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a b s t r a c t

This study investigates the non-linear analysis of functionally graded solid and hollow rotating
axisymmetric disks with uniform and variable thicknesses subjected to bending load. The material
properties of the constituent components of the FG disk are assumed to be represented by the Mori–
Tanaka distribution along the radial direction. The non-linear formulations are based on first-order shear
deformation theory (FSDT) and the large deflection von-Karman equations. The dynamic relaxation (DR)
method combined with the finite difference discretization technique is employed to solve the
equilibrium equations. The effects of the grading index, angular velocity, geometry, thickness-to-radius
ratio and thickness profile of the disk are studied in detail.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Because of the importance of rotating disks in engineering
applications such as in steam and gas turbines, flywheel systems,
brake disks and clutches, researches on the behavior of these basic
structures have been never stopped. In the all mentioned samples,
body forces and bending loads are applied to a hollow or solid rotating
disk. For example, the pressure difference across the rotors, as well as
rotational stresses, causes bending in gas turbine rotors. Moreover, the
force responsible for maintaining contact between the rotating disks
leads to the bending in clutches [1]. These samples highlight the role
of bending load in the design and analysis of rotating components. In
all these applications, the performance of the components considering
efficiency and service life depends on the material properties, geo-
metry, boundary conditions and applied loads. Generally, these
components can be manufactured using any metal. However, for
some specific applications, they are fabricated using special materials.
In the latter half of 20th century, composite materials have gained
wide usage in engineering applications because of their benefits,
including high strength. These structures have some disadvantages
because of the different physical and mechanical properties of the two
different layers and the discontinuity at the interface [2]. A new group
of materials called functionally graded materials (FGMs) was intro-
duced in 1984 by a group of material scientists in Japan to overcome
these disadvantages [3]. FGMs made of ceramic and metal are capable
of both suffering from high-temperature environment because of
better thermal resistance of the ceramic phase [4] and being

toughened by the metallic composition. Because of the advantages
of FGMs over conventional composites andmonolithic materials, these
materials have been extensively studied for potential applications as
structural elements, such as FGM beams, plates, shells, and cylinders
[5]. FGMs belong to a new class of materials which are microscopically
heterogeneous and their material properties vary continuously [6]. The
material properties of FGMs show a continuous and smooth change
from one surface to another by gradually changing the volume fraction
of the constituent materials. Many studies on linear thermal bending
of FGM plates are available in the literature. However, investigations in
non-linear analysis of FGM plates under thermal or mechanical
loadings are limited in number [7]. Because of the increasing use of
FGMs, it is important to understand the non-linear behavior of
functionally graded rotating disks under transverse loads. Many
studies on the linear and thermoelastic behavior of rotating FG disks
without consideration of transverse loads have been performed based
on different plate theories. Durodola and Attia [8] conducted a finite
element analysis for FG rotating disks using commercial software.
Afsar and Go [5] carried out the finite element analysis of different
thermoelastic fields in a thin circular FG rotating disk. Several works
presented semi-analytical and thermoelastic solutions for hollow and
solid rotating axisymmetric disks made of functionally graded materi-
als under plane stress conditions [9–12]. In their works, a set of linear
algebraic equations were obtained by dividing the radial domain into
some virtual sub-domains. Ghafoori [13] expressed the shortcomings
of study done by Hosseini Kordkheili and Naghdabadi [9]. They
obtained the Navier thermoelastic equation and applied several
incorrect coefficients, which resulted in considerable errors in their
numerical results. In all the studies mentioned, the effect of the
transverse load on the linear behavior of rotating disks was not
considered. Recently, a few studies were conducted on the small
deflection of FG rotating disks with transverse loads by Bayat et al.
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[14,15]. In their works, a semi-analytical solution was given for the
bending analysis of FG rotating disks under different types of
boundary conditions applied to solid and hollow disks with uniform
and variable thicknesses based on first-order shear deformation
theory (FSDT). Moreover, Bayat et al. [16] used new linear and non-
linear equilibrium equations for FG axisymmetric rotating disk with
bending and thermal loadings based on FSDT and von-Karman
theories. In their study, the material properties of FGM disks were
assumed to vary continuously through the thickness according to a
power-law distribution of the volume fraction of the constituents.
Sahraee [17] studied the effect of transverse shear strains through the
thickness using classical and shear deformation plate theories. The
simplest shear deformation plate theory, FSDT, can be classified,
depending on whether or not the expansion of displacement compo-
nents or stress components through the thickness of plate is assumed
to be known a priori [17]. In order to consider the effect of shear
deformations, analyzing a plate statically Reissner [18] developed a
stress-based theory while Mindlin [19] by analyzing a plate dynami-
cally developed a displacement-based theory which include the effects
of transverse shear deformations and rotary inertia (for more details
see [20–25]). Reddy et al. [23] considered axisymmetric bending and
stretching of FG solid and annular circular plates using FSDT. Yang and
Shen [24] studied non-linear bending analysis of shear deformable
FGM rectangular plates subjected to transverse and in-plane loads
under various boundary conditions and by the aid of a semi-
analytical–numerical method. Using Reissner and von-Karman plate
equations, Reddy and Huang [25] studied non-linear axisymmetric
bending of variable thickness orthotropic annular plates. Variable
thickness plates (or disks) have always been attractive for designers,
and a lot of researches have been carried out on this subject [26]. The
investigation of disks with varying thickness is important in applied
engineering because such geometries can improve the material
potential by decreasing the self-weight and enhancing the distribution
of stress and displacement [1,12,27]. When the thickness along the
radius of a disk varies, finding a closed-form solution becomes very
difficult [27]. To the best of our knowledge, no study has used a non-
linear analysis of FG disks with uniform and variable thickness
subjected to a transverse load and an inertia force due to rotation.
To be more specific, in this paper, a thin FG disk of variable thickness
subjected to inertia and bending transverse loads under various
boundary conditions is investigated. The material properties of the
constituent components of the FG disk are assumed to be represented
by the Mori–Tanaka distribution [28], a micromechanics-based
method for determining effective material properties of the FGM,
along the radial direction. Moreover, some studies are conducted by
the simple rule of mixtures for comparison between these two
schemes. The constitutive equations are obtained based on FSDT using
the von-Karman theory for large deflections. The dynamic relaxation
(DR) method along with the finite difference discretization technique
is employed to solve the disk field equations. Numerical results are
presented graphically to show how the grading index parameter,
angular velocity, boundary conditions and thickness profile of the disk
affect different parameters such as the resultant stresses and
displacements.

