
[
qk(t)

]
+ γ kdk−1(t) (81)

Here, γ k is the conjugate coefficient, as in Refs. [15,16,18]
which is calculated by:

γ k =
∫ t f

t=0 {∇S[qk(t)]}2dt
∫ t f

t=0 {∇S[qk−1(t)]}2dt
(82)

where γ 0 is assumed zero. To calculate ∇S
[
qk(t)

]
, the fol-

lowing relation is used:

∇S [q(t)] = λ(ξ, nr, t) (83)

The above equality depends on the position of unknown
function. The search step-size, βk is obtained by minimizing
S

[
qk+1(t)

]
with respect to βk as follows [15,16,18]:

βk =
∫ t f

t=0

∑NS
m=1

[
T (ξm , ηm , t; qk)−YS(t)

]
	T (ξm , ηm , t; dk)dt

∫ t f
t=0

∑NS
m=1

[
	T (ξm , ηm , t; dk)

]2 dt

(84)

where 	T (ξm, ηm, t; dk) is obtained from sensitivity prob-
lem by considering 	qk(t) = dk(t).

By checking Eq. (83), it is determined that the gradient
equation at final time (t f ) is equal to zero, therefore the initial
guess used for q(t) in t = t f does not change with iterative
process in conjugate gradient method. When the initial guess
is very far from the exact solution, the estimated function in
the neighborhood of t f can deviate from the exact solution.
This solution can be eliminated easily by use of a larger value
of final time. Thus, the effect of initial guess on the actual
time of the problem is not significant. The iterative proce-
dure mentioned above, continues until the stopping criterion
is satisfied. The stopping criterion is defined as follows:

S [q(t)] ≤ ε (85)

where S [q(t)] is obtained from Eq. (38). The value of ε

should be selected such that, if there were errors in the mea-
sured data, the accuracy of the results would be satisfactory.

Fig. 4 Using grid in solution of problem and sensor positions

Table 1 Exact temperature and estimate temperature when the heat
flux considered as a step function

t (s) Texact (K) Testimate (K) Testimate (K)
in position1 in position2

1 300 281.125 296.228

2 300 281.252 285.486

3 300 274.733 274.588

4 300 360.463 271.641

5 916.134 959.096 896.219

6 2,291.063 2,218.142 2,288.53

7 3,723.557 3,740.839 3,771.132

8 5,108.762 5,180.36 5,076.667

9 5,824.779 5,933.912 5,806.004

10 5,721.908 5,836.394 5,817.465

Table 2 Exact temperature and estimate temperature with noise when
the heat flux considered as a step function

t (s) Texact (K) Testimate (K)

1 312.87 292.0525

2 311.91 262.3587

3 302.757 225.188

4 301.078 198.456

5 960.776 825.223

6 2,405.597 2,183.395

7 3,788.902 3,698.316

8 5,388.419 5,148.319

9 6,164.053 5,958.254

10 5,875.419 5,937.744

123

Author's personal copy



Arab J Sci Eng (2013) 38:971–981 977

Table 3 Exact temperature and estimate temperature when the heat
flux considered as a sine function

t (s) Texact (K) Testimate (K)

1 697.189 703.861

2 783.750 832.756

3 729.056 788.845

4 752.983 803.456

5 691.225 746.231

6 717.930 762.081

7 660.301 693.401

8 691.118 713.842

9 636.855 651.497

10 670.674 688.365

Table 4 Exact temperature and estimate temperature with noise when
the heat flux considered as a sine function

t (s) Texact (K) Testimate (K)

1 727.01 687.496

2 814.864 775.707

3 735.757 755.022

4 755.689 714.269

5 724.908 632.808

6 753.820 671.203

7 671.884 745.703

8 728.95 778.895

9 673.95 653.697

10 688.667 596.341

Table 5 Exact temperature and estimate temperature when the heat
flux considered as sine and cosine functions

t (s) Texact (K) Testimate (K) Testimate (K)
in position1 in position2

1 780.443 758.262 780.3049

2 611.9437 676.745 651.5156

3 153.3873 131.336 152.6657

4 1,380.874 1,377.426 1,379.345

5 1,948.213 2,033.237 2,014.395

6 1,749.82 1,736.575 1,740.688

7 3,179.242 3,119.249 3,132.672

8 4,314.969 4,428.812 4,416.701

9 4,328.204 4,432.186 4,419.419

10 5,795.195 5,719.567 5,747.112

Computational algorithm The computational procedure for
obtaining the unknown heat flux can be summarized as fol-
lows [16].

