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Abstract— in this paper we introduce the average
outgoing quality (AOQ) and average total inspect (ATI)
for double sampling plan when that proportion
nonconforming items is fuzzy number. We have shown
that AOQ and ATI curves of the plan are like a band
having high and low bounds and if the process quality is
very good or very bad, then AOQ bands will be lower
values. With the decreasing the quality of process the
bandwidth of FATI will narrower, and with the increasing
the size of lot if others parameter be fixed, this width be
wider.
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sampling, average outgoing quality, average total inspection,
fuzzy number.

1. INTRODUCTION

Acceptance sampling plan is one of the most important
components of statistical quality control. In this field,
acceptance double sampling plan is one of the sampling
methods for acceptance or rejection a lot with classical
attribute quality characteristic. In different acceptance
sampling plans the fraction of defective items, is
considered as a precise value, but sometimes we are not
able to obtain exact numerical value, and there also
exist some uncertainty in the value of obtained from
experiment, personal judgment or estimation. However
the quality characteristic in a lot is not often exact and
certain. Fuzzy set theory is a mathematical model of
vague data or uncertain value that frequently generated
by experiment, estimation or means of the natural
language. This theory is a powerful and well-known
tool to formulate and analyzing the parameters cannot
be estimated accurately. In dealing with the above
problem we tried to restore the uncertainty existing in
the problem by defining the imprecise parameter as a
fuzzy number, and achieve a result with a higher
certainty. With this definition, the number of defective
items in the sample has a fuzzy binomial probability
distribution [4]. Classical acceptance sampling plans
have been studied by many researchers. They are
thoroughly elaborated by Schilling (1982). Single
sampling by attributes with relaxed requirements was
discussed by Ohta and Ichihashi (1988) Kanagawa and
Ohta (1990), Tamaki, Kanagawa and Ohta (1991), and
Grzegorzewski (2001b). Grzegrozewski (2002) also
considered sampling plan by variables with fuzzy
requirements. Sampling plan by attributes for vague
data were considered by Hrniewicz (1992). Dodge
Romig (1956) provided the rectifying single sampling
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plan and double sampling plans for attributes with the
protection of lots tolerance percent defective (LTPD) or
average outgoing quality limit (AOQL). Determination
of rectifying plans for single sampling by attributes was
discussed by Guenther (1984). Bebbington and
Govindaraju (1998) have developed sampling schemes
similar to the rectifying inspections. Kleijnen et al.
(1992) have studied the application of the rectifying
inspections in financial auditing. Suresh and Ramkumar
(1996) justified the use of maximum allowable average
outgoing quality for developing sampling plan.

The paper is organized as follows. Sampling plan with
fuzzy parameter terminology introduce in section II. In
section III the fuzzy average outgoing quality, was
considered broadly, and its values in special case was
computed. In section IV, we deal with fuzzy average
total inspection. The results are summarized in the
conclusion section

II. SAMPLING PLAN WITH FUZZY PARAMETER
TERMINLOGY

In m independent Bernoulli experiment let us assume
that p , probability of a “success” in each experiment is

not known precisely and needs to be estimated, or
obtained from expert opinion.
So that p value is uncertain and we substitute p for p

and ¢ for ¢ so that thereisa pe p[l] and a g € g[1]
with p+g=1.
Now let ﬁ(r) be the fuzzy probability of 7 successes

in m independent trials of the experiment. Under our
restricted fuzzy algebra we obtain

P(Mlal={C, p" ¢""Is} (1)
For Ogagl , where now S is the statement,
“peplal,qe qla],p+q=1".

If P(r)a]=[P, (@), P, ()]
B (e)=min{C, p"¢""|s}

then
and
P, (o) = max {C’ p"q""| s} and if P[a,b]be the

fuzzy probability of x successes so that a< x <b, then

ﬁ([a,bma]:{Z Cip q"|s} @)
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if P b)) =[P(fa.b)oA, B([b]ied] then:
R(la.bDie] =min{ZC,f, o s } and

P,([a,b])[] =maX{ZC;Z P g s }

Where, S is the same with past case. Suppose that we
want to inspect a lot with the size of N, which the
proportion of damaged items or the probability of the
defectiveness of each of its number is not known
precisely and is uncertain value. So we represent this

parameter with a fuzzy number P which is:

p=(a;,a3,a),pe plll.q€ q[1],p+q=1

A double sampling plan with a fuzzy parameter is
defined by the first sample size n,, acceptance number
of first stage c4, second sample size n, and acceptance
number of second stage c,. Then the operating
procedure of the double sampling plan is given in the
following steps:

Stepl: First draw a random sample of size n,;, and
observe the number of nonconforming items d;.

