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A new isogeometrical procedure for optimization of material composition of functionally graded struc-
tures in thermo-mechanical processes is introduced. The proposed method employs a generalized form
of the standard isogeometric analysis method, allowing for gradation of material properties through
patches. The variations of material properties are captured in a fully isogeometric formulation using
the same NURBS basis functions employed for construction of the geometry and approximation of the
solution. Subsequently, the applicates of control points that define the surfaces of volume fractions of
the constituents are considered as the design variables and obtained by solving the optimization problem
using a mathematical programming algorithm. Some numerical examples under thermal and mechanical
loadings are considered to demonstrate the performance and applicability of the proposed method. Com-
parison of the obtained results with those of the other existing approaches such as finite elements and
meshfree methods verifies the presented results. It will be seen that the proposed procedure considerably
removes the difficulties of the existing methods and provides a promising tool for material design of func-
tionally graded structures.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Functionally graded materials (FGMs) are considered as one of
the modern generation of composite materials. These materials
are commonly two-phase particulate composites, e.g. ceramic
and metallic alloy phases, microscopically engineered to have a
smooth spatial variation of material properties in order to improve
the overall performance. This is accomplished by fabricating the
composite material to have a gradual variation in the relative vol-
ume fractions of the constituent phases and microstructure. FGMs
are ideal candidates for applications involving severe thermal gra-
dients, ranging from thermal structures in advanced aircraft and
aerospace engines to computer circuit boards (Shiota and Miyamoto,
1997). It is important to note that the performance of FGMs is not
merely a function of the properties and relative amounts of their
material constituents, but is also directly related to the ability of
the designer to utilize the materials in the most optimal fashion
(Goupee and Vel, 2007). Accordingly, the optimization of material
distribution is a fundamental step in the design of FG components,
which demands the accurate simulation of its response to applied
complex thermo-mechanical loadings.
1.1. Techniques of analysis and optimization of FGMs

With FGMs being used mainly for thermal barrier coatings,
many studies have focused on thermo-mechanical behavior of
these materials under thermal or combined thermo-mechanical
loads. For instance, Lü et al. (2006) presented a two-dimensional
(2D) thermo-elasticity solution for functionally graded thick
beams. Ding et al. (2007) derived an elasticity solution for plane
anisotropic FG beams with elastic compliance parameters being
arbitrary functions of the thickness coordinate. A semi-analytical
elasticity solution for bending and thermal deformations of bi-
directional FG beams was introduced by Lü et al. (2008). Also,
many researchers investigated thermal fracture of functionally
graded plates and shells under thermal loadings or thermal shocks
(Feng and Jin, 2009; Guo and Noda, 2010; Guo et al., 2008; Sheng
and Wang, 2011; Ueda, 2001). Since, in general, it is not simple
to obtain an analytical solution to the partial differential equations
with variable coefficients governing to thermo-mechanical re-
sponse of FGMs, we are usually obliged to resort to numerical
methods.

By now, different numerical techniques such as finite difference,
finite elements and meshfree methods have been employed for
their thermo-mechanical analysis. For instance, Ching and Yen
(2005) employed the meshless local Petrov–Galerkin (MLPG)
method for the analysis of 2D FG elastic solids under mechanical
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and thermal loads. Wang and Qin (2008) developed a meshless
algorithm to simulate the static thermal stress distribution in 2D
FGMs on the basis of analog equation theory and the method of
fundamental solutions coupling with radial basis functions. Also,
Chareonsuk and Vessakosol (2011) investigated numerical solu-
tions for functionally graded solids under thermal and mechanical
loads using a high-order control volume finite element method.

On the other hand, lots of strategies have been proposed for the
optimization of material distribution of FGMs, thus far. Cho and Ha
(2002a) deals with the volume fraction optimization for minimiz-
ing steady-state thermal stresses in Ni–Al2O3 heat-resisting FGM
composites where the interior penalty-function and golden section
methods are employed as optimization techniques. He also em-
ploys the finite difference method for sensitivity analysis and an
appropriate material-property estimate for calculating thermo-
mechanical properties of the graded layer. Cho and Ha (2002b) ad-
dress a 2D volume fraction optimization procedure for relaxing the
effective thermal stress distribution by using bilinear finite ele-
ments for the approximation of volume fraction field. Turteltaub
(2002) deals with the control and/or optimization of a two-phase
isotropic composite under time-dependent thermo-mechanical
loadings. The research concludes that for the minimum structural
compliance problem, the optimal distribution of material proper-
ties depends on the loading history, even though the deformations
are elastic.

In one of the most related numerical works, Goupee and Vel
(2006b) investigate the application of the element-free Galerkin
method for optimization of material composition of two phase me-
tal-ceramic FGMs in thermo-elasticity problems. The spatial distri-
bution of ceramic volume fraction is obtained by piecewise bicubic
interpolation of volume fractions defined at a finite number of grid
points. Subsequently a real-coded genetic algorithm is adopted to
minimize the peak thermal stress or mass of FG structures. Optimi-
zation of volume fractions for functionally graded plates and pan-
els considering stress and critical temperature is investigated in Na
and Kim (2009a,b, 2010). Nemat-Alla (2009) discussed reduction of
thermal stresses by composition optimization of 2D FGMs assum-
ing analytical power law functions for variations of volume frac-
tions of the constituents. Optimization of material composition of
FGMs based on multiscale thermo-elastic analysis for thermal
stress relaxation was conducted by Chiba and Sugano (2012). In
the presented method, location-dependent unit cells representing
the microstructures of two-phase FGMs are created using mor-
phology description functions, and the homogenized material
properties and microscale thermal stresses are computed using
the asymptotic expansion homogenization method. Recently, Kou
et al. (2012) have presented a procedural model for optimal design
of FGMs using the particle swarm optimization method. In this
work, instead of using the widely used explicit functional models,
a feature tree based model is proposed to represent generic mate-
rial heterogeneities. A procedural model of this sort allows more
than one explicit function to be incorporated to describe versatile
material gradations and so the material composition at a given
location is no longer computed by simple evaluation of an analytic
function, but obtained by execution of customizable procedures
(Kou et al., 2012). Surendranath et al. (2003) proposed a methodol-
ogy to enhance the optimization of material distributions in com-
posite structures using gradient architectures. It is demonstrated
that genetic algorithms (GAs) can be enhanced for composite
structures by constraining the design search space through a
reduction in the number of design variables thereby the computa-
tional effort is substantially reduced. Some researchers deal with
thermo-elastic optimization of FGMs with temperature dependent
material properties (Bobaru, 2007; Boussaa, 2009; Goupee and Vel,
2007). Simultaneous optimization of material properties and
topology of FG structures was also undertaken in many researches
(Almeida et al., 2010; Paulino and Silva, 2005; Xia and Wang,
2008).