2. Problem formulation

2.1. FGM material properties

There are some models to express the variation of material
properties in FGMs in the literature. The functions are continuous,
simple and able to represent realistic properties of actual FGMs. The
most commonly used model is the power-law distribution of the
volume fraction. However, the elastic properties of actual FGMs
are very different than those estimated by simple rules of mixture.

The prediction of the macroscopic stress–strain response of composite
materials depends on the description of their complex microstructural
behaviors represented by the interaction between the constituents.
Therefore, using a micromechanics-based method for FGM's material
properties such as Mori–Tanaka theory can represent the realistic
prediction for the behavior of the FG disk. These schemes provide
efficient and straight forward algorithms for the prediction of the
elastic constants. These methods are based on two steps to predict the
macroscopic response. In the first step, a local problem for a single
inclusion is solved to obtain an approximate local field behavior and in
the second step the global fields are obtained by averaging the local
ones [29]. In the current study, the Mori–Tanaka scheme [28–30] was
used for the modeling of elastic properties. Furthermore, to compare
the results obtained by this theory and the simple rules of mixture,
several studies were conducted using a power-law distribution.
According to the simple rule of mixture, the material properties along
the radius of the disk P can be expressed as

PðrÞ ¼ ðPc�PmÞVcþPm ; ð1Þ
where PðrÞ denotes a generic material property and the Pm and Pc

denote the properties of the metallic and ceramic constituents,
respectively. The inner and outer surfaces of the FG disk, ri and ro,
are assumed to be metal-rich and ceramic-rich, respectively. The
volume fractions of the metal Vm and ceramic Vc corresponding to
the power law are assumed to be

Vc ¼ r�ri
ro�ri

� �n
;

Vm ¼ 1�Vc;

8<
: ð2Þ

where r is the radial coordinate (rirrrro) and n is a grading index
that dictates the material variation profile. Accordingly, the assumed
form for the modulus of elasticity E and mass density ρ is the
following:

EðrÞ ¼ ðEc�EmÞ
r�ri
ro�ri

� �n

þEm; ð3Þ

ρðrÞ ¼ ðρc�ρmÞ
r�ri
ro�ri

� �n

þρm: ð4Þ

For many engineering materials, Poisson's ratio is within the range of
0.25–0.35 and varies slightly. Therefore, for simplicity, Poisson's ratio is
assumed to be a constant in the following study. However, the variable
Poisson's ratio along the radial direction does not give rise to any
difficulty in determining the solution [31]. The effective bulk modulus,
K, and the effective shear modulus, G, of the functionally gradient
material based on the Mori–Tanaka homogenization method [30] are
the following:

K�Kc
Km�Kc

¼ Vm

1þð1�VmÞ Km�Kc
Kc þ ð4=3ÞGc

;

G�Gc
Gm�Gc

¼ Vm

1þð1�VmÞGm�Gc
Gc þ f c

;

8><
>: ð5Þ

where

f c ¼
Gcð9Kcþ8GcÞ
6ðKcþ2GcÞ

: ð6Þ

Based on this method, the effective values of Young's modulus
E are computed using:

E¼ 9KG
3KþG

: ð7Þ

2.2. Governing equations

In this section, the fundamental equations of the large deflection
analysis of pressure-loaded FG rotating disks are briefly outlined.
Consider a thin, axisymmetric FG disk with variable thickness, inner
radius ri and outer radius ro at a constant angular velocity ω about the
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central axis perpendicular to the plane of the disk under different
boundary conditions, as shown in Fig. 1. An axisymmetric transverse
loading qzðrÞ ¼ q is applied to the disk. Due to the axial symmetry in
geometry and loading, cylindrical coordinates ðr; θ; zÞ are used. The
first-order shear deformation plate theory (FSDT) is applied in this
work [32]. In FSDT, the transverse shear strain is assumed to be
constant with respect to the thickness coordinate. Thus

urðr; zÞ ¼ u0ðrÞþzψ ðrÞ;
uzðr; zÞ ¼wðrÞ;

(
ð8Þ

where ur and uz are the components of radial and vertical displace-
ment at a general point, respectively, while u0 and w are similar
components at the middle surfaces (z¼ 0). The parameter ψ is
rotation of the middle surface (i.e., z¼ 0) of the plate in the θ
direction. Using Eq. (8) and the non-linear von-Karman strain–
displacement relations gives the following expressions:

εr ¼ du0
dr þ1

2
dw
dr

� �2þzdψdr ;
εθ ¼ u0

r þzψr ;

γrz ¼ ψþdw
dr ;

8>><
>>: ð9Þ

where εr and εθ are the normal strains along the r and θ directions and
γrz is the shear strain. According to Hooke's law for a plate, the stress–
strain relationships for the FGMs are given by the following equation:

sr ¼ E
ð1�ν2Þ½εrþνεθ�;

sθ ¼ E
ð1�ν2Þ½εθþνεr �;

srz ¼ E
2ð1þνÞεrz;

8>>><
>>>:

ð10Þ

where E¼ EðrÞ. As aforementioned, variable thickness disks are widely
used in many kinds of engineering applications, and further study of
their behaviors is required. The thickness profile h of the plate is
assumed to vary with radius according to the following equation

hðrÞ ¼ ho 1�S
r
ro

� �m1
� �

ð11Þ

where S and m1 are geometric parameters such that 0rSo1;
m140 and ho is the thickness at the center of the plate. A uniform
thickness disk can be obtained from Eq. (11) by setting S¼ 0, whereas
a linearly decreasing thickness can be obtained for Sa0 and m1 ¼ 1.
The profile is concave ifm1o1, and it is convex ifm141 (see [12,15]).
Hence, according to [1,12,15] the values of S are taken as 0.96, 0.5 and
0.415 for concave, linear and convex profiles, respectively. Moreover,
the values of m1 for the mentioned profiles are 0.5, 1.0 and 3.0,
respectively. Different forms of the thickness profiles for various S and
m1 are shown in Fig. 2. To compare the effect of thickness variation on
the results, all the thickness profiles should possess the same volume.
The condition to achieve the same volume of disk depends upon the
value of thickness that can be adjusted accordingly. The values of S and
m1 in this study have been chosen so that each thickness profile has
almost 80% thickness reduction at the edge of the disk [12,15,33]. The
weight values of FG disk for different types of thickness profiles and

