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The effects of the length, sector angle and different boundary conditions on the buckling load and post buckling behavior of cylindrical panels

have been investigated using experimental and numerical methods. The experimental tests have been performed using a servo hydraulic

machine and for numerical analysis, Abaqus finite element package has been used. The numerical results are in good agreement with the

experimental tests.
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Introduction

Shell structures have been widely used in pipelines,
aerospace and marine structures, large dams, shell roofs,
liquid-retaining structures and cooling towers [1]. Buckling
is one of the main failure considerations when designing
these structures [2]. At first, researchers focused on the
determination of the buckling load in the linear elastic zone,
but experimental studies [3, 4] showed that the buckling
capacity of thin cylindrical shells is much lower than the
amount determined in the classic theories [5]. Thin
cylindrical panels are used in different structures. When
the stress distribution in this structure is compressive, the
structure will collapse usually before yielding or the
buckling phenomena determines its loading capacity due
to large value of radius to thickness ratio. This subject is
usually studied using the numerical methods based on the
finite element (FE) and analytical methods in elastic region.
The exact solution for isotropic and anisotropic panels has
been presented by Timoshenko [6]. El-Raheb [7] inves-
tigated the stability of simply supported panels subjected to
uniform external pressure. Magnucki et al. [8] solved the
Donnell’s equation for buckling of panels with three edges
simply supported and one edge free subjected the axial load
using the Galerkin method. Keweon [9, 10] carried out
numerical and experimental studies for the postbuckling of
axially loaded cylindrical panel with curved edges clamped
and with straight edges simply supported. Young [11]
presented an experimental investigation of concrete-filled
cold-formed high strength stainless steel tube columns
subjected to uniform axial compression. He studied the
effects of the tube shape, plate thickness and concrete
strength. The test results were compared with American and
Australian standards. Zhu [12, 13] studied experimentally
the failure modes and strengths of aluminum alloy with and
without transverse weld subjected to pure axial compression
between fixed ends. The observed failure modes include
yielding and buckling for different lengths. The test results
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were compared with some standards for aluminum struc-
tures. Liu [14] described a test procedure on cold-formed
stainless steel square hollow sections subjected to pure axial
compression. He concluded that design rules in Australian
standard are slightly more reliable than the design rules in
the American and European specifications for performed
tests. Zhang [15] presented experimental and numerical
investigations on the performance of repaired thin-skinned,
blade-stiffened composite panels in the post-buckling range.
The results showed that under the present repair scheme, the
strength of the panel can be recovered satisfactorily. Further,
the repair scheme was seen capable of restoring the general
load path in the panels as well as the general post-buckling
behavior.
In this paper, numerical and experimental studies have

been performed on cylindrical panels for determining the
bulking load and investigating of the post-bulking behavior
of the panels. For numerical analysisAbaqus FEpackage has
been used to study the effects of the length, sector angle,
thickness and different boundary conditions and the
experimental tests have been applied on the panels using a
servo-hydraulic machine. The experimental results are in
good agreement with the experimental ones.
Based on this research, we can approximate the buckling

load of panel that depends on the geometrical and
mechanical properties of it. These tested panels, which are
constrained between simple supports and clamped, have two
boundary conditions. Therefore we can use an average of the
buckling coefficients of these two limits.

Theoretical Analysis: Buckling of Circular Cylindrical
Panels Under Axial Compression

A curved plate loaded in axial compression buckle in the
same manner as a cylinder when the plate curvature is large,
andwhen the plate curvature is small it buckles essentially as
a flat plate. Between these two limits there is a transition
from one type of behavior to the other. When load is applied
heim www.steelresearch-journal.com
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to the plate it attains a critical load, after which the load
suddenly drops. Upon further axial deformation the load
continues to rise again and reaches a failure load which is
greater than the buckling load if the latter occurs elastically.
When the plate buckles plastically, buckling and failure are
coincident.
Consider a simply supported, cylindrical panel of length

