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Abstract This paper presents an exact solution for
steady-state conduction heat transfer in cylindrical com-
posite laminates. This laminate is cylindrical shape and in
each lamina, fibers have been wound around the cylinder.
In this article heat transfer in composite laminates is being
investigated, by using separation of variables method and
an analytical relation for temperature distribution in these
laminates has been obtained under specific boundary con-
ditions. Also Fourier coefficients in each layer obtain by
solving set of equations that related to thermal boundary
layer conditions at inside and outside of the cylinder also
thermal continuity and heat flux continuity between each
layer is considered. In this research LU factorization
method has been used to solve the set of equations.

1 Introduction

Today, using composite materials for manufacturing
equipment, machinery and structures has been remarkably
developed. By using these materials, the weight of equip-
ment and structures is reduced (the mechanical strength
remains constant) also the expense will be decreased by
using these materials. In some industries, utilizing of these
materials is unique compare to isotropic materials. Scien-
tific works usually focus on the behavior of such materials
under mechanical and thermal loads and rarely have
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observed other effects like heat transfer in these categories
of materials. One of the most important applications of heat
conduction in composite materials is manufacturing pro-
cess which includes curing, cutting, fiber placement
welding, etc. Some works have already been done on heat
transfer in anisotropic materials. Early work in this era is
based on 1-dimensional heat transfer in anisotropic crystals
[1, 2]. Solutions of heat conduction in cylindrical coordi-
nate have been obtained for homogeneous media with
isotropy or special anisotropy [3-6].

Mulholland [7] researched on unsteady diffusion phe-
nomena within an orthotropic cylinder and it was one of the
preliminary works in this case. Noor and Burton [8] studied
steady-state heat conduction in multilayered composite
plates and shells. Extensive numerical results are presented
for linear steady-state heat conduction problems, showing
the effects of variation in the geometric and lamination
parameters on the accuracy of the thermal response pre-
dictions of the predictor—corrector approach. Both anti-
symmetrically laminated anisotropic plates and multilay-
ered orthotropic cylinders are considered. Vinayak and
Iyengar [9] studied transient thermal conduction in rect-
angular fiber reinforced composite laminates. They used a
finite element formulation based on the Fourier law of heat
conduction to analyze the transient temperature distribution
in rectangular fiber reinforced composite plates. For their
studies, Results presented for graphite/epoxy and graphite—
graphite/epoxy plates subjected to different thermal
boundary conditions. Laminate with fiber orientations of
0°, +45°, and 90° are considered for the analysis. Argyris
et al. [10] presented theoretical formulation and computa-
tion of a three node six degree of freedom multilayer flat
triangular element intended for the study of the temperature
field in complex multilayer composite shells. This formu-
lation consists of three modes of heat transfer: conduction,
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convection and radiation. In this article the formulation is
based on a first-order thermal lamination theory which
assumes a linear temperature variation along the thickness.
They showed that this method is highly efficient compare to
other numerical methods. Sugimoto et al. [11] represented a
numerical analysis of heat conduction in multi-lamina
plates also they studied effect of heat conduction from inner
layers induced by the thermoplastic effect. Tarn and Wang
[12-15] studied the heat conduction in circular cylinder of
functionally graded materials (FGM) and laminated com-
posites. Golovchan and Artemenko [16] solved the problem
of the heat flux in a medium with orthogonally positioned
rows of periodically applied fibers. Shi-qiang and Jia-chan
[17] used two-space method, homogenized equation for
steady heat conduction in the composite material cylinders.
They showed the microscopic heat conduction in aniso-
tropic when the cross-sections of the impurity cylinders are
unidirectional oriented and isotropic when the angular dis-
tribution of the cross-sections is uniform.

