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Article info:  Abstract 

In this paper, simulation and analysis of thin steel cylindrical shells with 
elliptical cutouts under oblique loading were studied using finite element 
method. First, the numerical results were validated by the results of 
experimental test performed by an INSTRON 8802 servo hydraulic machine. 
Also, the effect of cutout angle (θ), cutout size, cutout position (L0/L) and 
cutout aspect ratios (b/a) were investigated, where parameter (a) shows size 
of the cutout along longitudinal axis of the cylinder, parameter (b) is size of 
the cutout in circumferential direction of the cylinder on the buckling and 
post-buckling behavior of cylindrical shells with finite element method. It 
can be concluded that increasing width of the cutout extremely decreased the 
buckling load while the cutout height was constant. Moreover, changing 
position of the cutout from the mid-height of the shell toward the edges 
increased the buckling load. 
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1. Introduction  
 
Effect of cutouts on load-bearing capacity and 
buckling behavior of cylindrical shells is an 
essential consideration in their design. 
Cylindrical shells are frequently used for 
manufacturing aircrafts, missiles, boilers, 
pipelines, automobiles and some submarine 
structures. These structures may experience 
different types of compression loads in their 
longevity and yield buckling. Furthermore, 
these structures usually have disruptions, such 
as cutouts, which may have adverse effects on 
their stability. 

Shu [1] and Robert and Rahman [2] 
investigated the limit load of cylindrical shells 
with circumferential cracks. Yun-Jae and Do-
Jun [3] provided approximate J estimates for 
off-centered circumferential through wall 
cracks in cylinders under bending. 
Meng-kao et al. [4] investigated buckling 
behavior of an elasto-plastic cylindrical shell 
with a cutout. Rahimi and Poursaeeidi [5] 
performed a parametric study on plastic 
strength of cylindrical shells with cutout under 
bending moment and axial loading. 
Tafreshi [6] numerically studied the buckling 
and post-buckling responses of composite 
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cylindrical shells subjected to internal pressure 
and axial compression loads using Abaqus. She 
studied influences of size and orientation of 
cutouts on buckling capacity. Also, Tafreshi 
and Colin [7] performed a numerical study 
using non-linear finite element analysis to 
investigate response of composite cylindrical 
shells subjected to combined load, in which 
post buckling analysis of cylinders with 
geometric imperfections is carried out to study 
the effect of imperfection amplitude on critical 
buckling load. Poursaeidi et al. [8] considered 
an elastoplastic material and used ABAQUS 
Software to analyze plastic behavior of 
cylindrical shells with circular or rectangular 
cutouts under pure bending. The shell had a 
circular cross section and both ends were 
clamped.  The influence of size, location and 
number of the cutouts on the limiting bending 
moment of a cylindrical shell was also 
presented. Vartdal et al. [9] studied simply 
supported steel tubes with rectangular cutouts 
of different sizes positioned at their mid-length 
subjected to axial compression to assess effect 
of cutouts on the deformation behavior. Han et 
al. [10] studied effect of dimension and position 
of square-shaped cutouts in thin and moderately 
thick-walled cylindrical shells of various 
lengths by nonlinear numerical methods in 
ANSYS software. They also compared their 
results with experimental studies moderately 
thick-walled shells and ,finally, developed 
several parametric relationships based on 
analytical and experimental results using least 
squares regression method. Shariati and 
Mahdizadeh [11] studied effect of position of 
elliptical cutouts with identical dimensions on 
buckling and post-buckling behaviors of 
cylindrical shells with different diameters and 
lengths and developed several parametric 
relationships based on the numerical and 
experimental results using the Lagrangian 
polynomial method. Also, Shariati and 
Mahdizadeh [12] performed a similar numerical 
study using ABAQUS software to investigate 
response of steel cylindrical shells with 
different lengths and diameters, including 
elliptical cutout subjected to bending moment. 
They presented some relations for finding 
buckling moment of these structures.  

