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1 Motivation

The concept of capability was appeared in works of P. Hall in classifying groups into
isoclinism classes. It was important for him to decide when for a group G, there exists a
groupH withG ∼= H/Z(H). Hall and Senior [5] called such groups capable. The problem
of finding capable groups, or determining necessary and sufficient conditions for a group
or a class of groups to be capable, is therefore worthy enough to be considered. Several
works had been done on this topic. For instance in [2] capable groups in the class of
the direct sums of cyclic groups are completely determined. As a result, all finitely
generated abelian groups which are capable were classified. For nonabelian groups the
class of nilpotent groups is a suitable candidate to study. The reason is the variety of
tools which can be used for nilpotent groups. Ellis in [4] proved that a finite nilpotent
group is capable if and only if all of its Sylow p-subgroups are capable. This suggest
to study the class of p-groups. In [8] and [9] the capability of 2-generator 2-groups is
considered. In this paper we study the capability of p-groups with derived subgroups of
order p and elementary abelianizations. It is known that in the case |G′| = p, capability
of G implies [G : Z(G)] = p2 (see [6]). We will prove this result in a different way in the
special case for which G/G′ is elementary abelian p-group after Theorem 3.2.
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2 Preliminaries

This section contains definitions, notations and theorems which are used in main results.
We assume that the notion of Schur multiplier, which is denoted by M(G) for a group
G is known, also we use the notion of epicenter and exterior center of a group without
defining them. Epicenter of a group G which is denoted by Z∗(G), was introduced by
Beyl, Felgner, and Schmid in [3]. They showed a necessary and sufficient condition for
a group G to be capable is Z∗(G) = 1. The following theorems are used in the rest.

Theorem 2.1. (See [7, Theorem 2.5.10]) Let G be a finite group and N be a central
subgroup of G. Then N ⊆ Z∗(G) if and only if the natural map M(G) −→ M(G/N) is
injective.

Theorem 2.2. (See [7, Theorem 2.2.10]) Let A and B be finite groups then

M(A×B) ∼= M(A)×M(B)× A

A′ ⊗
B

B′ .

Theorem 2.3. (See [7, Theorem 2.5.6 (i)]) Let G be a finite group and N be a central
subgroup of G. Then the following sequence is exact

M(G) −→ M(
G

N
) −→ N ∩G′ −→ 1.

The following lemma is a conclusion of Theorem 2.3 and used in the proof of the
main theorem.

Lemma 2.4. Let G be a finite p-group and N ⊆ Z(G) ∩ G′ be a subgroup of order p.
If |M(G/N)| = p |M(G)| then N ⊆ Z∗(G).

Proof. Using Theorems 2.1 and 2.3 it is enough to show that M(G) −→ M(G/N)
has trivial kernel. Let α and β denote the homomorphisms M(G) −→ M(G/N) and
M(G/N) −→ N ∩ G′, respectively. Since |N | = p, we have |Ker β| = |M(G/N)|/p
which is equal to |M(G)|. Now Theorem 2.3 implies Ker α = 1 as required.

The following lemma is a consequence of [7, Corollary 2.5.3], in where ϕ(G) denotes
the Frattini subgroup.

Lemma 2.5. Let G be a finite p-group then

|M(
G

ϕ(G)
)| ≤ |M(G)||G′|

3 Main results

Let G be a group of order pn and G′, the derived subgroup of G is of order p, and G/G′

is elementary abelian. It is easy to see that in this case exp(G) ≤ p2. Although the
capability of all extra special p-groups was considered in [3], so all the groups we consider
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are not extra special. By [10, Lemma 2.1] we have G = H ·Z(G) (the central product of
H and Z(G)) in which H is an extra-special p-group. We know that G′ ⊆ Z(G) and G′ is
cyclic of order p, so G′ may be a direct summand of Z(G). The following theorem gives
the structure of G depending on the way G′ is embedded in Z(G). We consider only
groups with noncyclic centers, the groups with cyclic centers are considered in Theorem
3.4.

Theorem 3.1. Let |G| = pn and Z(G) is not cyclic then

(i) if for some K, Z(G) = G′ ×K then G = H ×K;

(ii) if G′ is not a direct summand of Z(G) then G =
(
H · Zp2

)
×K in which Z(G) =

Zp2 ×K and G′ ⊆ Zp2 .