Guo et al. [18] investigated development of temperature
distribution of thick polymeric matrix laminates and com-
pared it with numerically calculated results. The finite ele-
ment formulation of the transient heat transfer problem was
carried out for polymeric matrix composite materials from
the heat transfer differential equations including internal
heat generation produced by exothermic chemical reac-
tions. Greengard and Lee [19] presented a robust integral
equation method for the calculation of the electro static and
properties of high contrast composite materials. Lu et al.
[20] obtained analytical solution of transient heat conduc-
tion in composite circular cylinder slab (each layer is iso-
tropic). They used the separation of variables method and
showed that this form of solution has a good agreement with
numerical results. Chatterjee et al. [21] presented an effi-
cient boundary element formulation for 3-dimensional
steady-state heat conduction analysis of fiber reinforced
composites. The variations in the temperature and flux
fields in the circumferential direction of the fiber are rep-
resented in terms of a trigonometric shape function together
with a linear or quadratic variation in the longitudinal
direction. Yvonnet et al. [22] established suitable formula-
tion for the numerical computation of the effective thermal
conductivities of a particulate composite in which the
inclusions have different sizes and arbitrary shapes and the
interfaces are highly conducting. An extended finite ele-
ment method (XFEM) has been used in tandem with a level-
set technique to elaborate an efficient numerical procedure
for modeling highly conducting curved interfaces without
resort to curvilinear coordinates and surface elements.
Sadowski et al. [23] analyzed a sudden cooling process
(thermal shock) at the upper side of FGM circular plates
having discrete variation of the composite features. The
non-stationary heat conduction equation was solved for
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arbitrary smooth or step variation of functions describing
properties of the analyzed material. Chiu et al. [24, 25] used
the thermal-electrical analogy [24] and parameter estima-
tion technique [25] to calculating the effective thermal
conductivity coefficients of spiral woven composite lami-
nates. In addition to calculating the thermal properties of
these laminates, they solved direct and inverse problem of
conductive heat transfer using the alternating direction
implicit (ADI) method and Levenberg—Marquardt algo-
rithm, respectively. In this paper 2-dimensional steady-state
heat transfer in a composite cylinder has been investigated
and an exact analytical solution for the temperature distri-
bution has been achieved for a cylinder subject with con-
stant temperature on inside and sun radiation and natural
convection at the same time from outside. In this research,
separation of variables method has been used to solve the
heat transfer equation and the Fourier coefficients were
obtained by boundary conditions and continuity equations
for temperature and heat flux between layers. To the best
knowledge of authors, there is no any exact analytical
investigation about heat conduction in cylindrical com-
posite laminates. Research of Chiu et al. [25] is one of the
similar works which using the ADI method (as a numerical
method) to solving the direct problem in spiral woven
composites with different kinds of boundary conditions. In
these laminates, each lamina is made as a spiral round disc
while in current research, the shape of lamina is as a
cylindrical shell. The solution which presented in current
research has an application in thermal studies of composite
pipes, vessels and reservoirs. From thermal point of view,
the results taken from exact solution can be used in thermal
stress and strain analysis. In this work, theory of conductive
heat transfer has been elaborated as well and the method for
determining the heat transfer coefficients out of matrix
material and fibers’ properties are fully explained.

2 Heat conduction in composites

Generally, Fourier relation for conductive heat transfer in
orthotropic materials is as below [3]:

2
qx kiv ki ki3 i
Gy ¢ =—|ka ko kaz|< 55 o (1)
q: k3t ks ks | | &L

o

According to the Onsager reciprocity, the tensor of
conductive heat transfer coefficients should be symmetric.
That is, for all substances in nature, we should have:

kij = kji. (2)
Also according to the second law of thermodynamics,

the diametric elements of this tensor are positive and the
following equation must be valid [3]:
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k,‘,‘kjj > ki for: i #‘] (3)

According to the Clausius—Duhem relation, the
following inequalities are governed between coefficients
of the conductivity tensor of orthotropic materials [3, 26,
27]:

k(i >0, (4a)
1

5 (Kaikay = kapkn) =0, (4b)
zijek(1kepke) = 0, (4¢)

where, k¢, introduces symmetric part of conductivity
tensor:
ki) = k) = # (5)
In general, two different coordinate systems are defined:
on-axis (x1, X», x3) and off-axis (x, y, z) [28]. As shown in
Fig. 1, the direction of on-axis coordinates depends on fiber
orientation, in a way that x; is in direction of the fibers, x,
is perpendicular to x; in the composite layers and x; is
perpendicular to the layer plane. In manufacturing the
composite materials, by laying the different layers on each
other, the composite laminate is formed. Since the
orientation of fibers in each lamina may be differed from
other laminas. We need to define an off-axis reference
coordinate system as well, so as to be able to study the
physical properties in constant directions. Thus, there is an
angular deviation by 6 between the on-axis and off-axis
system and these coordinates are coincident. In the on-axis
coordinate system, Fourier equation for a composite
material is [29]:

5
q kn 0 O %
Gy =—| 0 kp 0 Ts . (6)
q3 0 0 kn or

on on ax3 on

According to Eq. 6, in each lamina; properties in
direction of fibers (x;) is different from those in perpen-
dicular directions (x;, x3), but in the perpendicular plane to
the fibers, heat transfer in all directions is the same. With

Fig. 1 On axis and off-axis coordinate systems

rotation of on-axis system by —0, Eq. 6 can be obtained in
the off-axis system:

[T(=0){d} o= —[Klon[T(=0)]V Tos. (7)

In Eq. 7, T(0) is the rotation tensor transform and is
derived from the following relation:

cos) —sinf O
[T(0)] = | sinf cosf O0]. (8)
0 0 1

By using Eq. 7, the heat flux in off-axis directions is
achieved as follow:

{@Yorr= —[T(=0))" [K]ou [T(~0)] VT 9)
Since the rotation transform tensor is orthogonal, so:
[7(0))"'= [T(-0)]. (10)

By substituting from Eq. 10 into Eq. 9, the heat flux
vector in off-axis directions will be as follows:

{@} o= —[T(O)][K]on [T (=0)]V Tty (11)
According to Fourier law, heat flux in off-axis directions

is:

{a}osr= —[K]oge Vot (12)

Thus by comparing Eqgs. 11 and 12, off-axis heat transfer
coefficients tensor in terms of on-axis coordinate system is
given below:

Klog = [T(O)] ko [T (=0)]- (13)

The heat transfer coefficients tensor in on-axis system
and off-axis system are shown by [k] and [IE], respectively,
and cos 0 is shown by m; and sinf by n,, Egs. 6, 8 and 13
can be used to obtain the tensor elements of heat transfer

coefficients in off-axis directions:
C 2 2
kit = myky + njky

A 2 2
kzz = nlk“ —|—mlk22

ks = koz (14)
kio = ka1 = myn(ky1 — kp2)

kiz =k =0

kyz =k =0

Now, the conductive coefficients in on-axis system (ki,
ky;) can be determined. Generally, two methods are
suggested to calculate the conduction coefficients in on-
axis system:

1. Doing a test to specify conduction coefficients on a
lamina in the fibers direction and the perpendicular
direction of them.

2. Using a certain formulation based on conductive
coefficients of the fibers, matrix and volume percent-
age of the fibers [29].
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The second method is a suitable method that it is useful
when there is lack of the appropriate laboratory equipment
can be so helpful specifically when (especially in engi-
neering calculations). In this method, heat transfer coeffi-
cients (or other directional dependent physical parameters
of the substance) are calculable based on the following
relations [29]:

ki = veky + Vikon (15a)
ky = kmM (15b)
1 —yvr

Quantities { and # are also calculated from the following
equations:

gl — 1
L

(= 1/(4_3vm)

In general, Egs. 15a, b and 16a, b can be generalized to
other physical properties of the composite materials. For
instance by using these relations many quantities such as
dielectric constant, magnetic permeability, electrical conduc-
tion coefficient and diffusion coefficient for composites
can be obtained [29].

(16a)

(16b)

3 Modeling and formulations

In this research, steady-state heat transfer in a composite
cylinder has studied. According to Fig. 2, the fibers in each
layer have been wounded in specific directions around the
cylinder. The Fourier relation in cylindrical coordinate
system for orthotropic material is given below:

- or
qr ki ki ki3 o
do ¢ =—|ka kn ks | 75 (- (17)
q: kst k32 k33 z

Fig. 2 The fibers’ direction in a cylindrical laminate
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N 0q,dA,

dz

Fig. 3 Heat fluxes in a cylindrical element

So with applying the balance of energy in element of
cylinder that has shown in Fig. 3, the following relation is
obtained:

oT 0q,dA 0q,dA 0q.dA
C—dV = Ty — 22 g — 2R
P& or T 00 T T &

Relations for surfaces and volume of the cylindrical

element are as below:

dz. (18)

dA, = rdodz, (19a)
dA, = drdz, (19b)
dA; = rdodr, (19¢)
dV = rdgdrdz. (19d)

Relation (17) and (19a—d) act on relation (18), then
below relation will acquire for heat transfer in an
orthotropic material [30, 31]:

_ 19 /09r\ - 1T _ T . _ 10T
kn;g (75) +k22r—za—(/)2+k33a—zz+ (k12 +k21);6q)6r
_ T kpoT - - 10T oT
ks + k3 ) e+ B0 4 (g 4 heap) — o = pCr,
+ (ks + 31)6r@z+ r az+( 2+ 32)r6go@z P ot
(20)

In order to second law of thermodynamics, the
coefficients of Eq. 20 must be remain in elliptic form for
each 2-dimensional situation. Also unlike the isotropic
materials, in orthotropic materials, the heat transfer in
steady-state condition depends on properties of material.

