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K��S (�1�	 �6?��:	 ��+�B�( � ���5	 *�AS� B�( ���	 *�  

63��	 �( 
��4	+=@�A�� ��).  

 K��S1: 
��4	+=@�A�� B�( � ���5	 *�AS� B�( 6?��:	 ]٧[ 

���5	 *�AS� B�(  
��4	+=@�A�� B�(  

���/ c�:�  �9�4�) c�:�  

���/ *����q4	  �9�4�) *����q4	  

���5	 *�AS� 6�`�  ��/(���E (� �����/ *��  

��(� _�,��c�:� �E��  ��(� _�,�� _�.c�:� �E��  

�`��:� 6����  6���� m�H�  

 [E�+�<�� 6��S��Q ^+�  �*�  AE�� 6��V [E�+�  
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�� ! "�#�$ (��+� �� �������	
��� (�)#� ���� L���M  

5%GC� � �� ~AS�	 k �� (��S *������E . 0M� ��+p� C�5%G

 0	�Mb �DE ��+E 
Q+) 0�. 6E 6) ��4?�t � ��DE� �E 6?��:	 (�

�� 65%G ��( , )a b�	 ��! ��+� 6�  � (+5	 �� 
�) 6E �
�� �( ��

(+5	x  �y  �z �+�� ���E .K�� 6`��	 <�� ���q� *(+1� ���E١٨ 

 ;�9���	C�5%G *��E 
�4�X�<�� ���q� �o� <	�� � ���E *��

0�� �b�. . ��F (� ����� *��E +���+��� *(+1� J?E *(+1� ;��

*(+1� �E �! ��G� C��%� � 0�� [N�:	 *��E d
���) ^+�  � ����

 k �� (� }p� �E �+�. c+pF ;�9���	 *(+1� (� 6) 0�� ;��

 �<�� ���q�  � �DE ����	��� �H�E �+�. �������	 . <��3  ����

���E �	 Y�p	 ;�� �����]٨[.  

     ���,E�S *(+1� ;�� m`N �E�F�Q � �� ���E ��  C(+G 6E ��

�	JE��( ;�� (� 6)  ���+�z �	 ����	 }p�  � 6�G�"���E]٨[. 

 (+5	 K+� ����	 }p� �F�Qy:  

)7     (                                                      
x xz

w

x
θ γ

∂
= −

∂
                                                  

 (+5	 K+� ����	 }p� �F�Qx:  

)8(                                         
y yz

w

y
θ γ

∂
= −

∂
                                

���,E�S�� (� 65%G: 

)9(                                                      ( , )xu z x yθ= −    

                                                     

)10       (                                               ( , )yv z x yθ= −   

���,E�S�b�. *��:  

)11   (                                                    ( , )w w x y=  

  

  
 <��3 :  ������ �+�.<�� ���q�  � �DE ����	 }p� �E �+�. c+pF]٨[  

  

     �+4���� <G�  � ���%4�� �E]٩[	 �( 65%G 0)�� 69��D	 ����+� 

�+�� ���E ��  C(+G 6E:  

)12                        (                                 + =Mu Ku fɺɺ 

6),K M�f P����	 Y���� 6E  >����� (���>E � �4M� �_�S *��  *�

 �\4?��u ���,E�S � ��uɺɺ R�4� �� �>	 ��>��E .    0>)�� ��>" �>E

                                                
18 FSDT 

P��)�" �\4?�� *��E 
��+	(���+	 � �D�`N *��    �>E B�>D�(� *�>�

�	 0�� 6E ��  �W�� (��:	 69��D	 <����!. 

)13          (                                       ( )2 0ω− =K M X                           

ω  � \4?�� �D�`N P��)�"X 0�� \4?�� B�D�(� �+	.  

      65%G ��`�S *@���  � ���%4�� �E)6pE�(14( 64??/ �* �� 

J�5	  _�S P����	 �64�+�V  � ���9� 
��	 �( 65%G 6pE�( �E ��+�

15 �+�� 6`��5	. 