Fig. 1. A rotating functionally graded clamped-roller supported hollow (a, b) and
roller supported solid (c) disk subjected to a uniform transverse load.
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Fig. 2. Thickness profile of FG solid disks: (a) concave, (b) linear and (c) convex.
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grading indices n are inserted in Table 1. To compute the weight ratio
of FG disk to ceramic one, W=Wc , the following relation is used [12]:

W
Wc

¼
R ro
ri
r ðρo�ρiÞ r�ri

ro�r

� �n
þρi

� �
1�S r

ro

� �m1
� �

drR ro
ri
rρo 1�S r

ro

� �m1
� �

dr
: ð12Þ

The effect of thickness profile can be revealed by comparing the
weight values for the same value of grading index, n. It is seen that
the hollow FG wheel with the concave thickness profile has smaller
weight compared to that of other thickness profiles [12]. To show
the effect of grading index n on the weight, wheel with the same
thickness profile is also investigated. It is noticed that the weights
of FG wheels are placed between ρm=ρc ¼ 2700=5700¼ 0:4737 and
1. Moreover, it is observed from Table 1 that for different values of
grading indices n the weight ratio of the FG disk to ceramic one,
W=Wc , is approximately constant for different thickness profiles.
Hence, the selected values of S and m1 for modeling different types
of thickness profiles are approved. Using the principle of virtual
displacements, the following equilibrium equations can be derived:

dNr
dr þ1

rðNr�NθÞþρ1rω2 ¼ 0;
dMr
dr þ1

rðMr�MθÞ�Qr ¼ 0;
dQr
dr þQr

r þNr
d2w
dr2 þ Nθ

r �ρ1rω2
� �

dw
dr þq¼ 0:

8>>><
>>>:

ð13Þ

The variables (Nr ;Nθ ;Mr ;Mθ ;Qr) and the mean of the density along
the thickness (ρ1) in (13) can be obtained by using appropriate
integration through the thickness:

ðNr ;Nθ ;QrÞ ¼
R hðrÞ=2
�hðrÞ=2ðsr ; sθ ; srzÞ dz;

ðMr ;MθÞ ¼
R hðrÞ=2
�hðrÞ=2ðsr ; sθÞz dz;

ρ1 ¼
R hðrÞ=2
�hðrÞ=2 ρðrÞ dz;

8>>>><
>>>>:

ð14Þ

where it is clear in Eq. (13) that Nr ¼NrðrÞ; Nθ ¼NθðrÞ; Mr ¼
MrðrÞ; Mθ ¼MθðrÞ and Qr ¼QrðrÞ. Therefore, the stress and
moment resultants (Ni;Mi, i¼ r; θ) and the shear stress resultants
Qr can be obtained with the use of Eqs. (9), (10) and (14) as follows:

Nr ¼ EðrÞhðrÞ
1�ν2

du0
dr þ1

2
dw
dr

� �2þνu0r

� �
;

Nθ ¼ EðrÞhðrÞ
1�ν2

u0
r þνdu0

dr þ ν
2

dw
dr

� �2� �
;

Mr ¼ EðrÞh3ðrÞ
12ð1�ν2Þ

dψ
drþνψr

� �
;

Mθ ¼ EðrÞh3ðrÞ
12ð1�ν2Þ

ψ
rþνdψdr

� �
;

Qr ¼ k2s EðrÞhðrÞ
2ð1þνÞ ψþdw

dr

� �
;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð15Þ

where k2s ¼ 5=6 is the shear-correction factor. Substituting the
various terms from (15) into (13) yields a set of three non-linear

differential equations for the displacement field:

EðrÞhðrÞd2u0dr2 þ
dEðrÞ
dr hðrÞþEðrÞhðrÞ

r þEðrÞdhðrÞdr

� �
du0
dr þ νhðrÞ

r
dE
dr�EðrÞhðrÞ

r2

�
þ νEðrÞ

r
dhðrÞ
dr

�
u0þ dEðrÞ

dr
hðrÞ
2 þEðrÞhðrÞ

2r ð1�νÞþEðrÞ
2

dhðrÞ
dr

� �
dw
dr

� �2
þEðrÞhðrÞ dw

dr

�
d2w
dr2

�
¼�ð1�ν2ÞρðrÞhðrÞrω2;

EðrÞh3ðrÞ
12ð1�ν2Þ

� �
d2ψ
dr2 þ

EðrÞh3ðrÞ
12rð1�ν2Þþ

h3ðrÞ
12ð1�ν2Þ

dEðrÞ
dr þEðrÞh2ðrÞ

4ð1�ν2Þ
dhðrÞ
dr

� �
dψ
dr

þ νh3ðrÞ
12rð1�ν2Þ

�
dEðrÞ
dr � EðrÞh3ðrÞ

12r2ð1�ν2Þ�
k2s EðrÞhðrÞ
2ð1þνÞ þ νEðrÞ

4rð1�ν2Þ
dhðrÞ
dr

�
ψ

� k2s EðrÞhðrÞ
2ð1þνÞ

� �
dw
dr ¼ 0;

k2s EðrÞhðrÞ
2ð1þ νÞ

� �
dψ
dr þ

k2s EðrÞhðrÞ
2rð1þ νÞ þ

k2s hðrÞ
2ð1þνÞ

dEðrÞ
dr þ k2s EðrÞ

2ð1þνÞ
dhðrÞ
dr

� �
ψ

þ k2s EðrÞhðrÞ
2ð1þνÞ

� �
d2w
dr2 þ

k2s EðrÞhðrÞ
2rð1þ νÞ þ

k2s hðrÞ
2ð1þνÞ

dEðrÞ
dr þ k2s EðrÞ

2ð1þνÞ
dhðrÞ
dr

�
þ νEðrÞhðrÞ

ð1�ν2Þr
du0
dr þ EðrÞhðrÞ

ð1�ν2Þr2u0þ νEðrÞhðrÞ
2rð1�ν2Þ

dw
dr

� �2�ρ1rω2
�
dw
dr

þ EðrÞhðrÞ
ð1�ν2Þ

du0
dr þ EðrÞhðrÞ

2ð1�ν2Þ

�
dw
dr

� �2þ νEðrÞhðrÞ
rð1�ν2Þu0

�
d2w
dr2 ¼�q:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð16Þ

It is worth mentioning that the difference between the present work
and recent study done by Bayat et al. [16] is the direction of varying
material properties which is along the radial direction in the present
study. Hence, due to differences of material property and stiffness
matrix, the non-linear equilibrium equations for the displacement
field (Eq. (16)) are quite different from governing equations of Ref.
[16]. Moreover, due to definition of ρðzÞ in [16] instead of ρðrÞ in the
current study, the first moment of the density along the thickness
does not exist in the force equilibrium equations (Eq. (13)).