Heat transfer equation for a cylindrical composite lam-
inate can be determined from relation (20). In order to
Fig. 2 it is obvious that the fibers angle was defined com-
pare to ¢ axis and ¢ is a second orientation of coordinate
system r, ¢ and z. Therefore, heat conductive coefficients
must be rearranged [because in the relation (14), the fibers
angle has been defined compare to first orientation of
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coordinate system]. The rearranged relation (14) for a
cylindrical lamina is given below:
ki = kn
kay = mlkyy + niky
]§33 = ’zlzk” + mlzkzz (21)
kiz =k =0
ki3 =ks1 =0
ka3 = k3o = myny(kiy — ka2)
with substituting Relation (21) on relation (20), the heat
transfer equation in this cylindrical laminate were acquired:
19 [/ oT 1 °T
kyy —— | r— 2k k) =~
2o (Far) + (mz 11 +n; 22) 2872
o°'T 19°T or
2 2
k kyp)=—+2 kip —kp)—=—=pC—
+ (nl 1n+m 22) 2 + 2myny (ky; 22)ra¢az P o
(22) Fig. 4 Arrangement of layers in a cylindrical laminate
In steady-state condition, the right-hand side of Eq. 22 is
zero. For a two phase fluid flows in a tube, we can suppose
that temperature is constant inside the tube and if boundary k ot _ ort+h 26b
condition at outside of the cylinder is not function of z, "3, *3r (26b)

temperature gradient in long tube will be zero in z direction
[31]. In this paper, these conditions were considered for
cylinder. Therefore, Eq. 22 will simplify by using these
conditions:

18°T

10 /oT ) 2
k2o P <r§> + (mikyy + njka)

In outside of cylinder, the convection and solar radiation
are supposed for boundary conditions:

*kzza =—q" (@) + h(T — Ty). (24)
Solar radiation flux and can be calculated from below
relation [31]:

/s
n, \_ Jq'sing 0<¢@<m
do)= {4 Vzesr. 25)

It is important to note that, these boundary conditions
were optional choices and other boundary conditions can be
implemented easily by using presented method in this article.

A cylindrical laminate could be made of multi layers
and orientation of fibers in each layer may be different
from others, so Eq. 23 will be different in each layer and
temperature continuity and heat flux continuity must be
implemented between each two layers. In Fig. 4 layers in
cylindrical lamina have been shown. Therefore, if r = r;
and there is boundary between two layers i and i + 1, so in
this radius:

T = 7l (26a)

4 Analytical solution of heat conduction
in a cylindrical laminate

In this section, analytical solution is given for equation of
conductive heat transfer in composite laminate [relation
(23)]. At the first, it is necessary to rewrite Eq. 23 as fol-
lowing formulation:

T 19T 1 ¥T
e I R S 27
or? + ror  p2rtde? (27)
In above relation, pu is:

ko
p= (28)

2 2 :
mlk” +nlk22

In especial conditions, if angle of fibers (¢) equals to
90°, then m; = 0 and n; = 1. In this condition, u = 1 and
relation (27) is similar to 2-dimensional heat transfer
equation in isotropic materials. In this paper for solving Eq.
27 we had used separation of variables method. According
to this method, heat distribution in two dimension, r and ¢
able to separate in two functions; F(r) and G(¢):

T(r,p) = F(r)G(o). (29)

With acting Relation (29) on relation (27), heat transfer

equation separates to two below equations:
PF" +rF — J2F =0, (30a)
G+ 122G =0. (30b)
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In Eq. 30a, b, parameter 1, is eigenvalue for heat
transfer equation. A, determines from acting boundary
condition on Eq. 30b.

