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In this paper, the influence of various vacancy defects on the critical buckling torques
and twist angles in single-walled carbon nanotubes (SWCNTs) under torsional load
is investigated using a new structural model built using the ABAQUS software. This
model is a combination of other structural models and is designed to eliminate the
deficiencies inherent in each of the individual approaches. For the first time, the effect of
different types of vacancy defects on critical buckling torque and twist angle is studied
for zigzag and armchair nanotubes of various lengths. The results show that vacancy
defects have a considerable impact on the critical buckling torque. Moreover, zigzag
nanotubes are found to be more sensitive to these defects than armchair nanotubes. The
results obtained here are compared with those obtained using the continuum model, and
reasonable agreement is observed.

Keywords Structural mechanics approach, torsional buckling, single-walled carbon
nanotubes, vacancy defects

Introduction

Carbon nanotubes were first discovered by Iijima in 1991 (1) and, because of their par-
ticular mechanical and electrical features, have been investigated extensively by many
researchers. A high Young’s modulus and tensile strength combined with low density
result in excellent mechanical properties for these structures (2–4). Experimental research
in this context requires specially constructed laboratories and particular experimental con-
ditions and is very expensive. Therefore, nonempirical modeling and simulation of these
nanotubes have also been a focus of recent research. The computational methods com-
monly used for modeling of nanotubes are the ab initio method (5), the molecular dynamics
(MD) method (4,6,7) and the tight binding method (8–10), which is a combination of
the first two methods. These methods are computationally expensive, and therefore many
researchers have turned to finite-element and continuum techniques. To solve the problems
encountered with the experimental and atomic computational approaches just described, a
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710 V. Parvaneh et al.

model with high accuracy and short run time is needed. Structural models solve the prob-
lems already mentioned; however, the available structural models are not comprehensive
enough to meet research needs. In the models of Odegard et al. (11) and Meo and Rosi
(12), torsion potentials were not considered. In the models of Li and Chou (13), Tserpes
and Papanikos (14), Hu et al. (15) and Kalamkarov et al. (16), angle variation potential
was modeled by beam bending. Although beam bending can be used to predict Young’s
modulus, it does not yield logical results for prediction of critical buckling loads because
of improper modeling of the bending of C-C bonds.

In this paper, a new molecular structural mechanics approach using the ABAQUS
software (17) is presented to study the torsional buckling behavior of SWCNTs. In general,
existing research in this area is very limited.

Lu and Wang (18) investigated the buckling phenomenon in multi-walled carbon
nanotubes (MWCNTs) under combined torque and axial loading, using three types of shell
model to obtain the critical shear stress and the combined buckling mode. Their results
showed that the critical shear stress and axial loading are dependent on the form of the
axial loading and the type of MWCNT in such a way that, for identical MWCNTs, the
critical shear stress under combined torque and axial tension loading is greater than that
under combined torque and axial compression loading. Wang et al. (19) developed a contin-
uum mechanics model for investigating the torsional buckling behavior of SWCNTs with
different aspect ratios. The material studio commercial software package was used for
molecular dynamic simulations to verify the buckling results. These simulations showed
that the Donnell and Kromm models and the MD simulation predict almost the same
twist angles. Yao and Han (20,21) examined nonlinear buckling and postbuckling behav-
ior of single- and double-walled carbon nanotubes subjected to torsional load using a
continuum mechanics elastic shell model. They used the boundary-layer theory of shell
buckling and the singular perturbation technique to solve the governing equations based
on Kromm-Donell-type nonlinear differential equations. Their results demonstrate unsta-
ble postbuckling behavior for carbon nanotubes subjected to torsional load, with a longer
postbuckling equilibrium path for thinner nanotubes than for thicker ones. They also cal-
culated the critical buckling load for a carbon nanotube by comparing three pairs of values
for Young’s modulus (E) and wall thickness (t). The in-plane stiffness of SWCNTs was
found to be an independent material parameter because the different values of E and t led
to almost identical critical buckling loads. Wang (22) investigated the mechanical insta-
bility of double-walled carbon nanotubes subject to torsional motion using a molecular
dynamics approach. He discovered a new mode shape for nanotubes under torsional load-
ing, in which the inner tube shows a helically aligned buckling mode while the outer tube
displays a local one-rim buckling mode similar to that of shorter nanotubes. Because the
buckling modes of the constituent tubes have the same shapes, he concludes that contin-
uum models are inapplicable. He then proposed a new concept of the equivalent thickness
of double-walled carbon nanotubes, which enables the Kromm shell model to be used to
derive the torsional buckling without the constraint of two tubes of identical shape.