Some investigations regarding oblique loading 
of tubular members have been carried out, 
which are limited in number. Han and Park [13] 
numerically investigated columns of mild steel 
impacted at a declined rigid wall with no 
friction. Different angles were tested and the 
response was divided to axial collapse, bending 
collapse and a transition zone. An empirical 
expression for the critical angle was also found. 
Shariati et al. [14] numerically and 
experimentally investigated ultimate strength of 
cracked cylindrical shells subjected to 
combined loading. They studied effect of the 
crack position, crack orientation, crack length-
to-cylindrical shell perimeter and shell length-
to-diameter ratios on the buckling and post-
buckling behaviors of cylindrical shells. Kim 
and Wierzbicki [15] numerically explored  
crush behavior of columns subjected to 
combined bending and compression by 
prescribing both displacements and rotations at 
the upper end of a cantilever column. Previous 
studies by Reyes et al. [16] on thin-walled 
aluminum extrusions subjected to oblique 
loading have demonstrated that energy 
absorption drops by introducing a load angle of 
5° compared to the axial crushing. This is due 
to different collapse modes since progressive 
buckling of axial crushing is a much more 
energy-absorbing process than bending. Studies 
have also shown that energy absorption 
increases by increasing the wall thickness, 
which changes characteristics of the force–
displacement curves. A different approach to 
increasing energy absorption could be to fill 
hollow columns with aluminum foam. Prabul et 
al. [17] studied effect of variation of size and 
angle of inclination of dents on buckling 
strength of the short carbon steel cylindrical 
shell by FE modeling of cylindrical shell with 
single dent and different sizes and angles of 
inclination at half of the height of the 
cylindrical shell. Blachut [18] computed load 
bearing capacity of axially compressed mild 
steel cylinders with nonuniform axial length. 
He assumed that initial geometric imperfection 
had a sinusoidal shape along the compressed 
edge. Blachut investigated buckling of axially 
compressed cylinder with imperfect length. 
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In this paper, linear and nonlinear analyses were 
carried out using the ABAQUS finite element 
software in order to study effect of the elliptical 
cutouts with identical dimensions on buckling 
and post-buckling behaviors of stainless steel 
316ti cylindrical shells. Additionally, for 
several specimens, the experimental buckling 
test was performed using an INSTRON 8802 
servo hydraulic machine and the results of 
experimental tests were compared to the 
numerical ones. A very good correlation was 
observed between experiments and numerical 
simulations. 
 
2. Numerical analysis using the finite element 
method 
 
The numerical simulations were carried out 
using general finite element program ABAQUS 
6.10.1. 
 
2.1. Geometry and mechanical properties of the 
shells 
 
For this study, stainless steel 316ti thin-walled 
cylindrical shells were analyzed. An elliptical 
geometry was selected for cutout that was 
created in the specimens. 
Furthermore, thickness of the shells was  
t=1 mm. Figure 1 shows geometry of the 
elliptical cutouts. According to this figure,  
parameter (a) shows size of the cutout along the 

longitudinal axis of the cylinder and parameter 
(b) is size of the cutout in circumferential 
direction of the cylinder. The distance between 
center of the cutout and lower edge of the shell 
was designated by L0, as shown in Fig. 1. The 
specimens were nominated as follows: D42-
L150-L075-a×b; the numbers following D and 
L show diameter and length of the specimens, 
respectively. 
The cylindrical shells used for this study were 
made of stainless steel 316ti. The mechanical 
properties of this steel alloy were determined 
according to ASTM A370-05 standard [19], 
using the INSTRON 8802  servo hydraulic 
machine. 
Stress–plastic strain curve and respective values 
are shown in Fig. 2. Based on the linear portion 
of stress–strain curve, value of elasticity 
module was computed as E=176.4 GPa and the 
value of yield stress was obtained as σ y =337 
MPa . Furthermore, value of Poisson’s ratio 
was assumed to be ν=0.33. 
 
2.2. Boundary conditions 
 
For applying boundary conditions, in the 
oblique loading simulation, ends of the stainless 
steel tube were supported by two rigid bases. 
In order to analyze the buckling subject to 
combined load similar to what was done in the 
experiments; 

 
 
 

 
Fig. 1. Geometry of the cutout. 
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Fig. 2. Stress–plastic strain curve (for more 
information about true stress–strain curve and plastic 
property refer to [20], ABAQUS analysis user’s 
manual, part IV, section 11.1.1). and respective 
values (over 150 data were obtained from tensile 
test; therefore some of them were shown here). 
 
 
a displacement equal to 20 mm was applied 
centrally to the center of the lower rigid base, 
which resulted in a distributed compressive 
load on both edges of the cylinder. 
Additionally, all degrees of freedom in the 
upper rigid base, except rotation about the axis 
perpendicular to page (X axis), and all the 
degrees of freedom in the lower rigid plate, 
except in the direction of z axis, were 
constrained according to Fig. 3. 
 