L, radius R, thickness t and central angle w. The panel is
under a uniform axial compressive force N as shown in
Fig. 1.
For the buckling of cylindrical shells, the governing

differential equations are given by
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in which u, v, w are the longitudinal displacement,
tangential displacement and radial displacement, respect-
ively. The displacement functions are, however, given by
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Figure 1. Cylindrical panel under compression.
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where Amn, Bmn, Cmn are the unknown buckling ampli-
tudes. By substituting Eqs. (4) to (6) into Eqs. (1) to (3), we
obtain
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Denoting b ¼ mpR
L . Therefore, the buckling load for a

cylindrical panel under uniform axial compression is given
by
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When the angle w is very small, the buckling behavior of the
cylindrical panel approaches that of a longitudinally
compressed rectangular plate.

Panels Characteristics

The mechanical properties of steel alloy (St37) panels
have been determined using the tensile test. For this purpose,
some standard test specimens have been prepared from the
original tubes according to ASTM E8 [16] standard and the
tensile test were performed using INSTRON 8802 tensile
test machine. Fig. 2 shows the stress-strain diagram for a
specimen. The Poisson’s ratio was assumed 0.33. The
geometrical and mechanical properties of panels have been
listed in Table 1.

Boundary Conditions

For applying boundary conditions on the edges of the
cylindrical panel, two rigid plates were used that were
attached to the ends of the cylindrical panel. In order to
analyze the buckling subject to axial load similar towhatwas
done in the experiments; a 15-mmdisplacement was applied
centrally to the center of the upper plate, which resulted in a
distributed, compressive load on both edges of the
cylindrical panel. In the section on experimental results, it
will be shown that the fulcrum used in these tests has an edge
that is 18.1mm high (Fig. 3). For this reason, in numerical
simulations, the edges of the shell are constrained to this
elevation except in the direction of cylinder axis.
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Figure 2. Stress-strain diagram.
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Table 1. Mechanical and geometrical properties of panels

Diameter D¼ 60mm

Thickness t¼ 0.9mm

Sector angle u¼ 908, 1208, 1808, 3558, complete

Length L¼ 100, 150, 250mm

Yield stress sy¼ 240 MPa

Elasticity modulus E¼ 150 GPa

Figure 3. Fixtures forexperimental testa)simplysupportb)clamped.

Figure 4. Mesh pattern for a panel.

Figure 5. Buckling mode shape for specimen L¼ 100mm, u¼ 908:
(a) first mode, (b) second mode, (c) third mode.
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Figure 6. Load displacement diagrams for three equal panels with

L¼100mm, u¼1208.
Numerical Method

The numerical analysis has been performed with Abaqus
FE package. For this analysis, the nonlinear element S8R5,
which is an eight-node element with six degrees of freedom
per node, suitable for analysis of thin shells, and the linear
element S4R, which is a four-node element were used [17].
Part of ameshed specimen is shown inFig. 4. Both linear and
nonlinear elements were used for the analysis of the shells,
and the results were compared with each other.
The boundary conditions have been considered clamped

or simple at arc edges and free at straight edges. Eigenvalue
analysis overestimates the value of buckling load, because in
this analysis the plastic properties of material do not have
any role in analyses procedure. For buckling analysis, an
eigenvalue analysis should be done initially for all speci-
mens, to find the mode shapes and corresponding eigenval-
ues. Primary modes have smaller eigenvalues and buckling
usually occurs in these mode shapes. For eigenvalues
analysis the ‘‘Buckle’’ step was used in software. Three
initial mode shapes and corresponding displacements of all
specimens were obtained. The effects of these mode shapes
must be considered in nonlinear buckling analysis (Static
Riks step). Otherwise, the software would choose the
buckling mode in an arbitrary manner, resulting in
unrealistic results in nonlinear analyses. For ‘‘Buckle’’ step,
the subspace solver method of the software was used. It is
noteworthy that due to the presence of contact constraints
between rigid plates and the shell, the Lanczos solver
method cannot be used for these specimens [17]. In Fig. 5,
three primary mode shapes are shown for the specimen
L100-u908. After completion of the Buckle analysis, a
204 � 2011 Wiley-VCH Verlag GmbH & Co. KGaA, Wein
nonlinear analysis was performed to plot the load–displace-
ment curve. Themaximumvalue in this curve is the buckling
load.
This step is called ‘‘Static Riks’’ and uses the arc length