Although torsional buckling of nanotubes has been investigated in previous studies,
no guidelines are available for predicting the sensitivity and the amount of reduction of
the torsion-load-carrying capacity of defective carbon nanotubes with respect to the buck-
ling phenomenon. Therefore, the main objective of this paper is to investigate the torsional
buckling behavior of carbon nanotubes using an atomistic modeling technique. In addition,
the continuum shell model is also examined. This atomistic modeling technique is a molec-
ular structural mechanics approach, which has been successfully used for the prediction
of elastic axial buckling of carbon nanotubes under compressive load (23). Both perfect
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Torsional Buckling Behavior of SWCNTs 711

and defective SWCNTs are considered in this paper, and the effects of different types of
vacancy defects, nanotube aspect ratios, diameter and chirality on the critical buckling
torque and twist angle are investigated.

Carbon Nanotube Modeling

Existence of potentials in carbon nanotubes and interactions between atoms

A SWCNT can be considered as a rolled graphene sheet in which the rotation direction
determines the type of nanotube (i.e., zigzag, armchair, or chiral). Various interactions exist
between the carbon atoms which comprise carbon nanotubes. The motions of the carbon
atoms are regulated by a force field generated by electron-nucleus interactions and nucleus-
nucleus interactions (24) expressed in the form of steric potential energy. The total steric
potential energy is the sum of energies due to interactions between carbon atoms (25):

utotal = ur + uθ + uφ + uω + uvdw + uel (1)

where ur, uθ , uφ and uω are the bond energies associated with bond stretching, angle vari-
ation or bond bending, dihedral angle torsion and out-of-plane torsion, respectively, while
uvdw and uel are non-bonding energies associated with Van der Waals and electrostatic
interactions, respectively. To predict the behavior of carbon nanotubes under axial ten-
sional load, other potentials except for stretching and bending can be ignored. However, in
buckling analysis, dihedral angles and out-of-plane potentials should be considered:

utotal = ur + uθ + uφ + uω (2)

Various expressions have been developed for these potentials. The Brenner and Morse
functions are well-known expressions for potentials which are applied mostly to nanotubes.
The Brenner potential function is more accurate and versatile, but more complex than the
Morse function.

In this paper, Morse potentials are employed for stretching and bending potentials, and
a periodic type of bond torsion is applied for torsion interactions, as in equations (3–6). The
parameters at these potentials are listed in Table 1 (26,27):

ur = De { [1 − e−β(r−r0)]2 − 1} (3)

uθ = 1

2
kθ (θ − θ0)

2 [1 + ksextic (θ − θ0)
4] (4)

Table 1
Parameters for molecular mechanics potentials

Interaction Parameters

ur De = 0.6031 nN.nm, β = 26.25 nm−1, r0 = 0.142 nm
uθ kθ = 1.42 nN.nm/Rad−2, ksextic = 0.754 Rad−4, θ0 = 120◦
uφ kφ = 0.278 nN.nm/Rad−2, n = 2, φ0 = 180◦
uω kω = 0.278 nN.nm/Rad−2, n = 2, ω0 = 180◦
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712 V. Parvaneh et al.

uφ = 1

2
kφ [1 + cos (nφ − φ0)] (5)

uω = 1

2
kω [1 + cos (nω − ω0)] (6)

As indicated in Figures 1(a) and 2, a nonlinear axial spring is used for modeling of the angle
variation interaction between atoms. The relationship between changes in the bond and the
corresponding change in length of the spring for small displacements can be expressed
simply by equation (7) (11).

�θ ≈ 2 (�r)

r0
, r0 = 0.142 nm (7)

Therefore, we can simplify equation (6) to equation (8):

uθ = 2

r2
0

kθ (R − R0)
2

[
1 + 16

r4
0

ksextic (R − R0)
4

]
(8)

The stretch force, the angle variation moment, the dihedral angle torque and out-of-plane
torque can be obtained from differentiations of equations (3), (8), (5) and (6) as functions
of bond stretch, bond angle, dihedral angle and out-of-plane angle variation, respectively:

F(r − r0) = 2βDe [1 − e−β(r−r0)] e−β(r−r0) (9)

(b) (a) 

r r 

r 

Y

Y
Y

Z

Z

Z

X

X

X

R 

θr

Figure 1. (a) A hexagonal unit cell, (b) location of local coordinates of each connector (color figure
available online).