 
Fig. 3. Schematic of loading on the specimen. 

 
 
2.3. Element formulation of the specimens 
 
For this analysis, the nonlinear element S8R5, 
which is an eight-node element with six degrees 
of freedom per node, was suitable for analysis 
of thin shells [20]. A part of the meshed 
specimen is shown in Fig. 4.  

 
Fig. 4. A sample of FEM mesh. 

 
 
Figure 5 shows buckling load versus element 
size in the region around the cutout for 
specimen D42-L250-L0125-18×26. Buckling 
load decreased with decreasing element size 
and converged to real buckling load. In this 
paper, numerical analysis was done with the 
optimum element size of equal to 0.003m 
around the cutout. 
 
 

 
Fig. 5. Buckling load versus element size for 
different sizes of the element around the cutout for 
specimen D42-L250-L0175-18×26. 
 
 
2.4. Analytical process 
 
To analyze buckling of cylindrical shells, linear 
eigenvalue analysis and geometric nonlinear 
were employed using the “Buckle” and “Static-
Riks” solvers, respectively. For linear 
eigenvalue analysis, three initial mode shapes 
were obtained (Fig. 6) and used for nonlinear 
analysis to attain realistic results. For more 
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information on these FE analyses, Shariati and 
Mahdizadeh (2008) and ABAQUS user manual 
can be referred to [20]. 
 
3. Experimental instrument 
 
Experimental tests were conducted by an 
Instron 8802 machine. The specimens were 
constrained by fixtures designed for this result 
and inserted in both ends, which mimicked the 
fixed boundary conditions used in the finite 
element simulations (see Fig. 7). Three 
specimens were tested for each case and almost 

identical results were obtained compared to 
those obtained from the numerical simulations. 
 
4. Results and discussion 
 
4.1. Experimental verification 
 
The experimental tests were conducted to verify 
some of the cases investigated in the numerical 
simulations. In this section, numerical analysis 
and experimental tests were done with α=15° 
and θ=0°. 
The experimental results were compared to 
numerical findings in Table 1. The comparison  
 

 
 

 

 
Fig. 6. Buckling mode shapes for specimen D42-L250-L0175-18×22: (a) first mode, (b) second mode, (c) third 
mode. 
 
 

 
Fig. 7. INSTRON 8802 machine and designed fixtures. 

 
 

(a) (b) (c) 
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Table 1. Comparison of the experimental and numerical results. 

Model designation 
Buckling Load (Experimental) 

(N) 

Buckling Load (FEM Result) 

(N) 

Error 

(%) 

D42-L250-L0125-18×22 34332.83 33641.52 2.1 

D42-L250- L0125-18×26 32774.54 32483.85 1.0 

D42-L150- L0125-18×26 35127.90 33024.83 5.9 

 
 
showed little difference between the two sets of 
data. 
The mean difference between the numerical 
calculations and experimental results was 3% of 
experimental buckling load. 
The load-displacement curves of lower point of 
the shell and deformed shape of the specimens 
in the buckling and post-buckling states in 
numerical and experimental tests are compared 
in Figs. 8 and 9. It can be seen that peak load of 
both curves were very close to each other while 
slope of linear part of load-displacement curves 
was higher in numerical analysis than in the 
experimental results, which may be due to the 
presence of internal defects in the material 
which reduced stiffness of the specimens in the 

experimental method while the materials were 
assumed to be ideal in the numerical analysis. 
Deformed shapes of experimental and 
numerical results in post-buckling states are 
shown in Figs. 8(b) and 9(b). They 
demonstrated that deformations of cylindrical 
shells around the cutout in numerical and 
experimental analyses were almost identical. 
 
