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u=O}t COW Ex 'Q_v OQwt p=}U |yOQw@a ?} Q[ Q=Okt " = "0"r 'u; QO xm
|wQ p}Uv=DB=DR `} RwD ?}DQDx@ �t(x) w �b(x) w 'p=v=m |rw] |=DU=Q QO |r=ta=

"OvDUy |}q=@ w |v}}=B |xQ=w}O
xOW p=ta= QiY =@ Q@=Q@ CaQU |=yu=}O=Qo Q=Okt p=v=m |HwQN w |OwQw QO
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=QHtR} Q `=iDQ= Q@=Q@ l} xR=Ov=x@ |OOa pL |xRwL |=OD@= QO C=QF= u}= Vy=m
=yxQ=w}O QO CaQU |RQt \QW u; QO w CU= xOW xDiQo Q_v QO |i=[= pw]
=yxvwo VNB ?}=Q[ xwqax@ w CU= xOW xDiQo Q_v QO uoty CtUk x@ x}@W
uwoQoO =QHtR} Q |OwQw QO xr�Ut |m} R}i \}=QW =D CU= xOW p=ta= QiY =@ Q@=Q@

"OwWv

uoty=v X=wN |=Q=O |=y=QHtR} Q uwQO \qDN=
|R=wt CQwYx@CN=wvm} |xUOvy w uoty |=yxQ=w}O =@ =QHtR} Ql} uwQO u=} QH
?U=vt |}=Q=m Ok=i |}=y=QHtR} Q u}vJ uwQO u=} QH "CU=QHtR} Q |=yxQ=w}O =@
xm xO=O u=Wv |OOa |=y|R=Ux}@W w |@ QHD C=Oy=Wt "CU= C=QP \qDN= |=Q@
'wQu}= R= "O=O s=Hv= QDQF-wt w QD?U=vt u=wD|t =Q uoty=v |=y=QHtR} Q uwQO \qDN=

"CU= xOQm =O}B |v=w=Qi C}ty= uoty=v |=y=QHtR} Q |iQat w xar=]t
Cw=iDt |a[wt CQwYx@ u; xQ=w}O R= |WN@ X=wN xm uoty |=QHtR} Q l}
QO uoty=v |=QHtR} Q l} Cr=L u} QDxO=U u=wvax@ u=wD|t =Q 'OW=@ \=kv Q}=U =@
CQwYx@ |}=QHtR} Q u}vJ uwQO l}DwtU=wQDmr= u=} QH 3 pmW QO "CiQo Q_v
|xmD R= Q}e �� =Hxty QO xQ=w}O p}Uv=DB=DR Q=Okt "CU= xOW xO=O u=Wv |i}m
"CU= xOW xDiQo Q_v QO |ivt |voty=v |xmD CtUk QO w C@Ft �� |voty=v

"u; x@ \w@ Qt u=} QH \w]N w uoty=v |=QHtR} Q O=H}= |xwLv u} QDxO=U "3 pmW
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QO "CU= Q_v OQwt <RH C_re C(x; y) w '|rwmrwt VNB ?} Q[ D 'u; QO xm
%CU= xOW p=ta= =RHt ,qt=m <RH wO x@ \w@ Qt |RQt \}=QW =QHtR} Q |OwQw

C(0; y) =

8<:0; 0 < y < 0=5
1; 0=5 < y < 1

(6)

%CU= xOW xDiQo Q_v QO QiY Q@=Q@ C_re Q=W =QHtR} Q |HwQN w =yxQ=w}O QO w
@C(x; y)
@y

����
y=0;H

= 0 & @C(x; y)
@y

����
x=L

= 0 (7)

G}=Dv
=@ |}xLiY |=QHtR} Q l} uwQO Q}PB=vsm =QD p=}U l} R= l}DwtU=wQDmr= u=} QH
|mUiwJwrwtU=� RDrwytry pOt x@ xHwD =@ "O} Q}o@ Q_v QO =Q uoty |=yxQ=w}O
x@ us = "�Ex=� |x]@=Q R= =yxQ=w}O CQw=Ht QO xOWO=H}= |WRer CaQU
`=iDQ= w " = 6 95�10�10 C/Vm '� = 10�6 Ns/m |=Q@ "O};|t CUO
p}Uv=DB w (�) p}Uv=DB=DR hrDNt Q=Okt OvJ |=R=x@ H = 100�m =QHtR} Q
QO ROrwv} Q OOa w |WRer CaQU xR=Ov= (Ex) =QHtR} Q Q@ xOW p=ta= |m} QDmr=