method for post-buckling analysis. In this analysis, non-
linearity of both material properties and geometry is taken
into consideration. This analysis has run for different panels
(Table 1) by clamped and simple boundary conditions and
for each case, the load-displacement diagram has been
derived.

Experimental Method

Some specimens with characteristics listed in Table 1
were prepared and the compression test was applied using a
heim www.steelresearch-journal.com
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Figure 7. Experimental test setup.
servo-hydraulic machine on panels. At first, for investigat-
ing the reliability of system for repeating the tests, three
similar panels with L¼ 100mm and u ¼ 120�were tested.
Fig. 6 shows the load–displacement diagrams for these
panels. It is clear that the results are the same and the
machine is reliable to repeat the tests.
For different boundary conditions, the axial load was

applied on the panels and the load-axial displacement
diagrams of panels have been drawn. In all tests, the straight
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Figure 8. Load-displacement diagrams for different lengths (u¼ 120, sim
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Figure 9. Load-displacement diagrams for different lengths (u¼ 90, simp
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edges were free and the arc edges were clamped or simply
supported. To produce the clamped and simple boundary
conditions, some appropriated fixtures were designed.Fig. 7
shows the test setup.

Discussion of Result

Fig. 8 shows the numerical and experimental load-
displacement diagrams for panels with different lengths.
The peak values in diagrams stand for the buckling load. It is
seen that by increasing the length, the buckling load will
decrease. These variations are more for shorter lengths. For
longer length, the load-displacement diagram for the
smallest sector angle i.e. u¼ 90, u¼ 180 (Fig. 9, Fig. 10)
tends to Euler buckling mode.
Figs. 9, 10 show the load-displacement diagrams for

u¼ 90, 180
Fig. 11 shows that by increasing the sector angle, the

buckling load increases. When there is a narrow cut
(u¼ 355), the buckling load decrease noticeably. The
variations of the buckling load in terms of the sector angle
have been shown in Fig. 12. Its variation is semi linear and it
changes very large for a cylinder. Fig. 13 shows the
deformed shape of a panel with a narrow cut.
The load-displacement diagrams and the first buckling

modes for different panels have been shown inTable 2. The
buckling modes are similar and there is a good agreement
between the load-displacement diagrams in most cases.
Load-Displacement (Test) 
Theta=120°

0

3

6

9

12

0 1 2 3 4
Displacement (mm)

Lo
ad

 (k
N

)

L=100 mm
L=150 mm
L=250 mm

ply supported).

Load-Displacement (Test) 
Theta=90°

0

3

6

9

0 1 2 3 4
Displacement (mm)

Lo
ad

 (k
N

) L=100 mm
L=150 mm
L=250 mm

ly supported).

iley-VCH Verlag GmbH & Co. KGaA, Weinheim 205



steel research int. 82 (2011) No. 3 Full Paper

Load-Displacement (Abaqus) 
Theta=180°

0

5

10

15

20

0 1 2 3 4
Displacement (mm)

Lo
ad

 (k
N

)

L=100 mm
L=150 mm
L=250 mm

Load-Displacement (Test) 
Theta=180°

0

5

10

15

20

0 1 2 3 4
Displacement (mm)

Lo
ad

 (k
N

)

L=100 mm
L=150 mm
L=250 mm

Figure 10. Load-displacement diagram for different lengths (u¼180, simply supported).
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Figure 11. Buckling load in terms of the length for different sector angles.