It needs to be mentioned that, a developed optimization meth-
od for material design of FGMs requires some significant character-
istics to be considered as an efficient one. First, the ability of the
method in creating complex material profiles using least possible
numbers of design variables is definitely of primary importance.
This makes the procedure to become computationally more effi-
cient. Next, the smoothness of the obtained optimal material pro-
files that do not contain discontinuities or jumps throughout the
domain is very desirable which can also facilitate their fabrication
(Goupee and Vel, 2006a,b). It is evident that the smoothness of the
optimal material profile is directly related to the order of continu-
ity and differentiability of the employed material profile. However,
considering the literature, one can see that most of reported strat-
egies for material design and optimization of FGMs suffer from ma-
jor difficulties in these senses.

Regarding the employed design parameterization scheme, we
can classify the reported approaches into two main classes of func-
tional models and discrete models. Functional models employ typ-
ical analytical functions for description of material gradation
through the computational domain so that some coefficients of
the functions are selected as the design variables for optimization
of the material distribution. It is evident that adopting such a meth-
odology, despite being computationally efficient as well as having
higher order of continuity and ease of implementation, lacks the
primary advantage of creating complicated material profiles.

On the other hand, discrete models which are more commonly
adopted, partition the domain of interest into a collection of sub-
domains wherein the material properties are either assumed
homogeneous or are interpolated. Due to the fact that these mod-
els naturally use a larger number of design variables, they are more
capable to produce complex material distributions. However, most
of them suffer from drawbacks of impossibility of having any desir-
able order of material distribution continuity throughout the do-
main as well as demanding a large number of design variables
for creation of complex material profiles which makes them com-
putationally inefficient.

A commonly used nodal based approach is the so-called contin-
uous approximation of material distribution (CAMD) technique
(Kumar and Gossard, 1996; Matsui and Terada, 2004) which em-
ploys the shape functions within the elements and subsequently
throughout the design domain to obtain the densities for layout
and topology optimization (Almeida et al., 2010). The main idea
of this concept was initially introduced by Kim and Paulino
(2002) as the generalized graded finite elements for the analysis
of heterogeneous materials.

It is a well-known fact that the use of higher-order finite ele-
ments for approximation of material distributions is effective
against checker-board patterns and results in clearer topologies
(Matsui and Terada, 2004). However, we note that higher order
shape functions are not always positive within an element. This
means that the approximated value of the design variable by these
shape functions can be negative locally in an element and violate
the geometrical constraint for the design variable, i.e.
0 6 qðxÞ 6 1 , even if the nodal design variables are all positive
(Matsui and Terada, 2004). Hence, most of researchers have em-
ployed linear shape functions for capturing the material gradations
inside elements in the graded finite element context in optimiza-
tion problems, even though the solution is approximated by higher
order shape functions (Almeida et al., 2010; Cho and Ha, 2002b).
For more details, the interested reader is referred to (Almeida
et al., 2010; Matsui and Terada, 2004). It is evident that such a rem-
edy reduces the order of continuity of the material description
model and accordingly the smoothness and applicability of the ob-
tained optimal material profile.
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Bobaru (2007) also faced the same problem in employing shape
preserving cubic splines for continuous volume fraction represen-
tation. The continuous volume fraction function profile that defines
the FGM is approximated by an Akima spline controlled by a set of
design variables. ‘‘While the oscillations of cubic spline interpola-
tion are reduced in the Akima spline interpolation, some portions
of the Akima spline may still exit the physical domain allowed
for the volume fraction function: the interval ½0;1�’’ (Bobaru,
2007). In order to preserve the curve in desired region, when the
curve exits the allowable domain, instead of using the Akima
splines a typical modified continuous function is employed, which
consequently violates the order of continuity of the material pro-
file. Similar limitations were encountered and reported by Almeida
et al. (2010) and Paulino et al. (2008) in the introduction of a glo-
bal–local approach to layout and material gradation in topology
optimization of FG structures, and optimal design of periodic func-
tionally graded composites with prescribed properties,
respectively.

It should be noted that, by now lots of attempts have been done
to circumvent this difficulty. For instance, Brodlie et al. (1995) ad-
dresses the problem of interpolation subject to simple linear con-
straints. Specifically, it looks at the problem of constructing a
piecewise bicubic function uðx; yÞ from data on a rectangular mesh,
such that uðx; yÞ is nonnegative (positive). They derive sufficient
conditions for positivity in terms of the first partial derivatives
and mixed partial derivatives at the grid points. Many researchers
have adopted this technique to increase the continuity of their
material profiles. Particularly, Goupee and Vel (2006a,b, 2007)
adopt the range-restricted piecewise bicubic interpolation tech-
nique devised by Brodlie et al. (1995), to obtain a smooth volume
fraction profile that is C1 continuous everywhere when employing
the meshfree methods for material distribution or topology opti-
mization problems. In this technique, the volume fraction at an
arbitrary point in the domain is obtained by interpolation of the
volume fraction values defined at the grid points. The employed
range-restricted interpolation ensures that the volume fractions
lie strictly in the range of 0 to 1 at all points within the domain
(Goupee and Vel, 2006b). In order to obtain C1 continuity in the en-
tire domain, they employ the Hermite basis functions, which de-
mand the provision of the derivatives of material distribution
functions on the employed grid points. The derivatives can be em-
ployed as extra design variables or estimated by numerical meth-
ods, that either way will increase the required computational
effort.

1.2. Analysis and design of FGMs by the isogeometric method

As observed, despite existing different strategies for the analysis
of FGMs, still serious difficulties arise when these strategies are
employed for their material design and optimization. In order to
circumvent these problems, in this paper, we investigate the appli-
cability of the recently improved isogeometrical analysis method
introduced by Hassani et al. (2013) for material distribution opti-
mization of FGMs in thermo-elasticity problems.

It should be noted the developed approach which is introduced
as an efficient tool for the stress analysis of functionally graded
elasticity problems, takes inspiration from the work of Kim and
Paulino (2002) and allows for gradation of material properties
through patches. In analogy to the suggested procedure by Kim
and Paulino (2002), called generalized isoparametric graded finite
elements, we employ the graded patches wherein the material
properties are interpolated at the Gauss points in a fully isogeo-
metric concept using the same NURBS basis functions employed
for construction of the geometry and approximation of the
solution. Besides being an efficient approach for the analysis of
heterogeneous problems, it will be seen that, this brings us about
the possibility of creating any desired complex material profile as
well as the accessibility of any desired order of continuity when
employed as a tool for material design of FGMs. Owing to the pos-
sibility of simultaneously modeling of the structural shape and
material distribution, the proposed generalized isogeometrical
analysis (GIGA) approach constitutes a capable tool for studying
integrated modeling, analysis and design of FGMs. It will be
seen that the proposed method offers a great promise for material
design of FGMs by exploiting the significant capabilities of NURBS
basis functions. It should be noted that, recently a NURBS based
finite element method is also proposed by Valizadeh et al. (2013)
for static bending, vibration, buckling and flutter analysis of FG
plates.
2. Surface creation by NURBS

Since in the proposed method, variations of the material
properties are sought as imaginary NURBS surfaces over the
computational domain, we here briefly review the surface defini-
tion by NURBS and the important properties of these surfaces.
For more details the interested reader is referred to (Piegl and
Tiller, 1997).