)14                        (
3 3

2 2 21
'

2 12 12
x y

A

t t
T t w dAρ θ θ

 
= + + 

 
∫ ɺ ɺ           

 

)15(          
3

3

0 0

0 0
12

0 0
12

T

A

t

t
dA

t

ρ

 
 
 
 =  
 
 
  

∫M R R                                   

 

      65%G ����) *@��� �E �)6pE�(16 ( J�5	 * �� 64??/ �

64�+�V  

)16(                        
1

2 2

T T

b b b s s s

A A

U d d
α

= Ω+ Ω∫ ∫ε D ε ε D ε  

�	 �( 65%G �4M� P����	 6pE�( �E ��+���  �+�� 6`��5	.  

)17             (
3

12

T T

b b b s s s

t
d t dµ

Ω Ω

= Ω + Ω∫ ∫K B D B d B D B d  

  * �� 64??/ *��E
��4	+=@�A�� <��5� (� 64�+�V J�5	 
�  

�	 ���%4�� AE�� �9�4�) c�:�  ����/ .���� �E �� �(��� 6) (+N

B�( a�F � 6���� d��D� *��E 6) ����5	 *�AS� 
���) *��

�	 ���%4�� C��%4	 J�5	 ��  � <��5� *�4	�(�V *�2" (� ����)

 *�4	�(�V *�2" � 6���� d��D� 
��4	+=@�A�� B�(  ��� �(+	

�	 C(+G AE�� J�5	 (� �� �� <��5����/ .  � ��� 64�� ;�� 6)

 ;�� \
	 *���A	 B�(�	 ���5	 *�AS� 6E 0`?����E]١[.  

     � �E ��o�� 0�G�F 6E 6S+� �E ��5	  �� *��E 6) �AE�� [E�+� �η  �

ζ J:" �	 �%G��Z [E�+� ;��  � *���5	 ���D�����E]۶[E � 6 *(+N

 6)� \��) ��" �/ζ  �η 6���� (� Y���� 6E*� ��/ *��i � _�

j ��(�� (��H _�) ��D�1[ , )i iζ ζ +  �1[ , )i iη η +  (6��V [E�+� 6S(� � -

��/ (���E 0
S (� *� *�Ξ �p ��/ (���E 0
S (� � *�Η� q  

�! �����E�e)��� J:" ��/( )( )1 1p q+ +  �+S� �%G ��Z 6��V [E��

0��� ���+F.  

      P����	 ����9� �� *��E �6,�4� (�6��V [E�+�AE�� *�  C(+G 6E �

�	 �� ���E:  

  

, ,

, ,

, ,

0 0 ... 0 0

0 0 ... 0 0

0 0 .... 0 0

i p j q i j

e

i p j q i j

i p j q i j

R R

R R

R R

− −

− −

− −

 
 

=  
 
 

R

)18( 
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      ���E � ���F 0�?H �4M� ���) P����	 6E ����9� ��

 Y�����	 R�?� ��  JE��( �E��+�: 

, ,

, ,

, , , ,

, ,

, ,

, , , ,

0 0 0 0...

0 0 ... 0 0

...0 0

x x

y y

y x y x

i p j q i j

e

b i p j q i j

i p j q i p j q i j i j

− −

− −

− − − −

 
 
 =
 
  

R R

B R R

R R R R

  

)19(  
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s

i p j q i ji p j q i j
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− − − −

 
=  

  
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)20(  

       R�>?� ��  JE��( �E ���E � ���F 0�?H ���	 ��+F P����	

�	��+�: 

)21(                                     
2

1 0

1 0
1

1
0 0

2

b

E
υ

υ
υ

υ

 
 
 

=  −  −
 
 

D 

 

)22(                                             
1 0

0 12(1 )
s

E

υ
 

=  −  
D     

 

      C�:4�	 6E L��4�� �_�S � �4M� P����	 K���4�� <� *��ER 

 6E 0`?�x �y \�(�� ��) C�w4M	 ���4�� (�.  