Buckling Load-Sector Angle
(Abaqus)

0

10

20

30

40

36027018090
Theta (Degree)

Lo
ad

 (k
N

) L=100 mm
L=150 mm
L=250 mm

Buckling Load-Sector Angle
(Test)

0

10

20

30

40

36027018090
Theta (Degree)

Lo
ad

 (k
N

) L=100 mm
L=150 mm
L=250 mm

Figure 12. Buckling load in terms of the sector angle for different sector angles (simply supported).

Figure 13. Deformed shaped of panel (u¼355, L¼ 100, simply

supported) a) experimental b) numerical.

206 � 2011 Wiley-VCH Verlag GmbH & Co. KGaA, Wein
The most differences between the diagrams return to the
post buckling region and the values for FE results are greater
than the test values. It may be due to approximated definition
of the plastic part of stress-strain diagram and no consid-
eration of the specimens defects in FE model. The FE stress
analysis shows that in some cases, the von-Mises stresses in
panels are higher than the yield stress or the panel is not
elastic at buckling load. Fig. 14 shows the von-Mises
stresses of a panel under buckling load.

Effect of Boundary Condition. To investigate the
effects of different boundary conditions, some tests were
performed on the panels with clamped and simple supports.
Table 3 shows the load-displacement diagrams for clamped
and simply supported boundary conditions. The results of
all tests show that the clamped boundary conditions can
increase the buckling load capacity of the panels. It is
heim www.steelresearch-journal.com
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Table 2. Numerical and experimental load displacement diagrams and buckling modes for different lengths and sector angles
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Table 2. (Continued )
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Figure 14. Von-Misesstressdistribution inpaneldue todifferent loads (simplysupported)a)Applied load is inelastic regionb,c)Applied loadsare

in post-buckling region.
because the clamped boundaries can restrict the degrees-of-
freedom. The Euler buckling mode has been seen for
L¼ 250mm and u¼ 908 in numerical and experimental
results. The values of buckling loads for these boundary
conditions have been listed in Table 4.

Effect of Linear and Nonlinear Element. After
comparing the curves in Fig. 15, it can be said that linear
elements in comparison to nonlinear elements have a
better prediction power for the post-buckling behavior of
mild steel alloy cylindrical shells with elliptical cutouts.
In the prebuckling phase, both elements produce similar
results.
It can be seen that the slope of load vs. end shortening

curves is higher in numerical results than in experimental
results before the buckling. This discrepancy is due to the
presence of internal defects in thematerialwhich reduces the
stiffness of the specimens in the experimental method, while
the materials are assumed to be ideal in the numerical
analyses.
The results of experiments are compared with numerical

result in Table 5. It is evident that there is little difference
between experimental and numerical results. For example,
the biggest discrepancy between the two sets of results is
6.7% for S8R5 nonlinear element and 8.8% for S4R linear
element. It is also noteworthy that the greatest difference is
seen for short specimens. This can be attributed to the fact
that the bending theory of shells is more suitable for lower
www.steelresearch-journal.com � 2011 W
t/L ratios, and this theory is used by the software for
calculations.

Confirmation of Theoretical Results with
Experimental Data

A curved plate loaded in axial compression buckle in the
same manner as a cylinder when the plate curvature is large.
When the plate curvature is small it buckles essentially as a
flat plate. Between these two limits there is a transition from
one type of behavior to the other.When load is applied to the
plate it attains a critical load, after which the load suddenly
drops. Upon further axial deformation the load continues to
rise again and reaches a failure load which is greater than the
buckling load if the latter occurs elastically. When the plate
buckles plastically, buckling and failure are coincident.
Some of test data, for L¼ 150mm in three different sector
angles (u¼ 908, 1208, 1808) are shown inFigure 16 in terms
of KC and Zb, where