A NURBS surface is parametrically constructed as

Sðn;gÞ
Xn1

i¼0

Xn2

j¼0

Rp;q
ij ðn;gÞPij ð1Þ

where Pij are a net of ðn1 þ 1Þðn2 þ 1Þ control points and Rp;q
ij are de-

fined as

Rp;q
ij ðn;gÞ ¼

Ni;pðnÞNj;qðgÞwijPn1
k¼0

Pn2
l¼0Nk;pðnÞNl;qðgÞwkl

ð2Þ

where wij are the associated weights to every control points and
Ni;pðnÞ and Nj;qðgÞ are the normalized B-spline basis functions of de-
gree p and q, defined on the knot vectors N ¼ fn0; n1; . . . ; nn1þpg and
H ¼ fg0;g1; . . . ;gn2þqg, successively.

B-splines and NURBS have plenty of important and beneficial
properties which make them promising candidates to be employed
as a tool for material distribution and topology optimization prob-
lems. We here outline some of their main properties which pro-
vided us the inspiration for exploiting them in this research.

Strong convex hull property

If ðn;gÞ 2 ½ni0 ; ni0þ1Þ � ½gj0
;gj0þ1Þ, then Sðn;gÞ is in the convex hull

of the control points Pij, i0 � p 6 i 6 i0 and j0 � q 6 j 6 j0. This fol-
lows from the properties of basis functions.

The continuity and differentiability

The continuity and differentiability of Sðn;gÞ follow from that of
the basis functions. In particular, Sðn;gÞ is p� k (or q� k) times dif-
ferentiable in the n (or g) direction, at a n (or g) knot of multiplicity
k. Also, all derivatives of Sðn;gÞ exist inside a knot span, that is
Sðn;gÞ is C1 inside knot elements.

Planar approximation of control net

If triangulated, the control net forms a piecewise planar approx-
imation to the surface. This approximation is improved by knot
insertion or degree elevation. As a general rule, the lower the de-
gree, the closer a NURBS surface follows its control net. In particu-
lar, if p ¼ q ¼ 1 the surface coincides on its control net.
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3. Heat conduction and thermo-elastic analysis of FGMs by GIGA

3.1. Governing equations

The flow of heat in solids is associated with temperature differ-
ences within the material. This process is governed by the well-
known Fourier law of heat conduction, which is the constitutive
relation between the heat flux vector q and the temperature gradi-
entrT . This theory formulates a linear relationship that is given by

qi ¼ �kijT ;j ð3Þ

where kij is the thermal conductivity tensor. It can be shown that
this tensor is symmetric, i.e. kij ¼ kji. For the isotropic case
kij ¼ kdij, and thus

qi ¼ �kT ;i ð4Þ

where k is a material constant called the thermal conductivity.
We consider an elastic solid that is stress free at a uniform tem-

perature T0 when all external forces are zero. This stress-free state
is referred to as the reference state, and T0 is called the reference
temperature.

We recall that the stress follows from the Duhamel–Neumann
constitutive relation, which for the isotropic case is given as

rij ¼ kekkdij þ 2leij � ð3kþ 2lÞaðT � T0Þdij ð5Þ

where k is the so-called Lame’s constant and a is the coefficient of
thermal expansion.

Now using the principle of conservation of energy and the
above generalized Hook’s law, and neglecting the coupling term
in the energy equation, we establish the so-called uncoupled con-
duction equation

kT ;ii ¼ qc _T � qh ð6Þ

where q is the mass density, c is the specific heat capacity at con-
stant volume and h is the heat generation. For most of applications,
we consider only uncoupled theory and normally with no sources
(h ¼ 0). Another simplification is to consider only steady state con-
ditions, and for this case the conduction equation reduces to the fol-
lowing elliptic equation for the temperature distribution which is
known as the Laplace equation:

T ;ii ¼ r2T ¼ 0 ð7Þ

where r2 ¼ @2

@x2 þ @2

@y2. The above equation is subjected to the
Dirichlet, Newman, and Robin’s boundary conditions of (8a)–(8c).

T ¼ T on Ch ð8aÞ

�qjnj ¼ q on Cq ð8bÞ

�qjnj þ hðT � T1Þ ¼ 0 on Cc ð8cÞ

For this case, the temperature field can be determined independent
of the stress-field calculations. Once the temperature is obtained,
the following general uncoupled thermo-elastic analysis procedures
can then be employed to complete the problem solution.

We recall the strain–displacement and the equilibrium equa-
tions are:

eij ¼
1
2
ðui;j þ uj;iÞ ð9Þ

rij;j þ Fi ¼ 0 ð10Þ

where rij is the Cauchy stress tensor and Fi are the components of
the body force. Eq. (10) is subjected to the Dirichlet and Newman
boundary conditions of (11a) and (11b)

ui ¼ ui on Cu ð11aÞ
rijnj ¼ ti on Ct ð11bÞ

Using relations (5) and (9), the equilibrium equations (10), in
the absence of body forces, reduce to the Navier’s relations in
terms of displacements as follows:

lr2uþ E
2ð1� mÞ

@

@x
@u
@x
þ @v
@x

� �
� E

1� m
a
@T
@x
¼ 0 ð12aÞ

lr2v þ E
2ð1� mÞ

@

@y
@u
@x
þ @v
@x

� �
� E

1� m
a
@T
@y
¼ 0 ð12bÞ

for plane stress case, and

lr2v þ ðkþ lÞ @
@y

@u
@x
þ @v
@x

� �
� ð3kþ 2lÞa @T

@y
¼ 0 ð13aÞ

lr2uþ ðkþ lÞ @
@x

@u
@x
þ @v
@x

� �
� ð3kþ 2lÞa @T

@x
¼ 0 ð13bÞ

for plain strain case.
Reviewing isothermal plane elasticity theory, it is observed that

the temperature effect is equivalent to adding an additional body
force �ð3kþ 2lÞa @T

@x to Navier’s equations of equilibrium and add-
ing a traction term ð3kþ 2lÞaðT � T0Þni to the applied boundary
tractions for plane strain state. A similar statement could be made
about the plane stress theory, and in fact this concept can be gen-
eralized to three-dimensional theory.