      �(+3�	 ;��E *�2" � ��) C�w4M	 ���4�� ���	 c�`�(� *��E

�	 d��D� �( ��  ;�E+)�@ �AE�� *�4	�(�V\��):  

)23           (                                         1

x y

x y

ζ ζ

η η

∂ ∂ 
 ∂ ∂ =
∂ ∂ 

 ∂ ∂ 

J      

\�(�� ;���E��E:  

)24 (                                                 1

1

RR

x

R R

y

ζ

η

−

∂ ∂ 
   ∂∂    =

∂ ∂  
  ∂ ∂   

J                             

�  

)25(                                         ( )1detdx dy d dζ η= J      

�! (� 6) 
R

ζ
∂
∂

  �
R

η
∂
∂

 6��V [E�+� �=AS C�:4�	�	 AE�� *�����E .  

    �4	�(�V 6�� 6) ;�� 6E 6S+� �E ;��]�� P����	 K���4�� *��

�	 AE�� *�4	�(�V *�2" C�w4M	 Y?� �E �4M� ;��� ���� ����E

�4�� *��E ��(K���	 *�4	�(�V *�2" ;���  � ���%4�� *��/���E . ;��

 ��,�� U.�E <�.1det( )J �	 �4M� P����	 K���4�� (��+� . 

      (� �K���4�� <F�� [E�� (��:	 �4?��E j��/ *��/ K���4�� (�

 ��V  � �N�:� j��/ c�:� 6) ;�� ;�b ��+� 6`��5	 j��/ c�:�

���9� *��E 6) �0�� ��� ;��D����9� 6��S  � d�4M	 *�� (�
Q *��

0�� ��� 6`��5	 ���5	 *�AS� (� �D�b .���9� (� �D�b(�
Q *��

��� �M�	 �4�V���� �� K�	�� C�w4M	 ���4�� (� c�:� ;�� 

 �\��`E ��
E ��� 6=�(� c�:� ;��  � \���+4E 6) ;�� *��E ;���E��E �0��

�� 
�  � �4?��E\��) ���%4�� 0�� . 0���� ;�� 6) *(+N 6E

 �4�V���� ���4�� (� ��� 6=�(� c�:� C�w4M	�AS�i  ���4�� 6E �( _�

 AE�� 6�	�� ��  C�w4M	( ),ζ η �	 <:4�	��). 

)26                (               
1 1

1 1
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[( ) ( )]

2

i i i i
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= − + −
  

 �+" JE��( (� 6),r s 6%9+	 ���4�� (� c�:� C�w4M	 *��

 � �AS� �4�V����,ζ η 6%9+	 ��  K�	�� ���4�� (� C�w4M	 *��

�	 AE�� 6�	�����E.  

     �� (� 0���� ;��K���4 ��  C(+G 6E ;�E+)�@ ��,�� U.�E *��/

�+� �	: 

)27            (                                        2

r s

s s

ζ η

ζ η

∂ ∂ 
 ∂ ∂=  
∂ ∂ 

 ∂ ∂ 
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)28                                                       (1
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   ∂ ∂  

J  

)29   (                                             ( )2detd d dr dsζ η = J     

     �	 ;���E��E6pE�( ��+� 15  �17  �4M� � _�S P����	 *��E �(

 ����9� ��6E _�" �AS� �4�V���� C�w4M	 ���4�� (� ��  ���
� *��

0�+�: 
1 1

1 2

1 1

( , ) ( , ) det( ) det( )e T r s r s drds
− −

= ∫ ∫M R m R J J  

)30   (          
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=

+

∫ ∫

∫ ∫

K B D B J J

B D B J J

                             

)31(  

µ ���E }�5w� Y��b �	���E.  