4.2. Results of numerical analysis 
 
In this section, results of the buckling analysis 
of cylindrical shells with elliptical cutouts of 
different sizes and angles are presented  using 
finite element method. In numerical analysis 
according to Fig. 3, the shell angle was α=15°. 

 
 
 

 
 

Fig. 8. Comparison of the experimental and numerical results for the specimen D42-L250-L0125-a18-b22:(a) 
load-displacement curves and (b)deformed shapes. 

 

(b) (a) 
FEM      Experimental 
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Fig. 9. Comparison of the experimental and numerical results for the specimen D42-L250-L0125-a18-b26:(a) 
load-displacement curves and (b) deformed shapes. 
 
 
4.2.1. The effects of cutout size, cutout position 
 
4.2.1.1. Analysis of the effect of change in 
cutout width on the buckling load 
 
In this section, effect of changing cutout width 
on the buckling load of cylindrical shells is 

studied. For this reason, cutouts with fixed 
height (18 mm) were created in the mid-height 
position of shells with θ=0° according to Fig. 1. 
Then, by changing width of the cutouts from 18 
to 26 mm, the change in buckling load was 
studied. The results of this analysis are 
presented in Table 2. 

 
 
 
Table 2. Summary of numerical analysis for cylindrical shells with different cutout widths, with elliptical cutout 
situated in various locations. 

Model designation Shell thickness 
(mm) 

Shell angle, α 
(degree) 

Location of cutout 
(L0/L) 

Buckling Load 
(N) 

D42-L250-L0125-18×18 1 15 0.5000 34662.62 
D42-L250-L083.3-18×18 1 15 0.3333 34839.27 
D42-L250-L062.5-18×18 1 15 0.2500 34979.96 
D42-L250-L0125-18×20 1 15 0.5000 34208.38 
D42-L250-L083.3-18×20 1 15 0.3333 34260.86 
D42-L250-L062.5-18×20 1 15 0.2500 34583.72 
D42-L250- L0125-18×22 1 15 0.5000 33641.60 
D42-L250- L083.3-18×22 1 15 0.3333 33761.76 
D42-L250- L062.5-18×22 1 15 0.2500 33916.14 
D42-L250- L0125-18×24 1 15 0.5000 33102.93 
D42-L250- L083.3-18×24 1 15 0.3333 33278.63 
D42-L250- L062.5-18×24 1 15 0.2500 33373.87 
D42-L250- L0125-18×26 1 15 0.5000 32483.85 
D42-L250- L083.3-18×26 1 15 0.3333 32573.27 
D42-L250- L062.5-18×26 1 15 0.2500 32715.24 

 

(a) (b) 

FEM     Experimental 
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Fig. 10(a) shows load-displacement curves of 
lower point of the shell for specimens with 
different cutout widths. The maximum values in 
these curves were the buckling loads. It can be 
seen that the buckling load of the shell 
decreased considerably when a cutout was 
created in the shell. The stress contours 
corresponded to specified points of A, Band C 
for specimen D42-L250-L0125-18×26, as 
shown in Fig. 10(b). It can be seen that stresses 
were symmetrical in the specimen with a cutout 
in mid height position. The stress on side of the 
shell with cutout was smaller than another side. 
The regions around the cutout were yielded 
before the load reached the maximum value. At 

this time, local bending occurred in the regions 
around the cutout and then the shell 
experienced global bending. 
The buckling load versus b/a and L0/L ratios 
curves are shown in Figs. 11(a) and 11(b), 
respectively. It is evident from Fig. 11(a) that 
an increase in the cutout width, when cutout 
height was constant, caused considerable 
reduction in the buckling load contrary to the 
reverse state which had little effect on  buckling 
resistance of the shells. Figure 11(b) shows that, 
with changing position of the cutout from edges 
toward the mid height of the shell, the buckling 
load decreased. 

 
 

 

 
 

 
 

Fig. 10. (a) Load vs. displacement curves of the specimens D42-L250 with a cutout a=18mm and b=26mm in 
various locations and perfect specimen (b) von Mises stress stages at three points for the specimen D42-L250-
L0125-18×26. 