3.2. Improved isogeometrical solution procedure

In isogeometric analysis, the geometry is constructed using the
NURBS surfaces as

xðn;gÞ �
Xn1

i¼0

Xn2

j¼0

Rp;q
ij ðn;gÞxij ¼ RP ð14Þ

In the same manner, displacements are approximated over a patch
by using the same NURBS basis functions as follows

uðn;gÞ �
Xn1

i¼0

Xn2

j¼0

Rp;q
ij ðn;gÞuij ¼ Rd ð15Þ

In above equations, d and P are the vectors of degrees of freedom
and coordinates of control points, respectively. It should be noted
that in IGA, the easiest way to set Dirichlet boundary conditions
is to apply them to the control variables (Hughes et al., 2005). In
case of homogeneous Dirichlet conditions, which is the only case
encountered in this study, this results in exact pointwise satisfac-
tion by just setting the control variables as zeros (Hughes et al.,
2005). In case of nonhomogeneous boundary conditions, however,
this approach may result in significant errors and so various alter-
native strategies have been proposed (Embar et al., 2010; Liu
et al., 2010).

Now, constituting the weak forms of Eqs. (12) or (13) and fol-
lowing the conventional variational approach similar to the classi-
cal FEM, the equivalent algebraic form of these equations for patch
p is obtained as:

Kpdp ¼ fp ð16Þ

where

Kp ¼
Z

Vp

BT CBdV; ð17Þ

fp ¼ �
Z

Ct

NT tdC�
Z

Vp

BT Ce0 dV ð18Þ
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in which Vp denotes the volume of patch p, C is the elasticity matrix
and B ¼ DR, where D is the differential operator matrix and is de-
fined as

D ¼
@
@x 0 @

@y

0 @
@y

@
@x

" #
ð19Þ

Also, e0 is the initial strain which, assuming m ¼ ½1;1;0�T , is ob-
tained using relations (20a) and (20b) for the special cases of plane
stress and plane strain, respectively.

e0 ¼ aðT � T0Þm ð20aÞ

e0 ¼ ð1þ mÞaðT � T0Þm ð20bÞ

It is noted that the global system of equations for multiple patch
geometries is easily obtained following a conventional assembly
procedure similar to the FEM. Moreover, it needs to be mentioned
that the elements of the elasticity matrix C, in case of FGMs, are
not constants anymore and are varying continuously through the
domain according to a specific distribution function. As previously
mentioned, in GIGA we state these variations in a fully isogeomet-
rical formulation using the same NURBS basis functions employed
for the geometric and computational models. Once the control vari-
ables of displacements are calculated, the strains are obtained as
e ¼ Bd. Subsequently, the stresses are recovered using the
Duhamel–Newman constitutive equation (5), that is written in a
new matrix form as

r ¼ CðBd� e0Þ ð21Þ
3.3. Volume fraction distribution by GIGA

According to previous explanations, in the generalized isogeo-
metrical analysis approach, the variable coefficients of differential
terms are considered as imaginary surfaces over the computational
domain, which are constructed by NURBS. The primary idea to this
purpose is to state the volume fraction distribution of the constit-
uents in a fully isogeometrical formulation using the same NURBS
basis functions employed for construction of the geometry and
approximation of the solution as

Vðn;gÞ ¼
Xn1

i¼0

Xn2

j¼0

Rp;q
ij ðn;gÞVði;jÞ; 0 6 V 6 1 ð22Þ

where Vði;jÞ are the coordinates of control points that produce the
volume fraction NURBS surface of each of the constituents. It should
be noted that in GIGA, following the concept of isoparametric
approximation, the same net of control points is employed for con-
struction of differential coefficients functions as for the geometry
and solution surfaces. Hence, in this concept the in-plane coordi-
nates of control points in Eqs. (15) and (22) are the same as xij in
(14).

However, this is not the only available approach to this purpose.
Sometimes, we may encounter problems where the stress distribu-
tion is too complicated and demand employing a very fine mesh,
while the corresponding optimal material distribution for a specific
goal is not so complex. It is noted that, in such cases it may not
seem efficient to use the same net of control points employed for
the analysis also as the design variables. In such applications, we
can describe the variations of material properties using a coarser
mesh in order to decrease the computational effort.

The important point in this case is that we use the same param-
eterization of computational domain for both the geometric (com-
putational) and the material model. This ensures having the same
mapping from parametric space to physical space for both the
computational and material models and so will provide us the pos-
sibility of calculation of variable material properties at the Gauss
points by taking their parametric coordinates from the computa-
tional model. In this work, we only employ the generalized isogeo-
metrical concept by employing the same NURBS basis functions
and the same net of control points for geometric modeling as well
as material design.

In order to devise the optimization problem employing GIGA, it
suffices to select the heights (applicates) of control points of the
constituents as the design variables. Accordingly, we can produce
any complex desired profile of material gradations by determining
these variables. As Eq. (22) shows, the volume fraction value at any
arbitrary point of the domain is restricted to lie within the interval
½0;1�. Following the proposed methodology, this constraint is easily
handled by directly restricting the design variables to lie within the
mentioned interval, no matter what degree of basis functions is
employed. This facility is resulted from the important strong con-
vex hull property of NURBS surfaces mentioned in previous
sections.

Therefore, any desired level of continuity of the material profile
can be achieved by employing the appropriate order of basis func-
tions. Undoubtedly, increasing the order of continuity of the mate-
rial profile will evidently result in smoother material distributions
which are also easier to fabricate. It is noted that employing higher
order shape functions in other numerical methods such as graded
FEM or meshless methods, besides arising the difficulty of restrict-
ing the volume fractions within the side constraints, does not nec-
essarily increase the continuity of the material profile over the
whole domain. For instance, by employing higher order Lagrangian
shape functions in finite elements, the order of continuity of the
solution and the material profile on element borders is always
C0, no matter what degree the shape functions are.

As observed, the proposed method circumvents the difficulties
of existing methods and does not require applying any restriction
or extra computations. It is noted that the proposed method can
also be easily adopted in the FGM design problems consisted of
three or more component phases. For instance, in a typical three-
component FGM design problem, it suffices to select the applicates
of control points of two of the constituents that define their distri-
bution over the domain as the design variables to be determined.
In this case, the side constraints of restricting the volume fractions
to ½0;1� are applied to the summations of each of the control points
heights selected as the design variables. The distribution of the
third component is easily obtained by knowing the fact that the
summation of all the volume fractions at any point of the domain
equals one. Also, the method can be easily extended to be em-
ployed in 3D elasticity problems.

Furthermore, since in this approach, variations of material
properties are defined by NURBS surfaces which are considered
as a powerful tool in creating complicated shapes and surfaces,
very complex material profiles can be obtained by using a rela-
tively small number of control points that makes it computation-
ally efficient. Hence, it is expected to yield superior results in
comparison with the other available numerical methods such as
graded FEM or meshless methods when the same numbers of de-
sign variables are used.