Step2: If di<c,, the first stage acceptance number,
accept the lot. If d;>c, , second stage acceptance
number, reject the lot. If ¢;<d;<c,, go to Step 3.

Step3: Take a second random sample of size n, and
observe the number of nonconforming items d,.
Cumulate d; and dj, if d;+d,<c,, the second stage
acceptance number, accept the lot. If d;+d;>c,, reject
the lot. If the size of lot was very great, the random
variables d; and d, have fuzzy binomial probability

distribution with parameters (7, p) and (n,, p), in
which P indicates the fuzzy proportion of the

defective items. Fuzzy probability distributions have
been studied by J.J. Buckley [4] and [5]. According to
this case if we show the fuzzy probability of the lot's

acceptance in combined samples with P . and also the
fuzzy probability of the lot's acceptance in first and

. ~[ ~I
second samples, respectively p_, p, then

P. =D, + P, 3)
Where ﬁ; indicates the fuzzy probability of

observation of d;<c; defective items in first random
sample. Thus

plel=[p/lal, p,[a]]=

la, +(a, —a)a ,a, —(a; —a, )]

Py =P(4,) =[P} ). P/ []l.i=1.1I
P[] = min{P(4,)|s}

P, [o)=max{P(4,)|s},i=1,1I

Where the event A is the event of acceptance of a lot

“)

. .th
in term sample i
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B, <c)le]=1{d Cl p" g s}
' 4= 5)

=[P'[a],P"[e]]

P'lal=min{) C& p“q""|s}

d,=0

<
P'la]=max{), C;' p“q""|s}
d,=0
and ﬁ‘fl according to the independence of two random

variables and their distribution will calculate with as
follows this formula:

pl =P, +d,<c, ,c,<d, <c,) (6

III. FUZZY AVERAGE OUTGOING QUALITY

In programs of acceptance sampling we can do
rectifying inspection in order to improving the level of
lots quality. In a one rectifying inspection wayi, if the lot
was accepted, the defective items in the sample will
substitute with safe items, and if the lot was rejected,
we do inspecting one hundred percent, and if we face
with defective items, we substitute with safe items. The
average outgoing quality is the level of lots quality after
rectifying inspection process. It is the average outgoing
rate of nonconforming. Assume the size of lot is N and

the probability of defective items is P , then with
selecting a sample with the size 7, , with the probability

]35 the lot will be accepted and the probability 1 — [75 ,
we will do the secondary stage of sampling. If in this
stage the lot is accepted, then 7, items was investigated

and became without deficient items, finally N —n,
rested items that will accept without investigating, has
D(N —n,) defective items averagely. If we have to
select the secondary sample, we will select the random
sample in a size of , , then we will investigate it. If the

lot was rejected in this stage, we will investigate one
hundred percent, and we will substitute the defective
items with the safe items. Then the number of defective
items is equal to zero. If the lot is accepted, according

to the inspection of 72, + 7, unites and became without
defective items, finally the N —n, —n, rested units
that
D(N —n, —n,) defective items averagely. Thus in

is  accepted  without inspection  has

the outgoing process, the number of defective items
with the probability of P| equal p(N —n,) and with
the probability of ﬁf equal p(N —n, —n,) and with
the probability of ]N);” =1—ﬁ; —]N?: equal zero.
There plep,i=1ILII

are such



that pal +pa +pa " =1. Then @ — cut of FAOQ

with the using of definition of fuzzy mean is as
fallowing:
FAOQ[o]= { }
= [F400*[a] F400" [0
That
L(Nen)+p" (N—n —
- AOQL[O{]me{[pa( m) p]av< m=n,)lp

FAOQU[Od:maX{[p o (N=m)+p) (N—n, nz)]p}
N
For 0<a <1, where S stands for the statement
“p.ep i=LILILp! +p!+p!"=1
Examplel: that p =(0.01,0.02,0.03)
, ¢ =(0.97,0.98,097) and ¢, =0 , ¢, =1 ,