Proof. (i) Since G = H · Z(G) and H ∩ Z(G) = G′, so G = H ×K.
(ii) The proof is similar to the pervious part.

We state the main theorem of this paper as follows:

Theorem 3.2. Let G = H · Z(G) be a p-group of order pn with derived subgroup of
order p and G/G′ elementary abelian of order pn−1, then G is capable if and only if H
is capable and G′ is a direct summand of Z(G).

Remark 3.3. The above theorem shows that if G is a finite p-group with G′ of order
p and elementary abelian abelianization, The capability of G implies [G : Z(G)] = p2.
So in this case the result of Beyl and Tappe which was mentioned by Isaacs [6] can be
proved in a quite different way.

The proof of the Main Theorem is partitioned into some cases as follows. In the rest
we assume that G is of order pn and G/G′ is elementary abelian of order pn−1.

Theorem 3.4. Let G be a p-group of order pn with derived subgroup of order p and
G/G′ elementary abelian of order pn−1. If Z(G) is cyclic, then G is not capable.

Proof. Since G/G′ is an elementary abelian p-group, we have ϕ(G) = G′. Now using
Lemma 2.5 and Main Theorems of [10,11], we have

p
1
2
(n−1)(n−2)−1 ≤ |M(G)| ≤ p

1
2
(n−1)(n−2)+1.

Again using Main Theorems of [10,11], we deduce that

|M(G)| = p
1
2
(n−1)(n−2)−1,

so the following sequence is exact

1 −→ M(G) −→ M(
G

G′ ) −→ G′ −→ 1

which implies G′ ⊆ Z∗(G).
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In the following theorem we consider the groups satisfying in the condition in part
(i) of Theorem 3.1.

Theorem 3.5. Let G = H ×K where K is the complement of G′ in Z(G). Then G is
capable if and only if H is capable.

Proof. We have Z∗(G) ⊆ G′ = H ′.
If H is capable, for p ̸= 2, H is the extra-special p-group of order p3 and exponent

p and that |M(H)| = p2. We do the job by proving H ′ * Z∗(G). To do this we use
Theorems 2.1 and 2.3. The sequence

M(G) −→ M(
G

H ′ ) −→ H ′ −→ 1

is exact, but by Theorem 2.2 we have |M(G)| = p |M(G/H ′)| so

1 ̸= |Ker (M(G) −→ M(G/H ′))|

and the result holds. For p = 2, H is isomorphic to the dihedral group of order 8, and a
similar technique shows the result.

If H is not capable, it can be either an extra-special p-group of order p3 and exponent
p2, or an extra-special p-group of order p2m+1 with m > 1 which multipliers are trivial
and of order p2m

2−m−1, respectively. For H of order p3 a similar argument to that of
the first case shows that

M(G) −→ M(
G

H ′ )

is injective and so H ′ ⊆ Z∗(G). On the other hand if H is of order p2m+1 for m > 1,
using Theorem 2.2 the following sequence is exact.

1 −→ M(G) −→ M(
G

H ′ ) −→ H ′ −→ 1

Therefore G is not capable.

Now the only case which needs to be discussed is the groups satisfying in the condition
in part (ii) of Theorem 3.1.

Theorem 3.6. Let G be a p-group of order pn with derived subgroup of order p and
G/G′ elementary abelian of order pn−1 with noncyclic Z(G) and G′ is not a direct
summand of Z(G), then G is not capable.

Proof. In this case we have G = H · Zp2 × K where H is an extra special p-group
of order p2m+1 and K is elementary abelian of order pn−2m−2. By Theorem 2.4, it
is enough to show that |M(G/(H · Zp2)

′)| = p |M(G)|. Using Theorem 2.2 we have

M(G) = M(H ·Zp2)×M(K)× (H ·Zp2 ⊗K). But |M(H ·Zp2)| = p
1
2
(2m)(2m+1) due to

Theorem 3.4, |M(K)| = p
1
2
(n−2m−2)(n−2m−3) and |H ·Zp2 ⊗K| = p(2m+1)(n−2m−2). After

some computations we have |M(G)| = p
1
2
(n−1)(n−2)−1. On the other hand |M(G/(H ·

Zp2)
′)| = p

1
2
(n−1)(n−2), so the result follows.
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