3.4. Estimation of effective material properties

In FGMs the constituent phases, e.g. ceramic and metal parti-
cles, are of arbitrary shapes and mixed up in arbitrary dispersions.
Therefore, prediction of their effective material properties at a
point by knowing the volume fractions of the constituents is not
generally this simple. Different strategies have been proposed for
this purpose thus far each of them may work well for a typical
problem depending on the fabrication process and shapes of the
constituent particles. The primary approach is known as the linear
rule of mixtures in which a material property at a point is
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estimated by the volume weighted average of the properties of its
constituents. Although this simple rule is accurate for a fiber rein-
forced composite that is aligned in the loading direction and de-
formed under iso-strain conditions, the reliability of this method
has been known to be highly questionable, because it does not in-
clude the details on particles and dispersion layout as well as the
interaction effect between the constituents (Cho and Ha, 2002a).
Therefore, designers seek more accurate estimations for the
Young’s modulus and the thermal expansion coefficients that dom-
inate the thermoelastic response of FGMs (Cho and Ha, 2002a).

Later, Tomota et al. (1976) proposed a modified rule of mixtures
by refining the linear rule of mixtures for the Young’s modulus
which will be subsequently explained in details. Two other homog-
enization techniques, i.e. the Mori–Tanaka (Mori and Tanaka,
1973) and self-consistent (Hill, 1965) schemes, are also widely em-
ployed in the literature and are believed to yield promising estima-
tions of the effective material properties in typical realistic
problems.

According to the Mori–Tanaka method, the effective bulk mod-
ulus (K), and the effective shear modulus (l) of a mixture of two
constituents is given by (Mori and Tanaka, 1973)

K � Kc

Km � Kc
¼ Vm

1þ ð1� VmÞ½3ðKm � KcÞ=ð3Kc þ 4lcÞ�
ð23Þ

l� lc

lm � lc
¼ Vm

1þ ð1� VmÞðlm � lcÞ=½lc þ lcð9Kc þ 8lcÞ=6ðKc þ 2lcÞ�
ð24Þ

where subscripts ‘‘m’’ and ‘‘c’’ stand for the constituent phases, e.g.
metal and ceramic. Subsequently, the effective Young’s modulus (E)
and Poisson’s ratio (m) are obtained as E ¼ 9Kl=ð3K þ lÞ and
m ¼ ð3K � 2lÞ=ð6K þ 2lÞ, respectively. In addition, the effective
thermal conductivity (k) and coefficient of thermal expansion (a)
are evaluated according to (25) and (26).

k� kc

km � kc
¼ Vm

1þ ð1� VmÞðkm � kcÞ=3kc
ð25Þ

a� ac

am � ac
¼ 1=K � 1=Kc

1=Km � 1=Kc
ð26Þ

In this research, we will employ the modified rule of mixtures
whose details will be elaborated later, as well as the Mori–Tanaka
scheme for estimation of the effective material properties in the
presented numerical experiments.

Furthermore, it should be noted that, in general, mechanical
properties of materials are temperature dependent. However, varia-
tions of material properties with temperature are not usually
remarkable and can be ignored if the thermal gradients are not too
severe. The effect of temperature-dependent material properties is
investigated in many researches and the interested reader is re-
ferred to Bobaru (2007), Boussaa (2009), Goupee and Vel (2007),
and Na and Kim (2009b). In this study we assume the mechanical
properties of the constituents to be temperature-independent.

4. Volume fraction optimization by mathematical
programming

4.1. Formulation of the optimization problem

A classical constrained optimization problem is stated as
follows

Minimize f ðSÞ
Subject to: gkðSÞ 6 0; k ¼ 1; . . . ;n

ð27Þ
where f ðSÞ is the objective function, S is the vector of design vari-
ables, and gk is the kth inequality constraint. It is noted that if there
are any equality constraints, they are not usually explicitly stated in
the optimization problem formulation and are easily handled by
converting them into inequality constraints (Goupee and Vel,
2006a).

According to previous explanations, for the optimization prob-
lem under study, the elements of the vector of design variables
in Eq. (27) are the third coordinates (applicates) of Vði;jÞ which
are here denoted by V ði;jÞc or V ði;jÞm for the ceramic or metal constitu-
ent phases. In thermo-elasticity problems, the objective functions
are commonly considered as the peak effective stress or mass of
the structure. Also, the applied constraints are usually set as these
parameters or sometimes the maximum temperature experienced
by the FGM components. The effective stress is defined as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

~rij ~rji

r
ð28Þ

where ~r is the deviatoric stress tensor and defined as

~r ¼ r� 1
3
½traceðrÞ�I ð29Þ
4.2. Mathematical programming

The optimization problem (27) can be solved through different
available optimization algorithms. In this study, we employ the
mathematical programming algorithms to this end. A large number
of mathematical programming (MP) techniques such as linear or
nonlinear programming algorithms exist. They provide a very gen-
eral framework for scarce resource allocation and the basic algo-
rithms originate in the operations research community
(Vanderplaats, 1999).

In the present study, we concentrate on the application of the
sequential quadratic programming (SQP) algorithm for the solu-
tion of the optimization problems. However, any other optimiza-
tion algorithm can also be easily adopted in the same manner.
We employ the design optimization tool (DOT) for implementation
of MP algorithms to solve the optimization problems (Vanderpla-
ats, 1999). The details of the concept of employed optimization
algorithm are investigated in many researches. The interested
reader can refer to Sinha (2005), Spillers and Macbain (2009),
and references therein.

4.3. Sensitivity analysis

Whereas the mentioned algorithms are so-called ‘‘gradient
based’’, calculations of sensitivities are required for specification
of the search direction. Sensitivities can either be calculated
numerically, semi-analytically or analytically. The most common
numerical method for calculating gradients is the finite difference
method which is also employed in this research. These sensitivities
are calculated intrinsically by DOT. The employed design optimiza-
tion tool has the ability of calculation of sensitivities using both
first forward and central difference methods. Although central dif-
ference yields more accurate results, it almost doubles the compu-
tational effort. The first forward difference technique is employed
in this research for this purpose. It is noted that for a mildly non-
linear optimization problem, such as the problems under study
in this research, finite difference usually yields reasonable estima-
tion of sensitivities. The primary advantage of this method, which
has made it popular in engineering designs, is that if structural
analysis can be performed and the performance measure can be
obtained, then the gradients are virtually acquired independent
of the problem types considered (Choi and Kim, 2004). However,
high computational cost is the main disadvantage of this method
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which makes it infeasible to be used for large-scale problems hav-
ing a large number of design variables (Choi and Kim, 2004).
Property E (GPa) m a (10�6/K) k (W/mK) q (kg/m3)

Ni 199.5 0.30 15.4 60.7 8880
Al2O3 393.0 0.25 7.4 30.0 3960
4.4. Convergence to the optimum

The optimization process is terminated whenever a conver-
gence criterion is satisfied. The employed design optimization tool
(DOT) uses several criteria to make the decision when to stop.
These include a maximum number of iterations, ‘‘reasonable’’ sat-
isfaction of the Kuhn–Tucker conditions and diminishing returns.
These criteria are elaborated in Vanderplaats (1999) in details.
5. Numerical results and discussions

In order to demonstrate the abilities of the proposed method for
material design of FGM structures, some numerical examples are
here presented. We consider two-phase FGMs composed of a com-
bination of Al2O3 and Ni which is regarded as an ideal candidate for
thermo-mechanical applications by exploiting the heat resistance
of the ceramic phase and fracture resistance of the metal one.