Table 6 Exact temperature and estimate temperature with noise when
the heat flux considered as sine and cosine functions

t (s) Texact (K) Testimate (K)

1 813.926 781.244

2 636.2371 622.8708

3 154.7971 154.5236

4 1, 385.836 1, 379.973

5 2, 043.15 2, 017.843

6 1, 837.296 1, 741.408

7 3, 235.07 3, 134.915

8 4, 551.172 4, 416.561

9 4, 570.307 4, 418.208

10 5, 950.672 5, 740.249

Table 7 Exact temperature and estimate temperature when the heat
flux considered as a triangle function

t (s) Texact (K) Testimate (K) in
position1

Testimate (K) in
position2

1 330.96 330.571 330.542

2 544.8843 544.152 543.8344

3 995.8936 993.761 994.4188

4 1,682.159 1,688.345 1,686.151

5 2,594.378 2,599.127 2,596.673

6 3,722.951 3,671.344 3,721.24

7 4,997.317 5,007.214 5,004.232

8 6,105.92 6,145.169 6,133.171

9 6,933.949 6,966.83 6,972.065

10 7,479.325 7,126.728 7,502.761

Table 8 Exact temperature and estimate temperature with noise when
the heat flux considered as a triangle function

t (s) Texact (K) Testimate (K)

1 345.1587 327.5175

2 566.5156 552.0766

3 1,005.047 989.8627

4 1,688.204 1,660.108

5 2,720.802 2,614.386

6 3,909.067 3,779.299

7 5,084.988 4,980.51

8 6,440.162 6,081.1021

9 7,337.828 6,950.263

10 7,679.984 7,501.792

1 Choose an initial guess for example q0(t) for the function
q(t) and set k = 0.

2 Solve the direct problem to obtain T (z, r, t) based on
qk(t) (Eqs. 1–21).
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Fig. 5 Estimated heat flux in comparison with exact function for step-
function

Fig. 6 Estimated heat flux in comparison with exact function for sine
function

3 Check the stopping criterion and continue if not satisfied
(Eq. 85).

4 Solve the adjoint equation and compute the λ(ξ, nr, t)
by knowing T (ξm, ηm, t) and the measured temperature
Ym(t) (Eqs. 39–42).

5 Knowing λ(ξ, nr, t), compute ∇S
[
qk(t)

]
from Eq. (83).

6 Knowing ∇S
[
qk(t)

]
, compute γ k from Eq. (82) and

dk(t) from Eq. (81).
7 Set 	qk(t) = dk(t) and solve the sensitivity problem to

obtain 	T (ξm, ηm, t; dk) (Eqs. 59–63).

Fig. 7 Estimated heat flux in comparison with exact function for a
combination of sine and cosine functions

Fig. 8 Estimated heat flux in comparison with exact function for tri-
angle function

8 Knowing 	T (ξm, ηm, t; dk), Compute βk from Eq. (84).
9 Knowing βk and dk(t), compute qk+1(t) and return to

step 2 (Eq. 80).

3 Results and Discussion

We aim to estimate the unknown heat flux using conjugate
gradient method when there is no information about unknown
function. It should be noted that in conjugate gradient method
the initial guess for unknown function is arbitrary; in other
words, the method is independent of initial guess. Here,
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Fig. 9 Estimated heat flux with noisy data in comparison with exact
function for step function

Fig. 10 Estimated heat flux with noisy data in comparison with exact
function for sine function

initial estimation for heat flux is assumed zero. The governing
equations were discretized by the finite-difference method
and the mesh size used in numerical is a uniform 35 × 35,
45 × 45, 55 × 55, which all of them show that the problem is
independent of mesh size, but by noting the calculation time,
we choose the 35 × 35 mesh size. The final time tf = 10
and time step 	t = 0.01 are considered. In this work, by
measuring the temperature at a point only, the heat flux is
estimated and the sensitivity of the problem for a noisy data
and position of sensor is investigated. In Fig. 4, the mesh
used and the position of sensors is shown.