To complete the formulation of the problem, the governing
equations are accompanied by a set of boundary conditions.
As shown in Fig. 1(b and c), the following two boundary conditions
are employed [14,23]:

(a) Roller-supported solid disk (solid disk with a roller support at
r¼ ro):

at r¼ 0; u0 ¼ 0; ψ ¼ 0; Qr ¼ 0;
at r¼ ro; w¼ 0; Nr ¼ 0; Mr ¼ 0:

(
ð17Þ

(b) Clamped-roller supported hollow disk (hollow disk with a
clamped at the inner edge r ¼ ri and roller supported at the
outer edge r ¼ ro):

at r¼ 0; u0 ¼ 0; ψ ¼ 0; Qr ¼ 0;
at r¼ ro; w¼ 0; Nr ¼ 0; Mr ¼ 0:

(
ð18Þ

3. Numerical solution of the governing equations

The system of governing equations shows that the non-linear
large deflection response of a functionally graded rotating disk
under a bending load is very complex and is not amenable to a

Table 1
Effect of grading index n and thickness profile on the weight ratio W=Wc (see Ref. [12]).

Thickness profile Full-ceramic (n¼ 0) n¼ 0:2 n¼ 1:5 n¼ 5:0 Full-metal (n-1)

Concave: S¼ 0:96 and m1 ¼ 0:5 1.0 0.9054 0.6538 0.5312 0.4737
Linear: S¼ 0:8 and m1 ¼ 1:0 1.0 0.9178 0.6864 0.5552 0.4737
Convex: S¼ 0:415 and m1 ¼ 3:0 1.0 0.9317 0.7219 0.5820 0.4737
Uniform: S¼ 0:0 1.0 0.9389 0.7444 0.6032 0.4737
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closed form solution. Thus, using numerical procedures to obtain
an approximate solution can be helpful. Several numerical solution
methods are available, such as finite element, finite difference,
finite strip, relaxation and the dynamic relaxation (DR) with the
finite difference discretization method which was used here to
solve the non-linear differential equations of the problem.
Dynamic relaxation is an iterative method in which the basic idea
is to transfer a static problem into a dynamic one [34]. The DR
method is especially attractive for problems with highly non-
linear geometric and material behavior. The explicit nature of this
method makes it highly suitable for computers because all
quantities may be treated as vectors, resulting in an easily
programmed method with low storage requirements. Because of
these advantages, many researchers have used the DR method to
solve both linear and non-linear problems [35–38]. The DR flow
chart is outlined briefly below.

According to the flow chart, all steps are thoroughly explained
as following.

3.1. Initializing all condition

Generally at the first iteration, the initial vector values of
approximate solution (X0

i ¼ fu0
i ;ψ

0
i ;w

0
i g) and all nodes velocities

( _X
0
i ¼ f _u0

i ; _ψ
0
i ; _w

0
i g) are defined to be zero (see [39,40]). It is clear

that if iteration starts from an initial vector closer to the real
solution, computation time will be reduced. Some studies are
carried out to determine initial vector X0 which is summarized in
[40].

3.2. Computing the mass and damping matrices

Assume that with the aid of finite difference, a continuum
subjected to a set of external forces has been transferred into an
equivalent discrete system connected through N nodes (i¼1,…, N).
The discrete governing equations of this static system can be
written as

PðXΔÞ ¼ F; ð19Þ
where Pi ¼ fpui ; pψi ; pwi g is the vector of discrete internal forces,
XΔ
i ¼ fui;ψ i;wig the vector of real solution of the discrete system

and Fi ¼ ff ui ; f ψi ; f wi g is the vector of discrete external forces. When
the real solution (XΔ) is replaced by an approximate solution X,
residual forces R¼ F�PðXÞ appear and in turn cause disequilibrium
of the system. Hence, the corresponding dynamic equations are
given as

M €XþC _XþPðXÞ ¼ F; ð20Þ
where M and C are fictitious mass and damping matrices and _X
and €X are velocity and acceleration vectors, respectively. The word
‘fictitious’ indicates that the dynamic process described by Eq. (20)
is fictitious as the DR method is used so that M and C can be
artificially chosen to obtain the static solution in a minimum
number of pseudo-time increment steps. This enables one to
construct Eq. (20) in such a way that M and C are diagonal
matrices which simplify the investigation of the method to the

full extent. Hence, the DR algorithm is based on transforming a
boundary value problem to an equivalent time-stepping initial
value problem. Thus, for our analysis, the transformation of the
disk equations into DR format was carried out by adding the
damping and inertia terms to the right-hand-side of the force
equilibrium Eq. (13) as follows:

dNr
dr þ1

rðNr�NθÞ ¼mu
d2u0
dtt þcudu0

dt �ρ1rω2;

dMr
dr þ1

rðMr�MθÞ�Qr ¼mψ
d2ψ
dt2

þcψ dψ
dt ;

dQr
dr þQr

r þNr
d2w
dr2 þ Nθ

r �ρ1rω2
� �

dw
dr ¼mw

d2w
dt2

þcwdw
dt�q:

8>>>><
>>>>:

ð21Þ

where mu; mψ ; mw and cu; cψ ; cw are elements of the diagonal
fictitious mass and damping matrices M and C, respectively. The
mass matrix and nodal damping factor are defined in such a way
to guarantee the stability and convergence of the iterative proce-
dure. There are some methods which have been used in evaluating
the element values of the fictitious mass matrix M (see [40]). Here,
to guarantee the numerical stability, the element of matrix M is
determined by the Gershgörin theorem as (for more detail see
[41,42])

ml
iiZ :25ðτnÞ2 ∑

N

j ¼ 1
klij
��� ���; ð22Þ

where l : ðu;ψ ;wÞ and kij is the element of the stiffness matrix K
and is computed by (see Appendix A):

K ¼ ∂P
∂X

: ð23Þ

The relation between the elements of diagonal fictitious mass
M and ml

ii for a discrete system connected through N nodes is
defined as follows:

M¼

m11 0 … 0
0 m22 … 0
… … … …
0 0 … mNN

2
6664

3
7775: ð24Þ

mii ¼
mu

ii 0 0
0 mψ

ii 0
0 0 mw

ii

2
64

3
75: ð25Þ

Similar relation between M and ml
ii is used for elements of

diagonal fictitious damping matrices C and clii. Proper selection of
C can improve the convergence rate of the DR method. Five main
approaches have been proposed in the published literature which
is summarized in [40]. In this study, by applying the Rayleigh
principle to each node, the instant critical damping factor for node
i at the nth iteration expressed as [40]

cni ¼ 2
ðxni ÞTpni

ðxni ÞTmn
iix

n
i

( )1=2

: ð26Þ

Therefore, different c values for different nodes are introduced
to obtain the form used for DR as follows:

cii ¼ cimii; i¼ 1; :::; N ð27Þ
It is notable that the governing equations for the displacement
field (Eq. (16)) have very long terms. Thus, for the sake of briefness,
Eq. (21) has been written based on force equilibrium equation (Eq.
(13)). In our analysis, however, the developed numerical code is
based on displacement equations (Eq. (16)) which can be attained
by replacing the left-hand-sides of Eq. (21) with the left-hand-
sides of Eq. (16). As mentioned, the left-hand-side of Eq. (21) is the
vector of discrete internal forces, P, which is presented in complete
form in Appendix A.
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3.3. Determination of velocities and displacements

Eq. (20) is transformed to the explicit iterating formulae by
replacing the velocity and acceleration terms with the following
approximate central finite difference expressions:

_X
n�ð1=2Þ ¼ ðXn�Xn�1Þ=τn; ð28Þ

€X
n ¼ ð _Xnþð1=2Þ� _X

n�ð1=2ÞÞ=τn; ð29Þ
where τ is the increment of fictitious time at the nth iteration and
in this work its value set to unity and the _X

n
is obtained as

following:

_X
n ¼ 1

2ð _X
n�ð1=2Þ þ _X

nþð1=2ÞÞ: ð30Þ
Substituting Eqs. (28)–(30) into Eq. (20) gives the following pair

of equations to advance to the next velocity and displacement
[40]:

X
� nþð1=2Þ
i ¼ 2τn

2þτncni
ðmn

iiÞ�1rni þ
2�τncni
2þτncni

X
� n�ð1=2Þ
i ; ð31Þ

Xnþ1
i ¼ Xn

i þτnþ1 _X
nþð1=2Þ
i ; ð32Þ

where rni is the residual vector of node i at the nth iteration.
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Fig. 3. Comparison of semi-analytical results [14] and the solutions reported here for the (a, b) dimensionless deflection w and (c, d) dimensionless radial stress and moment
resultant Nr ;Mr , respectively, for FG solid (b) and hollow (a, c and d) rotating disks.

Table 3
Comparison of maximum dimensionless deflection wmax obtained by present
study with those of Ma and Wang [45] for non-linear bending analysis of clamped
and simply supported circular plate under different loadings.

Q ¼ qr4o
Dch

wmax of clamped
circular plate

wmax of simply
supported circular plate

Ma and Wang
[45]

Present
solution

Ma and Wang
[45]

Present
solution

25 0.6622 0.6610 1.0502 1.0500
50 1.0340 1.0311 1.3741 1.3713
75 1.2941 1.2938 1.5965 1.5949

100 1.4666 1.4617 1.7659 1.7628
125 1.6394 1.6374 1.9024 1.8994
150 1.7772 1.7625 2.0213 2.0186

Table 4
Comparisons of the results ( wn

max ¼w=h) obtained by the present solution with the
results obtained by Turvey and Der Avanessian [46].

q ¼ qr4o
Eh4

wn

max of clamped
circular plate

wn

max of simply
supported circular plate

Ref. [46] Present solution Ref. [46] Present solution

5 0.7213 0.6917 0.9998 1.0521
10 1.0422 1.0502 1.3587 1.3630
15 1.2871 1.3013 1.5896 1.5963
20 1.4882 1.4961 1.7635 1.7695
25 1.6510 1.6544 1.8584 1.8612

Table 2
Material properties of FG disk used in the numerical study [14].

Material property E ðGPaÞ ν ρ ðkg=m3Þ

Partially stabilized zirconia (PSZ), ceramic 151.0 0.3 5700
Aluminum, metal 70.0 0.3 2700
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According to Eq. (21), the velocity equations are obtained as
follows:

u
�nþð1=2Þ
i ¼ 2τn

2þ τncn
i
ðmn

iiÞ�1 dNr
dr þ1

rðNr�NθÞþρ1rω2
� �n

i
þ 2�τncni

2þ τncn
i
u
�n�ð1=2Þ
i ;

ϕ
� nþð1=2Þ
i ¼ 2τn

2þ τncn
i
ðmn

iiÞ�1 dMr
dr þ1

rðMr�MθÞ�Qr

� �n
i
þ 2�τncni

2þ τncn
i
ϕ
� n�ð1=2Þ
i ;

w
� nþð1=2Þ
i ¼ 2τn

2þ τncn
i
ðmn

iiÞ�1 dQr
dr þQr

r þNr
d2w
dr2 þ Nθ

r �ρ1rω2
� �

dw
dr þq

�n
i
þ 2�τncni

2þ τncn
i
w
� n�ð1=2Þ
i ;

�

8>>>>>>><
>>>>>>>:

ð33Þ
by integrating the velocities, the displacement vector,
Xi ¼ ui;ψ i;wi

	 

, can be computed at the end of each time step

according to Eq. (32).

3.4. Convergence criteria

The basic idea of DR is that the static solution of a mechanical
system can be referred to as the steady state part of the transient
response of the system to step loading [43]. Clearly at the steady
state situation the values of velocity and residual vectors approach
to zero. In the current study, the minimum kinetic energy
(Σj _x

nþð1=2Þ
j r10�12) is used as the convergence criterion [40]. After

computing the displacement field and applying the boundary
conditions, strains and resultant stresses can be calculated.

To apply the DR method to solve the system of equations, they
are discretized. Thus, a central finite difference technique was used
to replace the derivatives. Due to the axisymmetric nature of the
loading and the plate geometry, only a radial line of the plate is
used, and the governing plate equations are applied to the nodal
points of this line. Because of the singularity problem at the center,
it is not possible to solve the equations at the center node of the
plate. Therefore, the limiting process suggested by Kobayashi and

Turvey [44] was used. Consequently, Eqs. (31), (32), (3) and (15)
and the appropriate boundary conditions and Eqs. (17) and (18) in
their finite difference forms, constitute the set of equations for the
sequential DR procedure.