     6pE�( (�30 P����	 �m �	 d��D� ��  C(+G 6E�+�: 
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 
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  

m  )32          (                                       

P����	 K���4�� 0��
� (� �    6>E �j��>/ B�( 6>E �4M�  � _�S *��

�	 R�?� ��  C(+G�+�: 
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)33(  
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)34(  

  <�� (�4 ;��]�� � �! 6E c+E�	 *�4	�(�V � ���A�" *�2" �

K���4�� *�2"0�� ��� \���� �AE�� ���9� 
� *��. *��/ ]١[.  

  

 
 <��4 :K���4�� *�2" � *�4	�(�V ����A�" *�2"��/ ���9� 
� *��. *  

AE��]١[ 

  

L�N� A�����@  

0	�Mb � * �	 J���� �E �*����� � �DE�	 C�5%G K�e	 ��  C��%4	

��� ��� 6=�(�.  K��	 �K�e	 �� ;�� CX�� �	��� (�

64�?�4�X�22 11 /E e N m=  � �+��+V Y��b 0.3υ =  �

�Q�9�38000 /Kg mρ = 0�� ��� 64"�/ �3� (� . [E�+� 6S(�

0�� ��� R�M4�� �� �E �E��E 0
S �� (� �A�� AE�� . 0�� �)� 6E _ X

�E �E��E ��+�� �)� ���E }�5w� Y��b (��:	 �/� 6) 0.8601µ = 

���E �	.  

 

�'��� "�#�$  

65%G�  (���>�/ �	�>) ���/ 6��� * �	 J���� �E �DE�	 *(cccc)  �

���� �	�)(ssss) [�b K+N �E10m a=  0	�M>b � (ssss)  �>3� (�

0�� ��� 64"�/ .   6>?��:	 *��>E 65%G �DE �E P��)�" �K�e	 ;�� (�

<� �E m�H� <� � ���� *���� ���+F 6`��5	 .  

     ���E C(+G ;��E �C�5%G ^+� ;�� �DE ���E �D�`N P��)�"  

�+� �	]١١[:  

)35       (                                             
1/4

2 4

t

ta

D

ω ρ
ω

 
=  
 

  

)36(                                                     
3

212(1 )
t

E t
D

υ
=

−
 

tD�(�� _�� ���F �4M� Y��b.  

   K��S2P��)�" �� �  65%G 6�9�� �DE ���E �D�`Ncccc�E   

�4	�(�Vt/a=0.1  �( C��%4	 K�4�) c�:� ���D� �E R�+S �E 6?��:	 (�

�	 ���� m�H���� .K���S3 �4 ���� 6E A��P��)�" �� Y  �D�`N

 65%G 6�9�� �DE ���Essss  �Et/a=0.1  �( K�4�) c�:� ���D� �E

 C��%4	�	 ���� ���� <� �� � �:�:� R�+S �E 6?��:	 (����.     

    P��)�" ������� �DE ���E �D�`N *��;��  � ��	! 0�� 6E 

 B�( A�� ��! ����A�� m�H� R�+S 6E �� <����� *��;�� (� � 

K���S �	 �����	�+�.   

  

K��S2 :P��)�"�DE�	 65%G *��E �DE ���E �D�`N *��cccc  �E
t/a=0.1  

ω  Exact[12]  6 6×  7 7×  8 8×  

1 5.71 5.754 5.722 5.717 

2 7.88 5.864 5.872 7.884 

3 7.88 5.864 5.782 7.883 

4 9.33 9.256 9.331 9.338 

5 10.13 10.181 10.161 10.142 

6 10.18 10.181 10.173 10.19 

  

K��S3 :P��)�"�DE�	 65%G *��E �DE ���E �D�`N *��ssss  �E
t/a=0.1   

ω  Exact[12]  6 6×  7 7×  8 8×  

1 4.37 4.559 4.348 4.372 

2 6.74 7.277 7.011 6.746 

3 6.74 7.275 7.011 6.746 

4 8.35 9.238 8.778 8.355 

5 9.22 10.087 9.887 9.226 

6 9.22 10.087 9.887 9.226 

  