A 

B 

C 

A B C 

(a) 

(b) 
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Fig. 11. Buckling capacity of cylindrical shells vs.: (a) b/a and (b) L0/L for elliptical cutout with constant heights 
and various widths and locations. 

 
 
4.2.1.2. Analysis of the effect of change in 
cutout height (a) on the buckling load 
 
To study effect of a change in cutout height on 
the buckling load of cylindrical shells, cutouts 
with constant width (b=26 mm) were created in 
the mid-height position of shells with θ=0°. 
Then, with changing height of the cutouts from 
a=14 to 22 mm, the change in buckling load 
was studied. The results of the analysis are 
shown in Table 3. Furthermore, buckling load 
versus displacement curves produced from the 
FEM are shown in Fig. 12. Figure 12 shows 

that, with increasing cutout height, the buckling 
load decreased.  
 
4.2.1.3. Analysis of the effect of change in 
dimensions of fixed-area cutouts on the 
buckling behavior 
 
In the previous sections, buckling behavior of 
the cylindrical shells was studied by changing e 
height or width of the cutout and, in each case, 
another dimension was kept constant. In this 
section, both width and height are changed so 
that the product of height and width, as the 
representative of the  cutout  area,  remained 

 
 
 
Table 3. Summary of numerical analysis for cylindrical shells with different cutout heights, with elliptical cutout 
situated at mid height of the shell. 

Model designation Shell thickness 

(mm) 

Shell angle, α 

(degree) 

Cutout size a×b 

(mm×mm) 

Buckling Load 

(N) 

D42-L250-perfect 1 15 - 38223.89 

D42-L250-L0125-14×26 1 15 14×26 32679.13 

D42-L250- L0125-16×26 1 15 16×26 32564.84 

D42-L250- L0125-18×26 1 15 18×26 32483.85 

D42-L250- L0125-20×26 1 15 20×26 32432.13 

D42-L250- L0125-22×26 1 15 22×26 32393.73 

(a) (b) 
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Fig. 12.  Load vs. displacement curves of the specimens D42-L250-L0125 with a cutout b=26mm and different 
height of the cutout and perfect specimen. 

 
 
constant. Therefore, cutouts with the area of 
A=117π mm2 were created in different positions 
of the shells with θ=0°. Four different values 
for cutout heights of between 18 and 26 mm 
were considered; the corresponding values for 
the cutout width were calculated so that the 
cutout area was constant. 
Detailed information on the designed specimens 
and the analysis results are shown  

in Table 4. The curves of the buckling load 
versus the b/a ratio are shown in Fig. 13. As 
expected, Fig. 13 shows that the buckling load 
decreased with increasing b/a ratio. Figure 14 
demonstrates that shells with cutout position 
near the shell edge or lower L0/L ratio had a 
higher buckling load and they were more 
resistant to the buckle. 

 
 
Table 4. Summary of numerical analyses for cylindrical shells with constant area, with elliptical cutout situated 
in various locations. 

Model designation Shell thickness 
(mm) 

Shell angle, α 
(degree) 

Location of cutout 
(L0/L) 

Buckling Load 
(N) 

D42-L250-L0125-18×26 1 15 0.5000 32483.85 
D42-L250-L083.3-18×26 1 15 0.3333 32573.27 
D42-L250-L062.5-18×26 1 15 0.2500 32715.23 
D42-L250- L0125-20×23.4 1 15 0.5000 33194.19 
D42-L250- L083.3-20×23.4 1 15 0.3333 33242.39 
D42-L250- L062.5-20×23.4 1 15 0.2500 33521.41 
D42-L250- L0125-24×19.5 1 15 0.5000 33698.81 
D42-L250- L083.3-24×19.5 1 15 0.3333 33829.64 
D42-L250- L062.5-24×19.5 1 15 0.2500 34114.83 
D42-L250- L0125-26×18 1 15 0.5000 33933.45 
D42-L250- L083.3-26×18 1 15 0.3333 34104.18 
D42-L250- L062.5-26×18 1 15 0.2500 34416.77 
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Fig. 13. Plots of buckling load vs. b/a for cylindrical 
shells including an elliptical cutout with constant 
area for specimen D42-L250. 