4. Results and discussion

4.1. Verification of the solution

The accuracy and effectiveness of the present method for the
linear and non-linear bending analyses of circular and annular
isotropic or FG disks subjected to different loadings and boundary
conditions were examined by three comparison studies as follow.

As a first part of validation of our methodology in linear
bending analysis, the results of the numerical analysis for the
axisymmetric small deflection bending of functionally graded solid
and hollow rotating disks with roller and clamped-roller sup-
ported boundary conditions are compared with the semi-
analytical results obtained by Bayat et al. [14]. In Ref. [14], a
uniform thickness FG rotating disk with ro=ri ¼ 5 and ro=h¼ 5
subjected to a constant centrifugal force ðω¼ 1000 rad=sÞ and
transverse load ðqo ¼ 0:14 GPaÞ was considered. Based on FSDT,
the analysis was performed for one ceramic and metal combina-
tion. The material properties of zirconia (ceramic) and aluminum
(metal) for the outer and inner surfaces of the FG rotating disk are
given in Table 2. The results were plotted in a non–dimensional
form for the deflection w, radial stress and moment resultants
Nr ; Mr , respectively. According to Fig. 3(a–d), the results are in
good agreement with those given in [14], and the validity of the
numerical method is verified.
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As the next example, comparisons of the numerical results
obtained in the present paper with those reported by Ma and
Wang [45] for an axisymmetric large deflection bending problem
of a circular plate with clamped and simply supported boundary
conditions are shown in Tables 3 and 4. For the dimensionless
maximum deflection wmax ¼ 64wmaxDc=qr4o with Dc ¼ Ech

3=12
ð1�ν2Þ, a good agreement was observed.

As a final part of our analysis verification, the DR results for the
axisymmetric non-linear bending problem of a circular plate under
different mechanical loadings with clamped and simply supported
boundary conditions are compared in Table 4 with the numerical
results obtained by Turvey and Der Avanessian [46]. It is obvious that
the present results for dimensionless maximum deflection
wn

max ¼w=h are in good consistency with those given in Ref. [46].
It can be seen that the results obtained by the present method are in
close agreements with those obtained by other investigators. Hence,
the reliability and accuracy of the present method are verified.

4.2. Parametric study

Using FSDT, a parametric study was carried out to investigate
the non-linear bending of shear deformable functionally graded
rotating disks with uniform and variable thicknesses subjected to
constant centrifugal forces and transverse uniform loads as shown
in Fig. 1. For the numerical study, two cases were considered,
namely roller-supported solid disks and clamped-roller supported
(CR) hollow disks. The analysis was conducted using aluminum as
the inner surface metal and zirconia as the outer surface ceramic,
as specified in Table 2. The results presented herein are for a
specified thickness-to-external radius ratio of the FG disk
(h=ro ¼ 0:15) with a material constant n¼1, under a uniform
centrifugal force due to a uniform rotating speed ðω¼ 500 rad=sÞ
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and transverse load ðq¼ 140 MPaÞ on the top surface, unless stated
otherwise. Moreover, the ratio of the outer radius-to the-inner
radius of the hollow disk was assumed to be ro=ri ¼ 5, and for both
solid and hollow disks, the outer radius was ro ¼ 50 mm. As shown
in Fig. 2, three different thickness profiles were considered to
study the effect of thickness variation. The results are defined and
presented in terms of the following dimensionless quantities,
w¼ 64wDc=qr4o with Dc ¼ Ech

3=12ð1�ν2Þ, z¼ z=h, u¼ urEc=ρcω2r3o ,
sr ¼ sr=Ec , sθ ¼ sθ=Ec ,Nr ¼Nr=ρcr3oω

2 and Mr ¼Mr=πr2oq, which are
the dimensionless deflection (vertical displacement), distance
from middle plane, radial displacement, radial and circumferential
equivalent stresses, radial stress resultant and radial moment
resultant, respectively. The Mori–Tanaka theory was used to
model the FGM material properties. A study was conducted to
compare the Mori–Tanaka theory with the simple rule of mixture.
The variations of Young's modulus E and the dimensionless
deflection w are represented in Fig. 4(a) and (b), respectively, for
both rules of mixture for a hollow FG rotating disk under a
bending load with different values of the grading index n. There
was some differences between the results obtained using the two
methods. Therefore, to obtain more realistic prediction for the
behavior of the FG disk, the Mori–Tanaka scheme was used in the
following results.

In Fig. 5a, the influence of the grading index n on the variation of
the dimensionless radial displacement u along the radius is demon-
strated. For different values of the grading index n, the radial
displacement has a maximum at r=ro ¼ 0:5 for FG rotating disks. For
the ceramic disk, u is positive along the radius. However, in FG and
metallic disks, u becomes negative for some values of r, due to the
combined effect of the centrifugal and bending loads. For instance, the

effect of the bending load compared to the centrifugal force becomes
dominant after r=ro40:7 for a metallic disk. Furthermore, the higher
values of the grading index n cause the radial displacement to become
more negative in the outer parts of the disks, and the absolute value of
u for n¼10 is about five times greater than that for n¼1.

Fig. 5b illustrates variations of the dimensionless deflection w
along the radius of an FG solid rotating disk for different values of
the grading index n. As expected, by increasing the grading index n
and consequently decreasing the stiffness, the deflections increase
so that the maximum dimensionless deflection of the fully
metallic disk is nearly twice of that of the fully ceramic one.

Fig. 6a and b indicates the variations of dimensionless radial stress
and moment resultants Nr and Mr along the radius of the FG solid
rotating disk for different values of the grading index n, respectively.
The fully ceramic disk has the maximum values of Nr . Higher values
of n reduce Nr so that the value of Nr at the center of the fully
ceramic disk is about 44% larger than that for the fully metallic disk.
Furthermore, using larger values of n in FG rotating disks increases
the Mr . Moreover, the value of Mr in the fully ceramic disk is greater
than that for the fully metallic one, see Fig. 6b. The form of the
variation of Mr for non-homogenous FG disks is different and it does
not vary with n monotonically, as discussed later in detail.

Fig. 7a demonstrates the variation of u along the radius for
different values of the grading index n for FG hollow rotating disks.
The homogonous metallic and ceramic disks have lower amounts
of u, whereas the FG disks have greater values. In fact, the variation
of u with the grading index n is also not monotonic.