This laminate is an annular shape. Therefore, temperature
and its derivation continuity conditions must be satisfied:

G(0) = G(2m), (31a)

G (0) = G'(2n). (31b)
General answer for this equation is given below:

G(¢) = Ay cos(uin®) + By sin(uln@). (32)

By substituting relation (32) on boundary conditions
[relation (31a, b)], below equations are obtained:

{An(cos(Znuin) —1) + B, sin(2nut,) =0

A sin(2mitn) — B (cos(2mity) — 1) = 0° (33)

These equations are homogeneous; therefore their
answers are zero unless they are linear dependent. In
other word if determinant of coefficients in Eq. 33 is zero
then answers are available.

(cos(2mply) — 1)+ sin®(2mui,) = 0. (34)
By solving trigonometric equation (34), eigenvalues for

heat transfer equation in each layer are given:

n

In=— n=0,1,2,... 35
. (35)

Equation 30a is Cauchy-Euler equation and has below
general solution:

Clr)'" + Czri;“”
F =
( ) { C3Ll’l(}") + Cy

n>0

ape (36)

Therefore, with substituting relations (32) and (36) on
relation (29), general solution are obtained for temperature
distribution in each cylindrical laminate layer. In this paper
supposed that t =T — T;, and implements it in heat
transfer equation (27) to make boundary condition
homogeneously at inside the cylinder. So below relation
is obtained for temperature distribution:

P
1o
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In order to determination of these coefficients, it needs
to implement the boundary condition. Here, temperature at
inside the cylinder is constant (7;,). Therefore 7 is equal to
zero at this boundary and following relations were obtained
by implementing this boundary condition.

b =0, (38a)
al) + bl =0, (38b)
¢ 4dV) = 0. (38c¢)

Also boundary conditions of temperature continuity and
heat flux continuity between layers are valid [relation (26a,
b)]. By substituting the relation (37) on boundary condition
(264, b), these results are obtained:

aOV - "0 ’ (398.)
b =Bl =0, (39b)
N N N
) "))
ro ro ro
NS
D (L) ~o, (39¢)
o
n/u; —n/ 1 N\ M M
o)) )
1o ro ro
. n/ iz
dit) <—) =0, (39d)
ro

n/u—1 —n/u;—1 n/u g —1
40 (L) e <L> & _a<i+1>(L> <L) s
" \ro " \ro 8 Uiv1/) \Fo
0 <L) (2) —"/um—lz 0
" Hit1 1o ’

n/u—1 —n/p—1 n/ i —1
200 (L) M e (’_> 4 _C<i+1)<£) <r_> "
" \ro " \ro " \His/ \ro
+d(iJrl)( M ) (Vi)_n/ﬂ”'_lo
" Hitq ) .

Relations (39a—f) are valid only in surfaces between
each layers (r=1r;, i =1, 2,..., n,_;) and There are not
governed at inside and outside of the cylinder. At outside
of laminate (r = r,;) combination of convection and solar
radiation was implemented as boundary condition. So by
substituting relation (37) on relation (24) the following
equations are achieved:

(39%)

(39f)

1
(nL) I'ng

vy (TAME) L
- T , a
ky + hry, Ln (%)L) h(To = Tin)

a
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aﬁl”L)

_n_ L]
() o) ()
) oy, 1o

—n_ J——
+b(ﬂL) h(rﬂ) Hnp —k22< n > <r'i> Hny
" 1o roly, ) \ To
0 —n=o0dd
= 2q// ; (40b)
7'[(1 _nz) — n = even
_n_ ]
() () G
o Toln, o
__n_ —n_
+d(”L) h(rm) M,‘k22< n ) <}"nl) Hnp,
: 1o rolt,, ) \ 70
"
q— —n =
=< 2 , (40c)
0—-n>1

According to relation (38a—c)—(40a—), coefficient ag
and b, are equal in all layers and amount of aj is
calculated from relation (40a) also the value of bg) is equal
to zero. For calculating values of a? and b when n > 1, it
needs to solve a five diagonal set of equations that includes
Egs. 38b, 39c, e, and 40b. Also by solving a five diagonal
set of equations which includes Eqgs. 38c, 39d, f and 40c the
values of ¢ and d” will be obtained. In this research for
solving these sets of equations, at first with combining
these relations the set of equation has been changed to a
three diagonal set of equations then it has been solved by
using LU factorization. For determining aS and b, below
three diagonal set of equations has been obtained:

a,gl) + bf,l) =0, (41a)
X n/u; . —n/p;
o) o))
Hit1 1o Mty )
. N\ 1/t .
o M (i) al™h =, (41b)
Hiy1 \To
—n/u; n/ s
2<ﬁ) p) 4 <L — 1) <ﬁ) la(iH)
1o : Hivq o §
U 7 =N/l .
B (1 +_’) (‘) byt =0, (41c)
Hitq ro

n/u, n/p, —1
) e ) o)
o Toln, o
-n/u, —n/t, —1
n( . —kx . ) i)
o oMy, o "