"CU= xOW x@U=Lt 1 pwOH
p}rO xm CU= s=Q; u=} QH |xt=vQ@ '1 pwOH QO xOW |UQQ@ OQ=wt |t=tD QO
|mUiwJwrwtU=� RDrwytry pOt "CU=y=QHtR} Q lJwm Q=}U@ xR=Ov= Qt= u}= |rY=
w u=} QH Q=DiQ Ov=wD|t |@ wNx@ 'xDi=} xaUwD uoty |=y=QHtR} Q |=Q@ ,=�=OD@= xJQo =
|OOaDt u}kkLt \UwD =Pr w Ovm |v}@V}B R}v uoty=v |=y=QHtR} Q QO =Qu; |wor=
Re=0 1 =@ l}DwtU=wQDmr= u=} QH Q=DWwv u}= QO "CU= xDiQo Q=Qk xO=iDU= OQwt
CLY R= u=v}t]= |=Q@ "CU= xDiQo Q=Qk xar=]t OQwt uoty=v |=QHtR} Q uwQO
pL R= pY=L G}=Dv =@ |OOa u=} QH u=O}t x@ \w@ Qt G}=Dv u}@ '|OOa pL
xO}J}B u=} QH l} |=Q@ w 'xOt; ptax@ |}xU}=kt hrDNt |=yCr=L QO [12]|r}rLD
'�2 pmW� x@=OQo RmQtC}akwt "CU= xOW xO=O u=Wv 2 pmW QO x]w@ Qt |=yu=O}t
xOW x@U=Lt (x; y)N = (6 50; 0 75) |r}rLD pL \UwD 'N |x]kv |va}
xOt; CUO x@ (x; y)M = (5 50; 1 22) =@ Q@=Q@ M u}mD |x]kv C}akwt w
w (x; y)N = (6 20; 0 75) Q@=Q@ |OOa pL \UwD \=kv u}= C}akwt "CU=
'xO}J}B *u=} QH u=O}t u}= |=Q@ "Ov=xOt; CUO x@ (x; y)M = (4 00; 1 20)

CyH� |[QaCyH QO u}mD \=kv u=mt |v}@V}B QO OwHwt |@Uv |=]N xv}W}@
"CU= �x=L = 0 03 =@ Q@=Q@ |rw] CyH QO w �y=H = 0 01 =@ Q@=Q@ �y
O=OaD xm OyO|t u=Wv xO=U |=yu=} QH |=Q@ xOW s=Hv= |=y|UQQ@ 'T=U= u}= Q@

"CN=wvm} |=QHtR} Q QO |WRer CaQU Q}O=kt "1 pwOH
� (mV) Ex (V/mm) us (mm/s) Re

50 100 3 48 0 35
100 100 6 95 0 70
200 100 13 90 1 39
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r=]t

|=y=QHtR} Q uwQO \qDN= |=yQ=}at |@=} RQ= |=Q@ xar=]t OQwt u=} QH "4 pmW
"uoty=v

Ea=@ xm xOW O=H}= |}x@=OQo |voty=v |xmD CQw=Ht QO OwW|t xO}O xm Qw]u=ty
'\qDN= u=R}t |tm |xar=]t QO "OwW|t u; GQ=N w pN=O QO \qDN= u=R}t Ow@y@
\qDN= u=R}t u}}aD |=Q@ |irDNt |=yQ=}at "OQ=O CQwQ[?U=vt Q=}atl} Qw[L
C_re Q=}at h=QLv=� '=yu; u}@ QO xm CU= xDiQo Q=Qk xO=iDU= OQwt w xOW |iQat
h} QaD u}vJ w 'CU= ?U=vt ,=D@Uv w swUQt |Q=}at �=QHtR} Q R= `]kt Qy QO =yxvwo

%OwW|t

� =
R 1

0 (C(y)� Cm)2dyR 1
0 dy

(8)

x@U=Lt 9 |x]@=Q j@=]t w CU= `]kt Qy QO \UwDt C_re Q=Okt Cm 'u; QO xm
%OwW|t

Cm =
R 1

0 u(y)C(y) dyR 1
0 u(y) dy

(9)

|WRer u=} QH 'xO}J}B |=yu=} QH QO \qDN= OQw;Q@ QO jwi Q=}atC}r@=k u}}aD |=Q@
\qDN= u=R}t w xDiQo Q=Qk xar=]t OQwt uoty=v |=QHtR} Ql} uwQO |}xO}J}B ,=D@Uv
'OvW=@ \qDN= ?U=vt xm xO}J}B |=yu=} QH O=H}= |=Q@ "CU= xOW x@U=Lt =yxvwo
CaQU x@ \w@ Qt \}=QW Qw_vt u}= |=Q@ "CU= xOW O=yvW}B |irDNt |=ywor=