At the first model problem, we verify the presented results by
optimization of a three layered Ni–Al2O3 FGM square plate for
which the optimal results of other numerical methods such as fi-
nite elements (Cho and Ha, 2002b) and meshless method (Goupee
and Vel, 2006b) are available in the literature. Next, we consider
material distribution optimization of an FG infinite plate with hole
under various mechanical and thermal loads. It needs to be men-
tioned that, in the following examples, the control weights of the
material profiles are set to one, so the volume fraction NURBS sur-
faces degenerate to B-splines. Also, numerical integrations are per-
formed by Gauss quadrature and using 9 Gauss points per knot
element.
5.1. Model problem 1

As the first model problem, for the sake of verification of the ob-
tained results, we address two-dimensional volume fraction opti-
mization of a three layered FGM component which is also
considered in many researches such as Cho and Ha (2002b) and
Goupee and Vel (2006b), thus far. Fig. 1 shows the configuration
of a half of a simply supported square plate which is intended to
Fig. 1. Configuration of one half of the three-layered FG plate.
be comprised of a combination of Ni and Al2O3 with the material
properties listed in Table 1.

As the figure shows, the symmetry condition is applied to the
left edge of the plate. It is also observed that, the plate is made
of two homogeneous layers of pure Ni and Al2O3 at the top and
bottom edges, respectively, with a graded layer in the middle.
The plate is assumed to be cooled to 300 K from an initial temper-
ature of 1000 K. In this example, we attempt to minimize the peak
effective thermal residual stress starting from a linearly graded
layer. The computational model of the plate is depicted in Fig. 2.
As the figure shows, we have employed a single patch constructed
by a net of 14� 12 control points for modeling and optimization of
the FG plate. Instead of using multiple patches including two
homogeneous and a graded one for modeling the initial material
profile, we have increased the multiplicity of the appropriate knots
that fall on y ¼ 0:01 and y ¼ 0:09 in the physical space. This pro-
vides us the possibility of creating the linear variation of the
graded zone using a single patch exactly. Moreover, it is mentioned
that we have used linear parameterization of computational do-
main and quadratic basis functions in both directions.

Denoting the volume fraction of the ceramic phase, i.e. Al2O3, by
Vc , the present optimization problem is stated as

Minimize f ðV ði;jÞc Þ ¼MaxðrÞ; i ¼ 1;2; . . . ;n1 and
j ¼ 3;4; . . . ;n2 � 3; ð30Þ

where V ði;jÞc are the applicates of the control points that construct the
ceramic volume fraction NURBS surface and are considered as the
design variables. As the formulation shows, the applicates of the
control points corresponding to the homogeneous layers are re-
moved from the design space to preserve their material properties
unchanged. Likewise, the applicates of the control points that fall
on the left edge of the plate (i ¼ 0) are also omitted from the design
space to apply the symmetry conditions on this edge. These appli-
cates are assigned the same values of their adjacent control pints
Fig. 2. Isogeometric computational model of the three-layered FG plate.



Fig. 3. Optimal distribution of Al2O3 volume fraction for minimization of the
effective stress.

Fig. 4. Distribution of the effective stress in the (a) initial model and (b) final
design.
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(i ¼ 1) to ensure C1 continuity of the material profile throughout the
graded zone of the whole plate.

For the sake of possibility of comparison of the obtained results,
we use the same modified rule of mixtures as employed in Cho and
Ha (2002b) and Goupee and Vel (2006b) for estimation of the effec-
tive material properties. The proposed modified rule of mixtures
estimates the Young’s modulus as follows (Tomota et al., 1976).

E ¼ aVmEm þ VcEc

aVm þ Vc
; a ¼ qþ Ec

qþ Em
ð31Þ

As given in this equation, this estimate includes additional param-
eter q (0 6 q 6 þ1) defined as the stress–strain transfer ratio. Con-
sidering Eq. (31), we observe that the choice of q ¼ þ1 is identical
to the linear rule of mixtures. In addition, for any choice of q, E is
bounded by the Young’s moduli of two constituents. Since the
appropriate value of q depends on the type of base materials, it
should be determined numerically or/and experimentally for any
specific FGM component (Cho and Ha, 2002b). According to the
work of Cho and Ha (2000) by the finite element method, it has
been found that the choice of 500 GPa for q is suitable for the spa-
tially well-dispersed Ni–Al2O3 FGMs.

On the other hand, for the thermal expansion coefficient, by
assuming the difference in thermal expansion coefficients of two
base materials to be reasonably small, the Schapery’s estimate
(Schapery, 1968) is employed, wherein the averaged thermal
expansion coefficient for dual-phase materials with arbitrary phase
geometry is expressed as (Schapery, 1968)

a ¼ Vmam þ Vcac �
1=KL � 1=K̂

1=Km � 1=Kc
ðam � acÞ ð32Þ

in which 1=KL ¼ Vm=Km þ Vc=Kc , and K̂ is the averaged bulk modu-
lus of dual-phase graded materials. It is evident that in Eq. (32), the
averaged thermal expansion coefficient depends on the choice of K̂.
Considering the research of Cho and Ha (2000), we observe that the
Schapery’s estimate leads to thermal stress distributions consistent
well with those by the finite element discretized models, for a wide
range of volume fractions, when K̂ is predicted by the linear rule of
mixtures. In this research, for the sake of consistency in the material
model, the same modified rule of mixtures with q ¼ 500 GPa used
for the Young’s modulus is adopted for the thermal conductivity.

The maximum effective stress of the initial model is 285.3 MPa,
which is in good agreement with the peak effective stress reported
by Goupee and Vel (2006b), that is 293.1 MPa and is obtained by
the element free Galerkin (EFG) method.

The obtained optimal distribution of Al2O3 volume fraction is
depicted in Fig. 3. The peak effective stress of the illustrated opti-
mum distribution has decreased to 146.2 MPa which is equivalent
to 48.8% reduction of initial one. It is also noted that the obtained
optimum peak effective stress is much better than that reported by
Cho and Ha (2002b) using the FEM, i.e. 268.5 MPa, and in good
agreement with the result of Goupee and Vel (2006b) by the EFG
method employing a grid of 4� 6 points as the design variables
and a genetic algorithm for optimization, i.e. 153.8 MPa. It is evi-
dent that the smoothness of the material profile is very crucial to
decreasing the stress components. Following the previous men-
tioned fact regarding the order of continuity of NURBS surfaces,
we realize that the obtained material distribution is at least C1 con-
tinuous throughout the graded layer which, as Fig. 3 clearly shows,
has resulted in a very smooth material profile.