Bending spring Connector       Coordinate system Interaction elements

Figure 2. Spring and connector elements corresponding to the interactions of carbon atoms. (a) the
angle variation interactions, (b) the stretching and torsional interactions, (c) total interactions (color
figure available online).
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Torsional Buckling Behavior of SWCNTs 713

F(R − R0) = 4

r2
0

kθ (R − R0)

[
1 + 16

r4
0

(
1 + 4

r2
0

)
ksextic (R − R0)

4

]
(10)

T(φ − φ0) = 1

2
kφn sin (nφ − φ0) (11)

T(ω − ω0) = 1

2
kωn sin (nω − ω0) (12)

Construction of model in ABAQUS

In the present structural model, interactions between atoms are modeled with spring and
connector elements so that the carbon atoms are joint points. A nonlinear connector is
considered for modeling of the stretching and torsional interactions and a nonlinear spring
for modeling of the angle variation interaction. Carbon atoms in ABAQUS are modeled
by a discrete rigid sphere so that connector elements between atoms are adjoined to ref-
erence points at the center of the sphere (see Figure 1). A local coordinate is set at the
center of each atom. This local coordinate is a combination of a Cartesian coordinate for
stretching and a rotational coordinate for torsion. The X direction of these coordinates is in
the connector direction, and the Z direction is vertical to the central axis of the nanotube.
Because we can only use a linear spring in the CAE space of ABAQUS, by changing the
linear spring command to a nonlinear spring command in the input file and by applying the
nonlinear data for F(�R) versus �R using equation (10), we can apply the bond bending
spring to the model. For applying bond stretch and torsion forces to the connectors, we can
apply the nonlinear stiffness in three directions (X,Y,Z) directly. For stretching stiffness in
the X direction, we can obtain the nonlinear data for F(�r) versus �r by Eq. 9, and for
torsional stiffness in X direction we can obtain the nonlinear data for T(�φ) versus �φ by
equation (11). For torsional stiffness in the Y direction, we can obtain the nonlinear data
for T(�ω) versus �ω by equation (12).

Results and Discussion

Torsional buckling of perfect SWCNTs

The critical buckling torques and twist angles of perfect zigzag and armchair carbon
nanotubes have been predicted by the present structural model. Figure 3 shows the critical
buckling torques and twist angles for different nanotube lengths and diameters. Increasing
the length of nanotube results in a decrease in the critical buckling torque and an increase
in the critical twist angle. This shows that the critical buckling torque in shorter nanotubes
is more sensitive to changes in length. Furthermore, as the diameter increases, the critical
torque also increases while the critical twist angle decreases. The effect of the chirality of
the tube on the critical buckling torque is significant when L

D < 5. The critical twist angles
of zigzag CNTs with L

D > 2 are much greater than those of armchair CNTs. It is worth men-
tioning that the results obtained from the present model for zigzag (16,0) CNTs are in good
agreement with those obtained from MD simulation (22). Figure 4 presents the buckling
mode shapes of (7,7) CNTs of different lengths under torsional buckling load. It can be seen
that for short CNTs, increasing the length of the nanotube decreases the number of waves.

In Figure 5, the results of the present model can be seen to be in good agreement with
those of the simple continuum model when an effective thickness value of 0.066 nm is used
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Figure 3. Influence of the length and diameter of SWCNTs on (a) critical buckling torque and (b)
critical twist angle (color figure available online).

for the nanotube (28). For long nanotubes, the agreement between the results from the two
models is better than for short ones.

The buckling mode shapes obtained from displacement counters for (12,0), (16,0) and
(22,0) CNTs are compared with those obtained using the continuum model, as shown in
Figure 6. With increasing diameter, shell buckling appears in the form of two, three or four
waves in the circumferential direction.

Torsional buckling of defective SWCNTs

The types of vacancy defects encountered in carbon nanotubes are illustrated in Figure 7.
The defects studied include single, two-opposite, double and triple vacancies.