K��S4 :P��)�"�DE�	 65%G *��E �DE ���E �D�`N *��ssss t/a=0.1  

���� B�( �� � m�H� <� �E 6?��:	 (�  

ω  Exact[12]  HOE[12] LOE[12] Present 

1 4.37 4.37 4.440 4.372 

2 6.74 6.77 6.94 6.746 

3 6.74 6.77 6.94 6.746 

4 8.35 8.41 8.59 8.355 

5 9.22 8.41 9.84 9.226 

6 9.22 9.40 9.84 9.226 

  

 �&�� (�O  

��� 6) �(�� ���	� [H�+	 ���/���) � �� �M�	 6p:� 
� (� ��

������ 6`��5	 }�5G .� (�4"( 6) 0�� ;�� 0�.� ��  0M� ��
/��

�	�	 *�( �/��+� <%H ����V � �+����.    

       �	���� ����F C�5%G (��	 
Q+) 0	�Mb 6)  *@�>�� �+�

�	 �4��E B(��:	 � �4�
	 ���F *@��� �E 6?��:	 (� ���E ���>/. 
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 6S(� �/� (� ������� ���E \) �69�?	 <��5� *��E ��� R�M4�� [E��

���V��	 ��	! 0�� 6E *����� ���     �>	 ��>%�� �>��E <>%H � �+�

�4"� .�	 ���5	 *�AS� B�( *�S C���	  � ��� ����V ;�����E .

�	 �X�E  ��4�+�V �E �DE�+� R�M4�� �E �
��4	+=@�A�� B�( (� �E ��+�

�� ���Q <��	 ;��. 

 �S� K�5  �6P��)�" �    �>DE ���>E �>D�`N *�� ��  65%>Gcccc  �

%G 65ssss �4	�(�V �E �(t/a=0.005    � m>�H� R�+>S �E 6?��:	 (� �(

B�( ��  ;�)��/ ���9� ���E)<�� [E�� �E d>�4M	 *�� (   �>	 ��>��

��� .  

  

K��S5 :P��)�"�DE�	 65%G *��E �DE ���E �D�`N *��cccc  �E

t/a=0.005 

ω  Exact[12]  S-MK[13] M-K[13] Present  

1 5.999 5.942 6.687 5.948 

2 8.568 8.699 10.009 8.567 

3 8.568 8.699 10.009 8.567 

4 10.407 10.396 11.979 10.396 

5 11.472 11.597 14.152 11.466 

6 11.498 11.597 14.170 11.526 

  

K��S6 :P��)�"�DE�	 65%G *��E �DE ���E �D�`N *��ssss  �E

t/a=0.005  
ω  Exact[12]  S-MK[13] M-K[13] Present  

1 4.443 4.446 4.686 4.447 

2 7.025 7.102 7.748 7.098 

3 7.025 7.102 7.748 7.098 

4 8.886 8.897 10.187 8.893 

5 9.935 9.977 11.136 9.979 

6 9.935 9.977 11.136 9.979 

  

����A� ��+" K���S (� P��)�" �DE ���E �D�`N *�� ��	! 0�� 6E

B�( � m�H� R�+S 6E B�( ;��  ����� *���	 �����	 ��+�.  

  

�&�� P�#5� Q��; ��R��  

��(�E �(�+	 (�  �E �E��E ���E }�5w� Y��b ��+" ���

0.8601µ = 0�� ��� 64"�/ �3� (� . *��E ����E }�5w� Y��b

�pF }�5w� K+N (� ���E ���) ��+E 0E�o ��"  � <G�� *��

�	 (�) 6E 0	�Mb��( .�4	�(�V � ���	 P�S �E ���. �Y��b ;�� *��

T/(�E �+5� 6E � ������(�� ��4?E A�� 69�?	 ����� J���� � *(� .