- e ) 1] (41d)

Also with combining the five diagonal set of equations
related to coefficients cfl’) and dfl’) below three diagonal set
of equations has been obtained:

¢ 44 =0 (42a)
N\ /i N\
(o)) - G- e
Hit1/ \To Hit1 o
. . ”/:“Hrl .
o M (i) i = (42b)
Hit1 \7r0
— n/is
2(2) 40 4 <L _ 1) <r_> e
ro " Hiv1 o "
. X —n/ iy .
— (1 n L) (i> 4D =0 (42¢)
Hiy1/ \To

n/p, n/u, —1
) s ) () e
o Toln, o
—n/pu, —n/u, —1
() ) ) e
ro Toly, ) \ 70 "

(42d)

By using LU factorization these results will be obtained
for set of equations (41a—d) and (42a—d):

—61”[(—1)"+1 - 1} 12!

(i) — m=2i—1Vm 43
K n(n* —1) annszH T 5
(-1 n+l 1:| 2 —1
n = 7 s (43b)
n(n 1) Hm:2i Tn
2np 1
. P | T
=1 e (43¢)
n>1
T
a =T M "= (43d)
0 n>1

In relation (43a—d) coefficients y; and x; will be
calculated as below:

=1 (44a)
. N\ M/t
V2i = _2L (£> (44b)
Hit1 \To
—n/
H; Ti
Yoir1 =—(1+— || — 44c
i ( Mi+1) (’0> (44c)
T =1 (444)
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XiVi
T

Tiv1 = Piyy — (44e)

In relation (44e) y; and f; will be calculated as below:

n/u;
Hi Ti
w20
it
i —n/u;
Yoi =2 (r—o> (45b)
n/uw, n/iy, —1
7y L n n L
Lon,—1 = h(—L> +k22< ) <—L) (45¢)
o roly, ro
pr=1 (45d)
—n/u;
Hi Ti
= (1) (2)
=\ . (45¢)
1/l
Hi Ti
.321‘+1 = (H : - 1) (%) (45f)
it
—n/u, =1/, —1
In L n In L
— |nfi —k T,
Pon ( ro ) 2 (rounL) ( ro )
(45g)

5 Results and discussion

In this section, analytical solution results for steady-state
conductive heat transfer in cylindrical laminate under
specific boundary conditions that defined in Sect. 3 are
described. In this paper, for investigation of heat transfer in
composite materials, effects of fibers angle in heat transfer
in one-layer laminate was studied, also the temperature
distribution in multi layers laminates with different fibers
arrangement was investigated.

Composite material considered in this section is 25%
epoxy and 75% graphite fibers (graphite/epoxy). The rea-
son of selecting this composite is significant difference
between conductive heat transfer coefficient in fibers and in
matrix materials (because Graphite is a conductive material
and epoxy is heat insulator). High difference between
conductive coefficients of fibers and matrix material leads
to 12.76 times larger than conductive coefficient in direc-
tion of fibers compared with direction perpendicular to the
fibers, and heat analysis in this composite can help us to
understand heat transfer in orthotropic materials. There are
some lists of physical properties of the fibers in Table 1
and matrix material and composite material properties in
Table 2. Initially, to better understanding of heat transfer in
composite materials, it is observed a one-layer composite
laminate (one-layer or multilayer with equal fiber angle)
with geometry and boundary conditions according to
information presented in Table 3.