In the remaining figures, the buckling torque is normalized using the buckling torque
multiplier (k), which is defined as follows:

k = Td

Tp
(7)

where Tp and Td are the critical torsional buckling values for perfect and defective
nanotubes, respectively. Normalized critical buckling torques for two types of nanotubes,
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Torsional Buckling Behavior of SWCNTs 715

L = 0.983 nm L = 3.0744 nm L = 6.272 nm L = 12.05 nm

Figure 4. Mode shapes of (7,7) SWCNTs under torsional torque for various lengths (color figure
available online).

armchair and zigzag, are shown in Figure 8, where various types of defects based on
different nanotube lengths are compared. As shown in Figure 8, triple vacancies con-
tribute mostly to lessening the critical buckling torque, while the most modest effects are
seen for single vacancies. In addition, double and two-opposite vacancies operate sim-
ilarly in these types of nanotubes. As nanotube length increases, the effects of defects
diminish gradually. This phenomenon occurs earlier in armchair nanotubes than in zigzag
ones.

A comparison of the effects of defects in nanotubes and those of a cutout in the
continuum model has also been performed. The creation of a cutout in the continuum
model is represented by a reduction of nanotube area. To obtain agreement between the
created cutout and each defect type, various cutout angles, as shown in Figure 9, are
considered for the corresponding continuum model for armchair and zigzag nanotubes;
the results of this comparison are shown in Figure 10. This variation in angle leads
to good agreement between the two models, which is enhanced as nanotube length
increases.

Figure 11 illustrates the mode shapes of defective nanotubes with single and two-
opposite vacancies in the middle of the nanotubes. It can be seen that the mode shapes
of defective nanotubes under torsion are similar to those of the continuum model with a
cutout.
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Figure 5. Comparison of the results of the present model with those of the continuum model for (a)
critical buckling torque and (b) critical twist angle (color figure available online).

L = 4.118nm, D = 0.95nm L = 4.3318nm, D = 1.257nm L = 3.266nm, D = 1.725nm

(a) (b) (a) (b) (a) (b)

Figure 6. (a) Mode shapes from the present model, (b) mode shapes of perfect nanotubes from the
continuum model (color figure available online).

D
ow

nl
oa

de
d 

by
 [

va
li 

pa
rv

an
eh

] 
at

 0
8:

46
 1

5 
M

ay
 2

01
2 



Torsional Buckling Behavior of SWCNTs 717

Armchair Zigzag

Single vacancy Double vacancy Triple vacancy Single vacancy Double vacancy Triple vacancy

Figure 7. Schematic view of vacancy defects in carbon nanotubes (color figure available online).
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Figure 8. Normalized critical buckling torques as a function of tube length for defective SWCNTs:
(a) armchair, (b) zigzag (color figure available online).

(a) (b)

Figure 9. Cutouts created in the continuum model: (a) cutout of a single vacancy based on the
corresponding armchair nanotube; (b) cutout of a single vacancy based on the corresponding zigzag
nanotube (color figure available online).

Conclusions

In this paper, SWCNTs and the effects of vacancy defect types on their buckling behav-
ior under torsion have been studied by means of a structural mechanics approach using
ABAQUS. From these investigations, the following results can be concluded:

1. For nanotubes of similar diameter, the value of the critical buckling torque is approxi-
mately equal for armchair and zigzag nanotubes.

2. With increasing nanotube diameter, the critical buckling torques converge to a finite
value, while the critical twist angles diverge.

3. In armchair and zigzag nanotubes, the values of the critical twist angle are simi-
lar for tubes of relatively short length; however, these values diverge as the length
increases.
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Figure 10. Comparison of the results of the present model with those of the continuum model for
defective SWCNTs: (a) armchair, (b) zigzag (color figure available online).
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Double
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Figure 11. (a) Mode shapes from the present model, (b) mode shapes from the continuum model
for defective CNTs (color figure available online).

4. Critical torque values as calculated by the present model agree well with those calcu-
lated by the continuum model; therefore, the continuum model can be used to estimate
the critical buckling torque of armchair and zigzag SWCNTs.

5. In short nanotubes, the decrease in the critical buckling torque of defective SWCNTs
becomes considerable as the vacancy defects become longer.

6. Triple vacancies contribute substantially to reducing the critical buckling torque, while
single vacancies have only a modest effect.

7. Double and two-opposite vacancies operate similarly in the two types of CNTs.
8. We can most likely model the defective SWCNTs by cylindrical shells with a cutout

due to the similarity between their buckling behaviors.
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