Fig. 7b illustrates the variation of w along the radius for
different values of the grading index n for the hollow disk.
As aforementioned, increasing the n results in greater deflection
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solid (a, b) and hollow (c, d) rotating disks with n¼1.
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so that the maximum deflection of a fully metallic disk is about
twice of that of the ceramic one. Moreover, increasing n causes a
reduction of Nr which can be attributed to the reduction of the
strain values of FG disks, see Fig. 7c.

Fig. 7d shows the variation of Mr along the radius of the FG
hollow disk. The maximum of Mr occurs at the inner radius of both
homogonous metallic and ceramic disks. Moreover, the maximum
values of Mr for the non-homogonous FG disks are not located
between the metallic and ceramic ones.

To explore some of previous occurrences, the variations
of some parameters with the grading index n are given in
Fig. 8. Fig. 8a shows the variation of u versus n at the outer
radius of the FG hollow disk for different values of the
rotating speed. The parameter u has a maximum at n¼1 for
ω¼ 300 rad=s. However, by increasing the rotating speed the
location of the maximum points approaches n¼2. By increasing
n, u decreases and approaches its value for the homogonous
metallic disk.

The variations of the maximum of Nr and ðNrÞmax (at the
inner radius of the FG hollow disk) for different values
of the grading index n and rotating speed are given in Fig. 8b.
The value of ðNrÞmax decreases with increasing grading index from
n¼0 to 0.1. After that, there is an increase for ðNrÞmax from n¼0.1
to 0.5. Finally, with increasing n from n¼0.5 to larger values and
the tendency of the material toward the homogonous metallic
disk, the ðNrÞmax decreases again. The value of ðNrÞmax for the FG
rotating disk is always between the values for the homogonous
metallic and ceramic disks. In addition, the effect of the rotating
speed ω on ðNrÞmax is not significant.

The variations of Mr at the inner radius of the FG hollow
disk for different values of n and rotating speeds are shown

in Fig. 8c. The minimum of Mr occurs for n¼0.1 for different
rotating speeds. Moreover, the values ofMr of the FG rotating disks
are not between those of the homogeneous ceramic and metallic
disks.

Fig. 8d illustrates the variations of Mr at the center of the FG
solid disk for different values of n and rotating speeds. The
minimum of Mr always occurs for n¼1 and for the grading index
between zero and one it decreases. Moreover, beyond n¼2, Mr

varies with the grading index very slightly.
Fig. 9 shows the effect of the centrifugal force caused by the

angular velocity ω on the dimensionless vertical and radial
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Fig. 14. Effects of the thickness profile (linear, concave and convex) on the (a) dimensionless radial displacement, u, (b) dimensionless deflection, w, (c) dimensionless radial
stress resultant, Nr , and (d) dimensionless radial moment resultant, Mr , along the radius of an FG hollow rotating disk with n¼1 and ω¼ 10 rad=s.
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displacements. Fig. 9a and b shows the variation of u for different
angular velocities for FG solid and hollow rotating disks, respec-
tively. In addition, the variations of u along the radius of the solid
disks for ω¼ 500 rad=s and ω¼ 1000 rad=s are very different. For
ω¼ 500 rad=s, u has a maximum at r=ro ¼ 0:4 and encounters a
sharp decrease after that point. For ω¼ 1000 rad=s, the maximum
occurs at r=ro ¼ 0:8 and then there is a smooth decrease, see
Fig. 9a. For the hollow disk, however, u has a maximum at
r=ro ¼ 0:8 for ω¼ 500 rad=s, and the maximum of u occurs at
the outer radius of the disk for ω¼ 1000 rad=s. The behavior of u
at lower rotating speeds can be attributed to the dominance of the
bending load over the centrifugal force.

The effects of the rotating speed on the variations of the
dimensionless deflection w along the radius of the FG solid and
hollow rotating disks are considered in Fig. 9c and d, respectively.
Fig. 9c and d shows that the accelerating angular velocity reduces
the deflection of the solid and hollow disks so that the central
deflection of the solid disk at ω¼ 1000 rad=s is nearly half of that
at ω¼ 500 rad=s.

Fig. 10a and b shows the variation of Nr and Mr along the radius
of the solid disk for different values of ω. Increasing of ω decreases
Nr and Mr along the radius so that their values for ω¼ 500 rad=s
at the center of the disk are almost 1.5 and 2.5 times greater than
those for ω¼ 1000 rad=s, respectively.

Similarly, Fig. 10c and d shows the effect of the angular velocity
ω on the variation of Nr and Mr along the radius of the hollow
disk. For the hollow disk, the values of Nr for different velocities
are very close to each other, see Fig. 10c. In contrast, Mr reaches a
maximum at the inner edge of the disk and its absolute value
decreases as ω increases, see Fig. 10d.

Fig. 11a and b shows the influences of the inner radius-to-outer
radius ratio, ri=ro, on the values of u and w, respectively.
As expected, increasing ri=ro causes a decrease of the maximum
radial displacement of u and the maximum deflection of w. In fact,
the maximum values of u and w at ri=ro ¼ 0:1 are about 1.8 and 8
times larger than those at ri=ro ¼ 0:5, respectively.

Fig. 12a–c shows the effect of the thickness radius ratio, h=ro, on
the variation of the normalized deflection, w=h, the dimensionless
radial stress resultant, Nr , and the dimensionless radial moment
resultant, Mr , along the radius of the FG hollow rotating disk with
n¼1, respectively. An increase in the deflection occurs when the
thickness decreases. For instance, the maximum deflection of
the hollow disk with h=ro ¼ 0:2 is much greater than that with
the h=ro ¼ 0:4. Moreover, unlike Mr , reducing the thickness causes
a decrease of Nr . For example, the maximum value of Nr at
h=ro ¼ 0:4 is about twice that at h=ro ¼ 0:2, see Fig. 12b and c

The effect of different thickness profiles (linear, concave and
convex) on u, w, Nr and Mr of an FG solid disk with n¼1 and
ω¼ 10 rad=s is shown in Fig. 13. It is clear that the maximum and
minimum values of u occur for the convex and concave profiles,
respectively, see Fig. 13a. Moreover, as expected, the plates with
concave and convex profiles have the maximum and minimum
deflections for a FG solid disk with n¼1, respectively. For instance,
the central deflection of the FG solid disk with the concave profile
is about 18.3 times that for the convex profile, see Fig. 13b.
Furthermore, the maximum and minimum values of Nr along the
radius occur for the convex and concave profiles, respectively, see
Fig. 13c. The value of Nr at the center of an FG solid rotating disk
with a convex profile for n¼1 is about 10.4 and 3.6 times larger
than the same values with concave and linear profiles, respectively.
In addition, the maximum values of Mr occur for the concave
thickness profile. The maximum values of Mr for the concave
thickness profile are about 7 and 2 times larger than those of the
convex and linear thickness profiles, respectively, see Fig. 13d.