N = 200,1’11 =n, = 10, then AOQ of this lot is as
follows:

[p(N n1)+p (N—n,—n,)Ip
N

(7

Suppose

] =[0.140.10,03—0.1c1,
Pled={1-p)"|pe Hlefl,

Pl ={0p-p)°|pe plel}

Then fuzzy average outgoing quality is

FA0Q =1{0.95p(1— p)"* +9p>(1 - p)"°|s}
=[FA0Q"[e], FAOQ" [e]]

Then with studying function

f(p)=0.95p(1-p)° +9p*(1-p)”
We have

FAOQ"[ar] =0.95(0.01+0.01¢:)(0.99 - 0.01x) "
+9(0.01+0.0122)*(0.99—0.01x)"”
FAOQ" [e] = 0.95(0.03—0.01¢x)(0.97 +0.01ex) "

+9(0.03—0.012)*(0.97+0.010)"°
Under a=0 we obtain
FA00|0]=[0.0093,0.0256], that is, it is expected

that for every 50 lots in such a process, 93 to 256
products will be defective items. And under & =1 we

obtain FAOQ[1] =[0.0178,0.0178]. Figure 1 shows

the FAOQ in the comparison of the input quality
process has improved. FAOQ is the function of lot' s
quality and with the changing it, FAOQ will change. If
the FAOQ draw in terms of the proportion of defective
items of input lot, then the diagram will be as a band
which has down and up bounds and it is called FAOQ
band. To achieve this aim we consider the structure of
P as follows:
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Fig.1 Fuzzy average outgoing quality for a double
sampling plan of N=200, n;=n,=10, c;=0, c,=1, p=
(0.01, 0.02, 0.03)

pe plll,ge qlll,p+q=1

Which with variation of £ in the domain of [0,1 —a, ]

and
13[05] =[p1 (0!),p2 (a)]:[k+a2a,a3 +k—(a3 _az)a]
ﬁu,kl = IN)/{ d, < cl)[a]

Zia,k” =I~’k(cl(d, <¢,,d +d, ScQ)[Ot]

and

FAOQ|e| = [FAOQ 0], FAOO' [ex] =

I i
N-n)+ N-—-n —
{[pa,k( m)+p,; ( n ”2)]ppe]~7[a]}
N
That
FAOQ"|a]=
[pak(N ”1)+P ((N—n,—ny)]lp ~
min [pe ple]
N
and
FA0Q"[a]=
[pak(N m)+ P (N=n —n)lp,
pe ple]
N
Knowing the wuncertainty degree of proportion

parameter (given a;, a,, a;) and variation of its position
on horizontal axis, we have different fuzzy number (]3 )
and hence we will have different proportion ( p ) which
the FAOQ bands are plotted in terms of it.

Example2: Suppose that N =200,a, =0.01
a, =0.02, n, =n, =20,c, =0,c, =1 then we
have

Bled=[k+0.0la,k +0.02—0.01a]



FAOQa)=

{0.9p0- p)* +16p> (1~ p)*|pe Flal}

[FAOQ*,FAOQ**] ,0<k <0.028078
[FAOQ*0.0215649 , 0.0280778§k <0.03875
[FAO0**,0.0215649,0.03 87551€< 0.048078
[FAOQ** FAOC*]  ,0.04807&k <0.98

FAOQ" =0.9k(1—k)* +16k*(1-k)”
FAOQ™ =0.9(k +0.02)(0.98 — k)™

+16(k +0.02)>(0.98 — k)™

Figure 2 shows the FAOQ band for the sampling plan
with fuzzy parameter. We observe, if the proportion of
defective items of input lot be very good or very bad,
the FAOQ will be very good. If the incoming quality of
lot is good, then a large proportion of the lots will be
accepted by the sampling plan and only a smaller
fraction will be screened and hence the outgoing quality
will be small. Similarly, when the incoming quality is
not good, a large proportion of the lots will go for 100%
inspected and in this case also, the outgoing quality will
be good since defective items will be replaced. Only for
intermediate quality levels, lot acceptance will be at a
moderate rate and hence the AOQ will rise.