@ Springer

Table 1 Properties of graphite fiber and epoxy matrix [32]

Matrix material Epoxy
Fibers material Graphite
Conductive coefficient of matrix (W/m K) 0.19
Conductive coefficient of fibers (W/m K) 14.74
Heat capacity of matrix (J/kg K) 1613
Heat capacity of fibers (J/kg K) 709

Table 2 Properties of Graphite/Epoxy composite material [32]

k in parallel direction of fibers (W/m K) 11.1
k in perpendicular direction of fibers (W/m K) 0.87
Volumetric percentage of fibers 75
Melting point (K) 450
Heat capacity (J/kg K) 935
Density (kg/m?) 1400

Table 3 Geometry and boundary conditions

Inner diameter (cm) 30
Outer diameter (cm) 42
Solar radiation flux (W/mz) 700
Free convection coefficient (W/m*K) 20
Inner temperature of cylinder (K) 320
Temperature of environment (K) 300
Angle of fibers (degree) 90

Figure 5 shows the maximum temperature variations in
different value of Fourier series terms for a single layer
laminate with 90° fibers’ angle. According to this figure,
the Fourier series becomes convergent quickly in 200th
terms of these series and temperature variation is reduced
quickly. Therefore, it seems that to make convergence
conditions, just calculating until 200th terms of Fourier
series is sufficient. Figure 6 shows temperature distribution
in the single layer laminate since the fibers angle are 90°
and 0° with different radiation heat fluxes. Since in the case

3,

-
oo

Maximum Variation of Temperature (K)

0 100 200 300 400 500 600

700 800 900 1000

Fig. 5 Maximum temperature variations in terms of different Fourier
series terms in a single layer laminate (¢ = 90°)
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0=90° & q=350W/(m.K) 0=0° & q=350W/(m.K)

Fig. 6 Temperature distribution in a single layer laminate in different
fibers’ angle and different radiation fluxes

of fibers’ angle is 90°, the direction of fibers is in z axis,
therefore heat transfer in laminate is similar to isotropic
material with conductivity coefficient of k,,. According to
this figure, in case of ¢” = 350 W/mK, the maximum
temperature is in inside the wall of cylinder and it is equal
to 320°K because of weakness of the radiation flux. But in
higher radiation flux; more than ¢” = 407 W/mK, the
pattern of temperature distribution changes and maximum
temperature will be shifted to outside wall of cylinder, also
for each radiation flux, temperature gradient when angle of

fibers is zero is less than case that fibers’ angle is 90°. It
seems that heat conduction is better in fibers that its angle
is equal to zero and maximum of temperature is the least in
these fibers’ angle. Because in these laminates conductive
coefficient in direction of r is equal to k;;, and in direction
of ¢ is equal to k;;; unlike in laminate that fibers’ angle is
90° that cross section of cylinder is an isotropic material
and its conductive coefficient is kxy (k. = ki, = k2o).
According to this fact, in graphite/epoxy composite k;; is
larger than k,,, so effective conductive coefficient in
laminate with zero fibers’ angle is larger than 90° fibers’
angle and therefore heat conduction is better in this state.

In Fig. 7, distribution of coefficients of heat transfer
equation (u) is shown based on fibers’ angle [note to
Eq. (28)]. According to this figure, this coefficient sym-
metrical against angle 90° and its period is 180° and
maximum amount of this curve is located on 90°.
According to Eq. (27), decreasing of u, helps to reduce
temperature gradient effect in direction of ¢. In this
research to study the effect of fibers’ angle on temperature
of laminate relative temperature parameter has been used
[(T - Tin)/(Too - Tin)]-

Figure 8 shows effect of fibers’ angle on maximum of
relative temperature of single layer laminate under

0.8
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Fig. 7 Diagram of coefficient y in terms of fibers’ angle (6)
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Fig. 8 Maximum of relative temperature distribution in terms of
fibers’ angle (6) under different radiation fluxes
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different radiation heat fluxes. In this condition maximum
of relative temperature is negative because here supposed
that the ambient temperature is less than the inside tem-
perature of cylinder (T, — T;, < 0). According to Fig. 7
when fibers’ angle approaches to 90° then the value of p
will be increased and conductive coefficient in direction of
@ will be decreased, thus temperature gradient will be
increased in laminate and this fact causes the growth of
maximum temperature of laminate. For heat fluxes which
are 700, 1,050 and 1,400, changing of fibers’ angle from 0°
to 90° causes the increasing of maximum temperature in
laminate by 3.2188, 4.8283 and 6.4377 K, respectively. It
is noticeable that for heat fluxes that are smaller than
407 W/m?, pattern of temperature distribution changes and
maximum temperature is at inner wall of cylinder and it is
equal to 320 K (see Fig. 6). Hence, for heat fluxes which
are smaller than 407 W/mz, the amount of maximum of
relative temperature is zero.