The distributions of the effective stress in the initial and final
designs are illustrated in Fig. 4. As Fig. 4(a) shows, the initial effec-
tive stress distribution contains an abrupt gradation to the peak
stress near the top edge. On the other hand, as seen in Fig. 4(b),
the optimum distribution dissipates this concentration throughout
the structure so that decrease its peak value by nearly half.
The history of the objective function is demonstrated in Fig. 5.
The figure shows that the peak effective stress abruptly decreases
at the early iterations and the optimum is obtained after 10
iterations.
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Fig. 5. The history of the objective function for minimization of the maximum
effective stress.

Fig. 7. The isogeometric computational model for simulation of the square plate
with hole.
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5.2. Model problem 2

As the next model problem, we consider an infinite plate with a
circular hole under both mechanical and thermal loads. The infinite
plate is modeled by a finite quarter plate with the configuration
depicted in Fig. 6. As observed, the plate is subjected to a uniform
traction applied to its right side and a uniform heat flux applied to
its top side. Moreover, the left and right sides of the plate as well as
the circular hole are assumed to be isolated (q ¼ 0), while its bot-
tom side is held at the reference temperature, that is Tðx;0Þ ¼ T0.

It is noted that the exact elasticity solution for the infinite
homogeneous plate with a circular hole under uniform traction
at infinity is available at Sadd (2009). Besides, the exact solution
of the Laplace equation with the mentioned thermal boundary con-
ditions for the homogeneous plate is taken from Sadd (2009) as
0.
4 
m

0.4 m

q

t

R 0.1 m

θ

Fig. 6. Configuration and boundary conditions of the square plate with hole.
Tðr; hÞ ¼ q
k

r þ R2

r

 !
sinðhÞ ð33Þ

where R is the radios of the circular hole.
The employed isogeometric computational model of the plate is

represented in Fig. 7. As we know, different strategies are available
for the construction of the geometry of this example using a single
patch. The primary approach is repeating the control point which
falls on the upper right corner of the plate. This ensures having
C1 continuity across all the interior element boundaries, but at
the expense of having a singularity at the corner where the control
point is repeated, as well as having an irregular mesh. An alterna-
tive strategy, which is also adopted here, is increasing the multi-
plicity of the middle knot of the respective knot vector (N) by
one. This brings about the possibility of having a regular mesh,
but at the expense of losing an order of continuity of the solution
and the material profile on the middle knot line, i.e. n ¼ 0:5 which
is highlighted in the figure.

As Fig. 7 demonstrates, we employ a net of 15� 8 control points
for simulation of the plate. Similar to previous example, in order to
apply the symmetry conditions on the left and bottom edges of the
plate and obtain a C1 continuous material profile on these borders,
the first and last set of control points corresponding to i ¼ 0 and
i ¼ n1 are removed from the design space and assigned the same
applicates of their adjacent control points, that are i ¼ 1 and
i ¼ n1 � 1, respectively. In this example, we consider three cases
with different loading conditions and optimization objectives. In
all cases, the effective material properties are estimated by using
the Mori–Tanaka scheme with Ni as the matrix.

As the first case, we assume q ¼ 0 and the plate is only sub-
jected to a traction t ¼ 100 MPa. In this case, starting from a mono-
lithic ceramic plate, we seek to find the optimum distributions of
the constituents to minimize the peak value of the normal stress
component rxx, without any optimization constraints. It is noted
that under the assumed loading conditions, rxx is the major stress
component. The peak value of this stress component for the homo-
geneous plate occurs at r ¼ 0:1 and h ¼ p=2 which equals 358 MPa.
This is also in good agreement with the stress concentration factor



Fig. 8. Optimal distribution of Al2O3 for minimization of rxx under traction.

Fig. 9. Distribution of rxx under traction in the (a) initial and (b) optimum design.
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Fig. 10. The history of the objective function for minimization of rxx under traction.
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3 predicted by the exact elasticity solution (Sadd, 2009) for an infi-
nite plate containing a circular hole under a tensile traction at
infinity.

The optimization problem for this case is stated as

Minimize f ðV ði;jÞc Þ ¼MaxðrxxÞ; i ¼ 1;2; . . . ;n1 � 1 and
j ¼ 0;1; . . . ;n2 ð34Þ

The optimum distribution of the ceramic phase volume fraction is
demonstrated in Fig. 8. It is noted that during the optimization pro-
cedure, the contribution of the ceramic phase has decreased to 34%
by volume. It is interesting to note that the peak value of this stress
component is reduced by 45% during the optimization process and
achieved 197 MPa in the final design. The obtained optimal distri-
bution represented in Fig. 8 can be justified with regards to the
stress distributions in the initial and final designs depicted in
Figs. 9(a) and (b), respectively.

Considering the optimum distribution of the ceramic phase, we
observe that the regions very near to the circular hole are com-
prised of pure metallic phase which, regarding to the presented
properties in Table 1, has much lower stiffness compared to the
ceramic one, that is roughly 1:2. It is evident that as a region is
composed of a softer phase, sustains lower magnitude of the stress
components. Hence, the optimization process moves the stiffer
ceramic phase upward to lighten the stress concentration near
the hole and takes the burden of sustaining the stress to its vicinity
as clearly seen in Fig. 8. According to Fig. 9(b), this optimum distri-
bution dissipates the stress concentration around the hole to its
surroundings and in this way highly decreases its peak value.

The history of the objective function is also represented in
Fig. 10. Due to the fact that in this case, there is no optimization
constraint and the optimum distribution of the volume fractions
is not too complex, it is seen that the optimum is found after a rel-
atively small number of iterations with high reduction of the objec-
tive function at the early iterations.

As the next case, we address volume fraction optimization of
the plate under only a uniform heat flux q ¼ 100 kW=m2. In this
case, we attempt to find the optimum distribution of material con-
stituents to minimize the peak effective stress so that the maxi-
mum temperature in the plate does not exceed a prescribed
value of TMax ¼ 900 K. This optimization problem is mathemati-
cally stated as follows with the same design variables as the previ-
ous case.
Minimize f ðV ði;jÞc Þ ¼MaxðrÞ

Subject to: g1ðV
ði;jÞ
c Þ ¼

1
TMax

½MaxðTÞ� � 1 6 0
ð35Þ



Table 2
The maximum temperature and effective stress in the homogeneous plates together
with their total masses.