One measure of how sampling plans perform is the
average outgoing quality limit (AOQL). The AOQL is
the maximum percentage of defective items that can be
expected in the lots examined by the plan [14]. The
maximum amount of FAOQ is the worse amount of
FAOQ which will be earned in terms of an amount like

in terms of an ]NJ* that will be called FAOQL. In
example 2 i

5" =[0.03875,0.05875],
FAOQL =1[0.02096,0.02156]

FAOQ=

18 as:
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Fuzzy average outgoing quality
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0 0.02 0.03875 0.06 0.08 0.1
k

Fig.2 FAOQ band with N=200, n,=n,=20, ¢;=0, c,=1

L L L
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IV. FUZZY AVERAGE TOTAL INSPECTION

Fuzzy average total inspection is an important in the
rectifying inspection for sampling plan with fuzzy
parameter. If the lot is accepted in the first stage (the

fuzzy probability being ]N?; ), the number of inspection

48

items equal to n;, and if the lot is accepted in the
secondary stage, the number of inspected items is equal
n, + n, (the fuzzy probability being f?f ) otherwise,

N (the
—fi:)). Consequently FATI according

s}

equal to fuzzy probability
being (1— p!
to the definition of fuzzy mean is as following:

FATI@]= I, [e]={n p! +(n, +n,)p" + Np
={N=(N=n)p! ~(N=n, —n,)p"|s}
=|FATI o] FATIY [

That
FATI [a]zmin{N—(N—nl)p; —(N=n, —n,)p"

iy
a

(®)
s}
FATI Y[o] =max{N—(N—n1 oL =(N—n,—n,)p" s}

For 0<a <1, where S stands for the statement
“p,ep,i=LILILp," +p," +p," =17
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Fig.3 Fuzzy average total inspection for a double sampling
plan of N=200, n;=n,=10, ¢,=0, c,=1, p=(0.01,0.02,0.03)
Fuzzy average total inspection in the example lis as
follows:

FATI=

{200-190(1 - p)* ~1800p(1 - p)*|pe Plal}
o — cut FATI is as follows:
FATI* ] =[200-190(0.99 — 0.01x)"° —
(18+18x)(0.99-0.01c)"" ]
FATIY [] =[200-190(0.97 + 0.01x)" —

(54 +182)(0.97 +0.01cx)" ]
Under & = 0 we obtain FATI [0] = [13, 30] and under
o =1, we obtain FATI [1] = 20. Figure 3 illustrates
a fuzzy average total inspection in the example 1.
According to the defined structure for B in section I1I
we can draw FATI band in terms of p . Then this

diagram is as a band which as up and down bounds. The
uncertainty degree of a proportion parameter is one of
the factors that bandwidth of FAOQ and FATI depend
on that. The less uncertainty value results in less



bandwidth, and if proportion parameter gets a crisp
value, lower and upper bounds will become equal,
which that AOQ and ATI curve is in classic state. FATI
band is the increasing function of proportion of
defective items of input lot. FATI band in the example
1 with a,=0.01 and a5=0.02 is as follows:

Ble] =[k+0.0lar, k +0.02—0.01r]
FATI [o] =

{200-190(1- p)"* —1800p(1 - p)*|pe l}
Under & = 0 we obtain
FATI![0]=200-190(1 - k)" —1800k(1 - k)"
FATIY [0]=200-190(0.98 — k)"

—1800(k +0.02)(0.98 — k)"

Figure 4 shows three FATI bands for N=100, N=200,
N=300. Figure 4 shows that FATI is increasing in term
proportion of defective items. These figure represents
that when the process quality decrease, then the FATI
band will be narrower, and we observer when the
quality of process is high, the FATI is near to the size of
sample and if the quality of process is very low then the
most of the lots will rejected and the FATI will be near
to the size of lot. Tablelshows FAOQ and FATI in

terms of different p and
N =200,n, =n, =20,c, =0,c, =
300
250
§ 200t
;
2 150}
g
g 100+
2
50+
0 ‘ ‘ ‘

L
[ 0.05

0.1 0.15 0.2 0.25

k

Fig .4 FATI bands with n;=n,=10, ¢,=0, c,=1

V. CONCLUSION

In the present paper we have proposed a method for
definition and calculation AOQ and ATI for acceptance
double sampling plans with fuzzy quality characteristic.
This method is well defined since if the fraction of
defective items is crisp they reduce to classical plans.
As it was shown that AOQ and ATI curves of the plan
is like a band having a high and low bounds.
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