 *��EE ������ *���4	�(�V � ���	 P�S �Y�p	 ;�� ����� � ��(�

K�e	 ����	 }�5w� Y��b �
�� � 0�� ��� 64"�/ �3� (� ��`H *��

�	 ���q�  ���E��) .  

      K��S7 �DE�	 65%G 
� 6�9�� �D�`N P��)�" �� �cccc E� 

t/a=0.1  R�+S �E 6?��:	 (� �d�4M	 ���E }�5w� Y���b �E ��(

�	 ���� �! �:�:���� . ��(�E �E ;���	 �����	 �K��S �E 6) �+�

 � ���%4�� Y���b  ���E }�5w�5 / 6,0.8601µ = R�+S 6E *��

�	 ���V 0�� �`���	\��). 

 
K��S7 :P��)�"E ���E �D�`N *�� �DE�	 65%G *��E �Dcccc �E �

t/a=0.1  � C��%4	 ���E }�5w� Y���b  

ω  Exact[12]  0.8601µ =  5 / 6µ =  1µ =  

1 5.71 5.717 5.709 5.729 

2 7.88 7.884 7.870 7.956 

3 7.88 7.883 7.870 7.956 

4 9.33 9.338 9.332 9.393 

5 10.13 10.142 10.148 10.315 

6 10.18 10.19 10.185 10.315 

  

�S�� ���� T���&  

      c�>� �� �C�5%>G <>��5� (� B�( ;>�� 0>��E�H ���� ���� 0
S

 �>�� ��� ��(�E A�� ���� * �	.      <�>� (� �* �>	 c�>� �� ;>��5 

��� ��� ���� ����.  

      

  

  

  
 

 
 

 <��5 : * �	 c�� ��scsc�sccs   �DE�	 C�5%G (�  

 

      K��S8  �� � ��	! 0�� 6E 6�9�� �DE �E �D�`N P��)�"

 �E B�( ;�� J�+� <�� (� ��� ���� ���� ���� * �	 c�� ��5  �E

 �4	�(�Vt/a=0.1  �(��E B�( �E 6?��:	 (� �	 ���� �;�)��/ ���9� �

���.  

  

K��S8 :P��)�" �E ��DE�	 65%G *��E �DE ���E �D�`N *��t/a=0.1 

d�4M	 ���/ 6��� J���� 05�  

type scsc  scsc  sccs  sccs  

ω  EFG[11] Present EFG[11] Present 

1 5.17 5.17 5.03 5.04 

2 6.956 6.996 7.31 7.346 

3 7.682 7.662 7.33 7.350 

4 8.787 7.784 8.85 8.862 

5 9.302 9.298 9.70 9.720 

6 10.103 10.097 9.71 9.719 

 
      

����A� ��+" K��S (� P��)�" �DE ���E �D�`N *��! 0�� 6E ��	

 6E B�( ;�� ��	 �����	 �;�)��/ ���9� ���E B�(�+�. 
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��� (=&1)�U� ���� T���& �� �@  

    �>�(�E *��>E ��>��F C�5%G C���D�(� <��5� (� �K+�D	 (+N 6E

P��)�" 05G  ���>	! 0�� 6E *��     * �>	 J���>� (� 65%>G (�>4"(

  �d�4M	 �E�+	 <���	 ���� ���� ���+� .  

       <�>� (�6 �+>	 �    _(�>
Q �>� K�� *�>�     B�( �>E ��>	! 0>�� 6>E

 
��4	+=@�A���DE�	 65%G 
�cccc0�� ��� ���� ���� �. 