Material TMax (K) rMax (GPa) Mass (kg)

Al2O3 1497 1.958 602.5
Ni 740 1.021 1351.0

Fig. 12. Distribution of the effective stress in the (a) initial model and (b) final
design.
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The maximum effective stress and temperature of the monolithic
plates as well as their total masses are presented in Table 2 for com-
parison. In this case, we start the optimization process from a
homogeneous metal plate which, according to Table 2, has a lower
peak effective stress and also is a feasible model. The obtained opti-
mum distribution of the ceramic phase comprised of 30.2% of this
phase is represented in Fig. 11. The lower portion of the ceramic
phase was also expected because, according to Table 1, Al2O3 has
a much lower thermal conductivity than Ni. On the other hand, as
Eq. (33) shows, the temperature value is proportional to the reci-
procal of the thermal conductivity. Accordingly, since the applied
temperature constraint is close to the maximum temperature
occurs in the monolithic metal plate, it was predictable that the
optimum to be more comprised of this phase in order to satisfy
the applied constraint. It is interesting to note that the illustrated
optimum distribution has decreased the peak effective stress to
594 MPa which is respectively 68.9% and 40.2% less than those of
the homogeneous ceramic and metal plates. As observed, the opti-
mum distribution contains a large region of the metallic phase
around the hole, while it is rich of the ceramic phase nearby the
right and top sides.

The effective stress distributions in the initial and final models
are illustrated in Fig. 12. As the figure shows, the optimum volume
fraction distribution has dissipated the stress concentration around
the hole and at the lower right corner of the initial model so that it
has highly relieved the peak effective stress value. Moreover, the
maximum temperature of the optimum plate is 896 K which falls
near the applied constraint and is more than 40% less than that
of the monolithic ceramic plate. The history of the objective func-
tion for this case is represented in Fig. 13. As observed, in this case
the optimum is found after 15 iterations. It is also seen that at the
final iterations, no significant change in the objective function
occurs; then DOT assumes the convergence and terminates the
optimization process.
Fig. 11. Optimal distribution of Al2O3 volume fraction for minimization of the
effective stress under heat flux.
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Fig. 13. The history of the objective function for minimization of the effective stress
under heat flux.
The present case study demonstrated that the appropriate vol-
ume fraction distribution of the constituent phases can result in
simultaneous stress and temperature reduction of the FG bodies



Fig. 15. Distribution of the effective stress in the (a) initial model and (b) final
design.
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exposed to thermal loadings and considerably improve their
thermo-mechanical performance.

Due to the fact that in many applications mass of the structure
is of primary importance, as the final case we consider volume
fraction optimization of the constituents to minimize the total
mass of the plate. On the other hand, preventing the maximum
effective stress and the maximum temperature experienced by
the FGM components not to exceed prescribed values are usually
essential concerns in designing FG structures. Hence, in this exam-
ple, we prescribe the maximum effective allowable stress of
rMax ¼ 1 GPa and the maximum allowable temperature of
TMax ¼ 1000 K. Consider the plate of Fig. 6 to be subjected to both
traction and heat flux loadings t ¼ 100 MPa and q ¼ 100 kW=m2.
The peak effective stresses under this loading condition are
1.94 GPa and 1.10 GPa for the monolithic ceramic and metal plates,
respectively. Starting from a monolithic ceramic plate, we seek to
minimize the total mass of the plate with the mentioned pre-
scribed constraints. The present optimization problem is stated
as follows with the same design variables as previous cases.

Minimize f ðV ði;jÞc Þ ¼
Z

V
ðqcVc þ qmð1� VcÞÞdV

Subject to: g1ðV
ði;jÞ
c Þ ¼

1
rMax

½MaxðrÞ� � 1 6 0; and

g2ðV ði;jÞc Þ ¼
1

TMax
½MaxðTÞ� � 1 6 0

ð36Þ

The obtained optimum distribution of the ceramic volume fraction
in the plate is depicted in Fig. 14. The optimum distribution con-
tains 53.7% of the ceramic phase and weighs 948.9 kg.

Due to applying different constraints to the present optimiza-
tion problem, the detailed interpretation of the optimum distribu-
tion depicted in Fig. 14 is not as easily possible; however,
contemplating the obtained volume fraction distribution with re-
gards to the distribution of the effective stress in the initial and fi-
nal designs represented in Fig. 15 brings us about the possibility of
some justifications.

According to Table 1, Al2O3 has much lower density compared
to the metallic Ni phase, so the initial design yields the lowest va-
lue of the objective function. However, the initial monolithic cera-
mic plate highly violates both the applied constraints of the peak
effective stress and maximum temperature and makes it an infea-
sible material distribution. Therefore, the optimization process
Fig. 14. Optimal distribution of Al2O3 volume fraction for mass minimization of the
plate under simultaneous traction and heat flux.
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Fig. 16. The history of the objective function for mass minimization of the plate
under simultaneous traction and heat flux.
attempts to move toward a feasible region, which, as observed in
the history of the objective function plotted in Fig. 16, results in
sharp increase of the objective function at the early iterations.
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Fig. 14 shows that the optimum distribution contains regions rich
of the stiffer ceramic phase on the left and right edges of the plate
and a zone rich of the softer metallic phase at its bottom edge.
According to depicted stress distribution in the final design, this
volume fraction distribution dissipates the stress concentration
of the initial model and declines it to the prescribed allowable va-
lue in a manner to contain the least possible volume ratio of the
metallic phase. Doing this, results in an optimum that weighs
29.8% less than the homogeneous metal plate while satisfies both
the applied constraints. Furthermore, it is seen that despite
employing a relatively small numbers of control points, a very
complex material profile is accomplished which demonstrates
the high abilities of splines in creation of complicated shapes and
surfaces. Due to the fact that the optimum volume fractions pro-
files for this case are more complex compared to the previous
cases, as Fig. 16 shows, the optimum is acquired after a larger num-
ber of iterations.

Considering the optimization results of this case, we can see
that, despite lightening the peak effective stress, the optimum de-
sign is much lighter that the monolithic metal plate. So, it is seen
that suitable design of FGMs can result in simultaneously mass
and stress reduction of structures and yield very desirable designs
with high thermo-mechanical performance.
6. Conclusions

We developed a new methodology in the framework of isogeo-
metric analysis for optimization of volume fraction distribution of
functionally graded structures. In this approach, variations of the
material constituents’ volume fractions are constructed by imagi-
nary NURBS surfaces in a fully isogeometric formulation using
the same basis functions employed for construction of the geome-
try and approximation of the solution. As observed, owing to many
significant properties of NURBS basis functions and surfaces such
as the strong convex hull property and the ability of creating very
complex material profiles employing quite a few numbers of con-
trol points, the proposed method circumvents the serious difficul-
ties of the available methods efficiently. Moreover, these
properties provide the accessibility of any desired order of continu-
ity for the material distribution which consequently results in very
smooth material profiles that are also easier to fabricate. A few
numerical examples regarding volume fraction optimization of
two phase Ni–Al2O3 FG structures presented and demonstrated
the performance and capabilities of this method. As observed, the
appropriate distribution of material constituents in FGMs can
effectively improve the thermo-mechanical performance of these
structures. It was shown that, suitable material distribution of
FGMs can result in decreasing the peak effective stress or the peak
temperature experienced by the structure even by simultaneous
reduction of the structural mass which is very desirable in many
engineering applications. The proposed method can also be easily
extended to 3D elasticity problems or FGMs with more than two
constituent phases.
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