Fig. 14 illustrates the variations of u, w, Nr andMr with different
thickness profiles of FG hollow rotating disks with n¼1 and

ω¼ 10 rad=s. Similar to solid disks, the maximum and minimum
values of u for the FG hollow rotating disks occur for the convex
and concave profiles, respectively, see Fig. 14a. The maximum
deflection of the hollow FG rotating disk with a concave thickness
profile is about 20 and 3 times greater than those of the convex
and linear profiles, respectively, see Fig. 14b. Moreover, the
difference between the values of Nr and Mr for the different
profiles is shown in Fig. 14c and d. The maximum of Nr , which
occurs at the inner edge of the disk with a convex profile, is about
13.3 and 4.3 times greater than those of the concave and linear
profiles, respectively. Finally, the maximum Mr occurs at the inner
radius of the hollow disk with a concave profile and is nearly equal
to that of the linear profile, but it is more than five times larger of
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Fig. 15. Effects of the grading index, n, and thickness profile (uniform (a), convex
(b) and concave (c)) on the maximum dimensionless radial equivalent stress,
ðsrÞmax, through the thickness of an FG hollow rotating disk.
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the convex profile. Beyond r=ro ¼ 0:4, the change of Mr for
different thickness profiles is not significant.

Finally, because of the dependency of equivalent stresses
(sr ; sθ) to the both radial and thickness directions, the critical
stresses are considered along thickness of the inner radius of FG
hollow rotating disk. Variations of maximum sr and sθ for two
different grading indices n¼1, 3 and different types of thickness
profiles (uniform, convex and concave) along the thickness of
inner radius of FG hollow rotating disk are showed in Figs. 15 and
16, respectively. It is clear that sθ has smaller absolute values
compared to sr . Moreover, at the upper and bottom surfaces of
uniform thickness profile, the maximum values of equivalent
stresses (sr and sθ) are tensile and compressive, respectively.
While, sr and sθ posses positive values at the inner radius of FG

hollow rotating disk with variable thickness so that the maximum
value of tensile stress related to concave thickness profile.
Moreover, it is observable that unlike the convex thickness profile,
the more material gradient index n leads to the more absolute
values of sr and sθ at the upper and bottom surfaces of FG
rotating disk.

5. Conclusions

The non-linear bending analysis of FG rotating solid and hollow
disks with uniform and variable thicknesses was studied. Based on
FSDT and using the von-Karman theory for large deflections, the
non-linear equilibrium equations were developed and a dynamic
relaxation method combined with a finite difference discretization
technique was used to solve these equations. The effects of the
grading index parameter, angular velocity, geometry, thickness-to-
radius ratio and thickness profile of the disk were studied. Some
general inferences are given below:

� It was shown that u has a maximum at the outer radius of the
hollow disk at n¼1 for ω¼ 300 rad=s, and by increasing the
rotating speed to ω¼ 500; 700 and 1000 rad=s, the maxi-
mum values occurs at n¼2.

� The maximum of Nr for the hollow FG disk decreases by
increasing the grading index from n¼0 to 0.1 and then
increases from n¼0.1 to 0.5. Then, with increasing n from
n¼0.5 and the tendency toward the homogonous metallic disk,
the maximum of Nr decreases.� The minimum value of Mr in inner radius of the FG hollow disk
occur at n¼0.1; however, at the center of the FG solid disk, Mr

has a minimum value at n¼1.
� The central deflection of the solid disk at ω¼ 1000 rad=s is less

than half of that at ω¼ 500 rad=s.
� Increasing ω leads a decrease in Mr (absolute value) in the FG

solid and hollow rotating disks. Moreover, for the FG hollow
disk, the effect of the angular velocity on Nr along the radius is
not significant. Furthermore, increasing ω leads to a decrease in
Nr for solid disks.

� Different behaviors for Mr and the maximum and minimum
values of Nr along the inner radius were found for the convex
and concave profiles.

Appendix A

As mentioned,pi ¼ pui ; p
ψ
i ; p

w
i

	 
 ði¼ 1; :::; NÞ is the vector of
discrete internal forces for each node so that
P ¼ p1; :::; pi; :::;pN

	 
T is defined for the equivalent discrete system
connected through N nodes. The complete form of pi is expressed
in the left-hand-side of the Eq. (21) based on stress and moment
resultants

pui ¼ dNr
dr

� �
i
þ 1

ri
ððNrÞi�ðNθÞiÞ;

pψi ¼ dMr
dr

� �
i
þ 1

ri
ððMrÞi�ðMθÞiÞ�ðQrÞi;

pwi ¼ dQr
dr

� �
þðQr Þi

ri
þðNrÞi d2w

dr2

� �
i
þ Nθ

r �ρ1rω2
� �

i
dw
dr

� �
i:

8>>>>><
>>>>>:

ðA:1Þ

In the current numerical code, Eq. (A.1) is defined based on
displacement field by substituting Eq. (15) into Eq. (A.1) which is
the left-hand-side of Eq. (16). According to Eqs. (A.1) and (23), the
stiffness matrix K (3� 3) can be defined for each node and
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Fig. 16. Effects of the grading index, n, and thickness profile (uniform (a), convex
(b) and concave (c)) on the maximum dimensionless circumferential equivalent
stress, ðsθÞmax, through the thickness of an FG hollow rotating disk.
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iteration as follows:

K ¼

∂pu
∂u

∂pu
∂ψ

∂pu
∂w

∂pψ
∂u

∂pψ
∂ψ

∂pψ
∂w

∂pw
∂u

∂pw
∂ψ

∂pw
∂w

2
6664

3
7775; ðA:2Þ

K11 ¼
∂pu

∂u
¼ EðrÞhðrÞd

3u
dr3

þ dEðrÞ
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hðrÞþEðrÞhðrÞ
r

þEðrÞdhðrÞ
dr

� �
d2u
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þ νhðrÞ
r

dE
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�EðrÞhðrÞ
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�
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�
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K12 ¼
∂pu

∂ψ
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