Zb ¼ ð1�n2Þ0:5
�
b2

rt

�
(9)

KC ¼ 12scrð1�n2Þ
p2E

�
b

t

�2

(10)

and b is width of the cylindrical panel. The boundary
conditions of the panels tested were between simple
iley-VCH Verlag GmbH & Co. KGaA, Weinheim 209
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Table 4. Buckling load (kN) for different boundary conditions

u¼ 908
L¼ 100 mm L¼ 150 mm L¼ 250 mm

Numerical Experimental Numerical Experimental Numerical Experimental

Simply supported 8.40 7.06 7.04 6.61 4.80 4.66

Clamped 8.45 7.92 7.67 6.99 5.19 5.05

Table 3. Load displacement diagrams for clamped and simply supported boundary conditions
supports and clamped. Thus an average of the buckling
coefficients of these two limiting cases, Kpl ¼ 5.7, was used
for correlation purposes [18]. The theoretical results are in
good agreement with the experimental tests.

Conclusions

The experimental tests and numerical analysiswhichwere
performed on the panels showed that:
210 � 2011 Wiley-VCH Verlag GmbH & Co. KGaA, Wein
1. I
heim
ncreasing the lengthwill decrease thebuckling load.This
effect is more important for shorter panels.
2. T
his can be attributed to the fact that the bending theory of
shells is more suitable for lower t/L ratios, and this theory
is used by the software for calculations.
3. B
y increasing the sector angle, the buckling load will
increase semi linear and it changes very large for a cylinder.
4. T
he existence of a narrow slot will decrease the buckling
load noticeably.
www.steelresearch-journal.com
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Figure 16. Comparison of test data for (L¼150mm, u¼ 908, 1208,
1808) with theory for axially compressed panels.

Table 5. Comparison of the experimental and numerical results for cylindrical panel.

Model designation
Buckling load (kN) j FFEM-FEXPj/ FEXP� 100% error

S4R element S8R5 element Experimental S4R element S8R5 element

L100-u90 7.54 7.41 7.06 6.8 4.8

L100-u120 12.74 12.49 11.81 7.9 5.8

L100-u180 16.12 16.03 15.02 7.3 6.7

L100-u355 35.21 34.82 32.98 6.8 5.6

L100- Perfect 43.24 43.04 40.93 5.6 5.1

L150-u90 7.20 7.04 6.61 8.8 6..5

L150-u120 11.46 11.26 11.04 3.7 2.0

L150-u180 14.60 14.30 13.63 7.1 4.9

L150-u355 32.25 31.02 29.65 8.7 4.6

L150- Perfect 40.99 40.10 37.69 8.7 6.4

L250-u90 4.91 4.80 4.66 5.4 3.1

L250-u120 9.58 9.49 8.94 7.1 6.2

L250-u180 13.37 13.34 12.60 6.2 5.9

L250-u355 30.01 29.87 28.59 5.0 4.5

L250- Perfect 38.01 37.44 36.22 4.9 3.4
5. T
ww
he clamped boundary conditions will increase the
capacity of panel to undergo the load or the buckling load
will increase.
6. I
n the most analysis, there are good agreements between
the numerical and experimental results.
7. R
esult show, the curves from linear elements predicts the
post-buckling region better than nonlinear elements,
while the nonlinear elements are a better indicator of the
buckling load.
8. T
here is a delay of the buckling load by using simply
supportedboundaryconditionbecause the simply support
permits the rotation in addition of axial displacement but
w.steelresearch-journal.com � 2011 Wile
in the clamped boundary condition the structure is more
restricted than in the latter case.
9. B
y increasing the length, the buckling load decreases
slightly (Fig. 6). This reduction is highest for shorter
lengths. By increasing the sector angle of a panel, the
buckling load increases. It is possible to approximate the
buckling load as

P ¼ K
un

Lm
(11)

Where K, m, n are constants and they depend on the
geometrical and mechanical properties of the panels.
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