  

  

 

 

 

 

  

  

  
 
 

 <��6  :�	 (�
Q  �DE�	 65%G 
� 6�9�� ���D�(�cccc  

 

�
���� "�#�$  

  �>	 ����>�	 C�5%G  � *�D4	 *����E(�) <�. (�   �! (� 6>) �+>�

  >>�� ��>>��� <�>>� 6>>E \4>>?�� *���>>x <�>>�0 . B�(  � ���%4>>��

 �>	 Y���	 (��?E ����� ����	 �9���� <� (� 
��4	+=@�A�� �>��E . (�

  �*��>��� ��5�	 
� Y���	 Y��:� *��E ���5	 *�AS� ����	 ���(

�	 ���%4�� ��/ *���  ���D�  ��+� .   ��>�� �
>��4	+=@�A�� B�( �	�

 <�� (� 6) 6�+/7 �	 �����	    �>�5�	 
>� m>�H� \�( *��E �+�

��� �*��6�+�� ��+�. 6E ��) K�4�) c�:�  � 9   ���%4>�� K�4�) 6p:�

�	   �>�) ��>,�� *�>��q� ���5�	 ��+M9� 6S(� (� 6) ;�� ���E ���) .

    <>� ��>	  ���>) �CX��D	 ���4�� ��DE� ���) U.�E �+F �;�� 6)

�	 ���`��5	 � ����� K�	 ��`p�� � 69�?	�+� . 

  

  

  

 

  

  

  

  

 <��7  : (� ����� 
� \����
��4	+=@�A�� B�(]1[  

  

     ���E C(+G ;��E �C�5%G ^+� ;�� �DE ���E �D�`N P��)�" 

�	 �+�]11:[  

)40 (( )1/22 / tr t Dω ω ρ=                                          

      65%G �K�e	 ;�� (� ^�D� �E *����� *�5r m=  0	�Mb �t 

�	 ��"�+� .  

      K���S9  �10�� � P��)�"  �D�`N 6�9�� 65%G �DE ���E

6��� J���� �E *�����d�4M	 09�� �� �E (����/ �����E ���/ 

/ 2t r �	 ���� ���� <� �� � m�H� R�+S �E 6?��:	 (�  �(����. 

 
K��S9 :P��)�"�D�`N *��  J���� �E  *����� 65%G *��E �DE ���E  

 (����/ �����E ���/ 6���� / 2 0.1t r =  

Present  ANS4b[14]  ANS4a[14]  Exact  ω 

9.2574  9.2277  9.2605  9.24  1  
17.8756  17.8010  17.9469  17.834  2  
17.8970  17.8010  17.9469  17.834  3  
27.3433  26.6801  27.0345  27.214  4  
27.7653  27.2246  27.6566  27.214 5 

30.5832  29.8562  30.3221  30.211 6 

  

K��S10 :P��)�" J���� �E  *����� 65%G *��E �DE ���E �D�`N *��

 (����/ �����E ���/ 6���� / 2 0.01t r =  

Present  ANS4b[14]  ANS4a[14]  Exact  w 

10.1991  10.2129  10.2572  10.2158 1  
21.2212  21.2311  21.4981  21.2600  2  
21.2212  21.2311  21.4981  21.2600  3  
34.7781  34.7816  35.3941  34.8800  4  
34.7856  34.7915  35.3941  34.8800 5 

39.6718 39.6766  40.8975  39.7710 6 

  

W���,  

5� *��E *��. ���4�65%G �� ! C���D�(� <��  �>�� ��>� 6`��5	 *� .