Figure 9 shows mean amount of relative temperature in
laminate in terms of fibers’ angle and for two different heat
fluxes: 350 and 1,400 W/m?. According to Fig. 6, pattern
of temperature distribution for these two heat fluxes are
different, so when heat flux is 350 W/m? maximum tem-
perature is at inner wall of cylinder but while heat flux is
1,400 W/mz, maximum temperature is at outer wall of
cylinder. Thus for these reason, the mean amount of rela-
tive temperature is positive for 350 W/m? and is negative
when heat flux is 1400 W/m?. Variation of fibers’ angle
from 0° to 90° decrease the mean amount of temperature in
laminate to 0.0051 and 0.0204 K, respectively.

In other arrangements of fibers in multi layers laminates
which have been made of graphite/epoxy, temperature
distribution is similar to a state between a single layer
laminate that fibers’ angle is 0° and a single layer laminate
that fibers’ angle is 90°. According to Fig. 6, when fibers’
angle is 0° there is the best heat conduction in laminate and
on the contrary, for 90° there is the worst heat conduction.

Figure 10 shows temperature distribution in eight-
layers cylindrical laminate which is quasi-isotropic under

0.268 : , . , . 0.04
~§ t
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i I
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i _ X s
= 02675 10041 ¢
8 ' g
= &
o =
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Fig. 9 Average of relative temperature distribution in terms of fibers’
angle () under different radiation fluxes
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q=350W/(m.K)

q=700W/(m.K)

Fig. 10 Temperature distribution in quasi-isotropic laminate under
different radiation fluxes

different heat fluxes. In this condition all of specifications
of laminate and its heat conditions are according to
Table 3. In this case, thickness of each layer is | mm and
arrangement of fibers’ angle in different laminas is [0°, 45°,
90°, 135°, 180°, 225°, 270°, 315°]. By comparing between
Fig. 10 and Fig. 6, it is clear that temperature distribution in
this laminate is a state between single layer laminate which
fibers’ angle is 0° and 90°. Also, when heat fluxes are 350,
700, 1,050 and 1,400 W/m.K; therefore, the maximum
temperatures in quasi-isotropic laminate are 320.00,
328.26, 339.32 and 350.38 K, respectively. Also mean
temperatures are 314.65, 316.69, 318.73 and 320.77 K,
respectively. Figures 11 and 12 show terms of Fourier
series of temperature distribution [according to relation

Fig. 11 Fourier series terms (an) distribution in terms of n/2 in a
quasi-isotropic laminate
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Fig. 12 Fourier series terms (bn) distribution in terms of n/2 in a
quasi-isotropic laminate

(37)] for quasi-isotropic laminate. Because of the odd terms
of this series are zero, so its diagram has been shown in
terms of n/2. The amount of a,, is positive but b,, is negative
in fourth, fifth and eighth layer and it is positive in other
layers. According to this figure, a, are very small numbers
that will be decreased sharply by increasing the amount of
n. Because a,, is a coefficient that multiply to (/ro)"* terms
of Fourier series and amount of these terms are large, so it
is necessary that amount of a, must be very small to
converge these series. Also ¢, is a positive coefficient and
d, is negative, which are valuable only for n = 1 [see
relations (43c) and (43d)].

6 Conclusions

In this present paper, tensor and heat transfer equations in
composite laminate materials are introduced and the
method of determining conduction coefficients for these
materials are discussed, then an exact analytical solution
for heat transfer in 2-dimensional cylindrical composite
laminate was presented. This solution is applicable directly
in cylindrical composite pipes and reservoirs. One of the
most significant results is the effect of the arrangement of
fibers’ angle in laminate on temperature distribution.
Therefore in any engineering application, regarding to
design objectives, the appropriate heat distribution can be
obtained through selection of composite material and
direction of fibers in each layer. For example, if the goal is
reducing thermal stress in laminate, the temperature gra-
dient can be reduced with appropriate selection of direction
of fibers in each layer. In this research heat transfer in
graphite/epoxy composite laminate has been investigated.
In this laminate if fibers’ angle was 0°, is in the best
condition and when fibers’ angle is 90°, heat conduction is
weak. In other arrangement of fibers, the temperature dis-
tribution is in a state between two previous states. Because
in graphite/epoxy composite conductive coefficient is large

in direction along of fibers compare to perpendicular
direction of fibers. This result is valid for other composites
when kj; > ky; and in some composites that ky; > ky, is
reverse.
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