Fig. 11 Estimated heat flux with noisy data in comparison with exact
function for a combination of sine and cosine functions

Fig. 12 Estimated heat flux with noisy data in comparison with exact
function for triangle function

The temperature data obtained from the direct problem are
used to simulate the temperature measurement. In Tables 1,
2, 3, 4, 5, 6, 7, 8, exact temperature and estimate temperature
for all of the heat fluxes are shown.

To investigate the accuracy of the presented solution, a
step function is considered as:

q(t) =
{

107 for 4 < t < 8
0 for t ≤ 4 and t ≥ 8

One should note that the discontinuous and sharp corner func-
tions are well known for being highly ill-posed. Therefore,

123

Author's personal copy



980 Arab J Sci Eng (2013) 38:971–981

Fig. 13 Mesh size study on obtain results

Fig. 14 Estimated heat flux in comparison with exact function for step
function and result of Ref. [9]

these functions can be used to evaluate the accuracy of the
solutions.

When the heat flux is considered as a step function, for
t < 4, because of the heat flux is zero, temperature is con-
stant. For 4 ≤ t ≤ 8, by increasing the heat flux, temperature
is increased. For t >8, the heat flux is zero; however, because
there is no dissipation, temperature approximate is constant.

In the next example, a sinusoidal function is considered
for the heat flux as: q(t) = 107 sin(π t)

When the heat flux considered as a sine function, because
of oscillation in the heat flux, the temperature is oscillated.

In the next example, a combination of sine and cosine
functions is considered for the heat flux as:

q(t) = 107 sin(0.1t) + 107 cos(2t)

Fig. 15 Estimated heat flux in comparison with exact function for tri-
angle function and result of Ref. [9]

Fig. 16 Estimated heat flux in comparison with exact function for lin-
ear function and result of Ref. [9]

As in the last example, a triangle function is considered
for the heat flux.

By considering the above examples, the optimum position
of sensor have been determined. The results show that when
the sensor is located in position (2) the exact solution would
be recovered better by inverse method.

In this part, the inverse solution with noisy data is pre-
sented. In practice, there are errors in measured data; there-
fore, noisy data are used to simulate the errors and using a
data with 6 % noise. To define the noisy data, we write a
subroutine that generates random numbers and adds them to
the temperature distribution. The effect of noisy data can be
seen in Figs. 9, 10, 11 and 12 in comparison to noiseless cases
(Figs. 5, 6, 7 and 8). It is found that despite a noise in data,
results have very good stability.
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The mesh study has been done for q(t) = 107 sin(0.1t)+
107 cos(2t) using three mesh sizes 35×35, 45×45, 55×55.
As can be seen, the exact heat flux is recovered by the inverse
solution using all the mesh sizes, thus, the results are inde-
pendent of mesh size (Fig. 13).

In this section, for one-dimensional case, the presented
solution is compared with the Ref. [9] for step, triangular,
and linear functions which show the presented results have
good accuracy (Figs. 14, 15, 16).

4 Conclusions

The conjugate gradient method with adjoint problem has
been successfully applied for the solution of inverse heat
conduction to estimate the unknown time-depended heat flux
using the temperature distribution at a point in axisymmetric
case and the general coordinate method is used. Since, in most
of industrial applications, axisymmetric models are used, for
example, in thermal protect systems (t.p.s) and heat-shield
systems, we use axisymmetric model. The present formula-
tion is general and can be applied to the solution of boundary
inverse heat conduction problems over any region that can
be mapped into a rectangle. In this paper, the discontinuous
and sharp corner functions that are well known for being
highly ill-posed were used for illustrating the good accuracy
of presented method. The obtained results show that the pre-
sented solution has good stability when there is a noise in
input data up to 6 %. In addition, it has been found that the
results are nearly independent of sensor position. Therefore,
the presented method is a good method for estimating the
time-dependent unknown heat flux.
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