����      �>	 ����>�	 ��>	! 0>�� 6>E ���>4� K���S (� 6) 6�+/  ��+>�

    � �(�� �+>S� m>�H� <>� � 
��4	+=@�A�� B�( ;�E �E+F *(�/ ��

��� ��%�� ���E <%H�4"� .P��)�"     ���A>"� �>E \4>?�� �>D�`N *��

�	 ���V ���A"� ��(� 0	�Mb ����V ;�� 6) ����)   ���A>"�  � �>���

�	 �(� 0�`�G���E .    *@�>�� 6>) 0>�� 0:�:� ;��  � ���� �	� ;��

   �(�� 0	�M>b 6>E 0`>?� ��X�E 0���?� �(� ���F .   ���A>"� �>E

P��)�"P��)�" �65%G �D�`N *��    ���>) �>DE ���>E �D�`N *��

�	��E�� . P��>)�" ���) ���(       ���A>"� �>E �>DE ���>E �>D�`N *�>�

 ��>�	 K���S (� �0	�Mb �>	 �� �+>� .   6>`9 6>) �	�>���  �(� *�>�

 �>>	 ��X�>>E � �>>� 0�`�>>G ���>>��E ���>>�:	 ����>>:	 6>>,�4� (� � ��(

P��)�"�	 ���A"� \4?�� �D�`N *���E�� .  

  

 EJ���  

[1] Hughes, T.J.R., Cottrell, JA., Bazilevs, Y., 2005. 
Isogeometric analysis: CAD, finite elements, 
NURBS, exact geometry and mesh refinement.        
Comput.Methods, WILEY, USA. 

[2] Leissa, A.J., 1969. Vibration of plates. NASA.  
[3] Mindlin, R.D., 1951. “Influence rotatory inertia and 

 shear in flexural motion of isotropic, elastic 
plates”.  Applied Mechanics. 18, pp.1031-1036. 

[4] Mindlin R.D., Schaknow, A., Deresiewicz, H., 
1956. Flexural vibration of rectangular plates. 
Applied Mechanics. 23, pp.430-436. 

  

0
2

4

6
8

10

0

2

4

6

8

10

-1

-0.8

-0.6

-0.4

-0.2

0

0
2

4
6

8
10

0

2

4

6

8

10

-1

-0.5

0

0.5

1

  
  

  

0
2

4
6

8
10

0

2

4

6

8

10

-1

-0.5

0

0.5

1

  

K�� �+	 

_+� �+	 

_�� �+	  

 _(�
Q �+	

_(�
]]� 



 

    

 

9

[5] Dawe, D.J., Roufaeil, O.L., 1980.‟Railiegh-Ritz 
vibration analysis of Mindlin plates”. Journal of 
Sound and Vibration.  69,  pp.345-359. 

[6] Piegl, L. Tiller, W., 1997. The NURBS Book 
(Monographs in Visual Communication). Springer- 
Verlag, New York. 

[7] Cottrell, J.A., Reali, A., Bazilevs, Y., and Hughes, 
T.J.R., 2006. “Isogeometric analysis of  structural 
vibrations”. Comput. Meth. Appl. Mech.  Engrg. 195, 
pp.5257–5296 

[8] Yijun.Liu.1997,Introduction to Finite Element 
Method.,University of Cincinnati. 

[9] Petyt, M., 1990. Introduction to finite element 
vibration analysis. Cambridge University 
Press,England. 

[10] Hughes, T.J.R, Reali, A., Sangalli, G. 2010. 
“Efficient quadrature for NURBS–based 

isogeometric analysis”. Comput. Methods Appl. 
Mech. Engrg. 199, pp.301-313. 

[11] Liu, GR. 2003. Meshfree methods:moving beyond 
the finite element method. CRC Press, USA. 

[12] Abbassian, F., Dawswell, DJ., and Knowles, 
NC.,1987. Free vibration benchmarks. NAFEMS, 
UK. 

[13] Tinh Quoc Bui, Minh Ngoc Nguyen, Chuanzeng 
Zhang. 2011, “A meshfree model without shear-
locking for free vibration analysis of first-order 
shear deformable plates”, Applied Mechanics. 
33,pp.3364-3380. 

[14] Lee, SJ., 2004. “Free vibration analysis of plates by 
using a four-node finite element formulated with 
assumed natural transverse shear strain”, Sound and 
Vibration. 278, pp.657–84. 

 
 
 

  
 

 


	certificated shargh
	1035065