 
 
4.2.2. Analysis of the effect of change in cutout 
angle (θ) on the buckling behavior of 
cylindrical shells 
 
In order to analyze the relationship between 
buckling load and changes in the angle of 
elliptical cutouts, an elliptical cutout of fixed 
size (18×26mm) was created in several 
positions of cylindrical shells with various 
angles between θ=0° and 90°. The results of 
this analysis are shown in Table 5. 
The   results  showed   that   increasing   the   
 

 
Fig. 14. Plots of buckling load vs. Lo/L for 
cylindrical shells include an elliptical cutout with 
constant area for specimen D42-L250. 

 
cutout  angle enhanced shell resistance against 
buckling and increased amount of the critical 
load. Additionally, for cylindrical shells with 
cutout at L0=0.25L, changing angles from 0° to 
90° increased the buckling load by 5.2%. 
The buckling load versus L0/L ratio curves is 
shown in Fig. 15. It can be seen that, with an 
increase in the cutout angle, buckling capacity 
of the shell increased. Also, for a cutout with 
fixed angle, the buckling load decreased with 
increasing Lo/L ratio. 
 

 
Table 5. Summary of numerical analyses for cylindrical shells with various cutout angles, with elliptical cutout 
situated in various locations. 

Model designation Shell thickness 
(mm) 

Cutout angle, θ 
(degree) 

Location of cutout 
(L0/L) 

Buckling Load 
(N) 

D42-L250-L0125-18×26 1 00 0.5000 32483.85 
D42-L250-L083.3-18×26 1 00 0.3333 32573.27 
D42-L250-L062.5-18×26 1 00 0.2500 32715.24 
D42-L250- L0125-18×26 1 30 0.5000 32827.42 
D42-L250- L083.3-18×26 1 30 0.3333 32979.92 
D42-L250- L062.5-18×26 1 30 0.2500 33264.74 
D42-L250- L0125-18×26 1 60 0.5000 33589.68 
D42-L250- L083.3-18×26 1 60 0.3333 33660.80 
D42-L250- L062.5-18×26 1 60 0.2500 33931.17 
D42-L250- L0125-18×26 1 90 0.5000 33933.46 
D42-L250- L083.3-18×26 1 90 0.3333 34104.18 
D42-L250- L062.5-18×26 1 90 0.2500 34416.78 
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Fig. 15. Plots of  buckling load vs. ratio Lo/L for 
cylindrical shells including an elliptical cutout for 
specimen D42-L250-L0125-18×26 and various 
cutout angles. 

 
 
5. Conclusions 
 
The paper examined influence of elliptical 
cutouts of various sizes and angles and various  
L0/L ratios on the nonlinear response of 
stainless steel 316ti cylindrical shells subjected 
to axial compression load. A very good 
correlation was observed between results of the 
experimental and numerical simulations. In 
addition, the following results were found: 
1. The peak load of load versus displacement 
curves of numerical and experimental results 
was near to each other. The mean difference of 
buckling load between the numerical and 
experimental results was 3% of the 
experimental buckling load. 
2. Slop of linear part of load-displacement 
curves was higher in numerical analyses than in 
experimental results due to the presence of 
internal defects in the material, which reduced 
stiffness of the specimens in the experimental 
method. 
3. The stress contours were symmetrical in the 
specimen with a cutout in mid height position. 
Also, the regions around the cutout yielded 
before the load reached the maximum value. 
4. For cylindrical shells with a cutout, local 
bending occurred around the cutout and then 
global buckling was observed. 
5. When the cutout width was constant and 
height of the cutout increased, the buckling load 
reduced. However, the amount of reduction in 
the buckling load was negligible. 

6. Increasing width of the cutout while the 
cutout height was constant extremely decreased 
buckling load. Therefore, it is preferable to 
design shells in such a way that the greater 
dimension of the cutout is aligned with the 
longitudinal axis of the shell. 
7. The buckling load decreased with 
increasing the width-to-height ratio of cutout in 
cylindrical shells with a cutout of fixed area. 
8. For cylindrical shells with a cutout, 
changing the position of the cutout from edges 
toward the mid height of the shell caused 
reduction in the buckling load. 
9. Also, increasing the cutout angle enhanced 
shell resistance and increased the buckling load. 
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