%CU= xOW xDiQo Q_v QO u}vJ =QHtR} Q u}= |WRer

ub(x) =

8>>>><>>>>:
1; 0 < x � 2
1 + 4 sin

�
�+ 6�x

L

�
; 2 < x � 4

1; 4 < x � 6
(10)

ut(x) = ub(x) (11)

u=twoQ;l} � w 'xOW O=H}= |voty=vCtUk u; QO xmCU= p=v=m R= |WN@ pw] L
u}= x@ xHwD =@ "CU= xQ=w}O QO |WRer CaQU hrDNt |=ywor= O=H}= |=Q@ |Q=}DN=
[12]"OQm O}rwD \qDN= V}=Ri= |=Q@ |irDNt |xO}J}B |=yu=} QH u=wD|t =ywor=
=QHtR} Q |OwQw QO xm CU= xOW ZQi u}vJ OwQw QO C_re |xrO=at |RQt \}=QW
|}q=@ |xt}v QO w QiY =@ Q@=Q@ =QHtR} Q |v}}=B |xt}v QO xar=]t OQwt |xvwo C_re
hrDNt Q}O=kt |=Q@ w Sc=50 |=R=x@ C_re u=O}t w u=} QH u=O}t "OW=@ 1 =@ Q@=Q@
^=Lrx@ xm u=vJ "CU= xOW xO=O u=Wv 4 pmW QO �10 |x]@=Q QO xOW Qy=_� �
|Q}otWJ Qw]x@ �2 < x � 4 |xRwL� uoty=v |x}L=v 'OwW|t xO}O |i}m

"CU= xO=O Ow@y@ =Q \qDN= u=R}t
Q=}at h=QLv= R= xO=iDU= =@ 4 pmW QO xOW xO=O u=Wv C_re |=yu=O}t |=Q@
uoty=v |=y=QHtR} Q u}= pw] QO \qDN= u=R}t '8 |xrO=at \UwD xOW |iQat
u=vJ "CU= xOW xO=O u=Wv 5 pmW QO u; x@ \w@ Qt G}=Dv w xDiQo Q=Qk xar=]t OQwt
OW=@ |WNQJ u=} QH |=Q=O p=}U xm |}=yx}L=v CQw=Ht QO OwW|t xOy=Wt xm
p}rOx@ xm Ow@ |v}@V}B p@=k |m} R}i ^=Lrx@ "OwW|t u=Uwv Q=JO \qDN= u=R}t
=t= 'O@=} Vy=m =yx@=OQo CQw=Ht QO =yC_re Q=}at h=QLv= u=R}t 'QDW}@ \qDN=
Q@ CrqO w CU}v xHwt u=OvJ =yx@=OQo |m}ORv QO =yC_re Q=}at h=QLv= V}=Ri=
=Q \qDN= Q=Okt 8 |xrO=at xm CU= u}= Zk=vD u}= RwQ@ p}rO "OQ=O \qDN= Vy=m
|ivt =} 'CaQU uOw@ O=} R =} sm u}=Q@=v@ w Ovm|t x@U=Lt CaQU `} RwD R= pkDUt

"OwW|t xDiQo xO}O=v ,qt=m u; uOw@
Q} R Q=}at R= =QHtR} Q pw] QO \qDN= u=R}t QO u=Uwv O=H}= R= R}yQB |=Q@
CaQU QF= u; QO xm CU= xOW xO=iDU= \qDN= |}=Q=m |x@U=Lt |=Q@ �12 |x]@=Q�

80



OvtR
=}vO

}tL
w|

Da=t
HQ

iaH

"(Sc= 50) uoty=v |xQ=w}O =@ =QHtR} Q OvJ pw] QO \qDN=|}=Q=m u=R}t "7 pmW

Qy QO =yC_re Q=OuRw Q=}at h=QLv= R= xO=iDU= T=U=Q@ u}=Q@=v@ "OQm Q}@aD \qDN=
x@ `]kt Qy QO \qDN= u=R}t C@Uv u=wvax@ =Q \qDN= |}=Q=m '=QHtR} Q R= `]kt

%s}vm|t h} QaD xv}W}@ \qDN= u=R}t
"m = 1� �w

1� �w;min
(13)

u} QDsm x@ C_re Q=OuRw Q=}at h=QLv= Q=Okt 'O}; OwHw x@ pt=m \qDN= xJv=vJ
=@ Q@=Q@ 13 |xrO=at QUm GQNt w (�w;min = 0) OUQ|t QiY |va} OwN u=R}t
QO "OwW|t x@U=Lt "m = 1� �w CQwYx@ \qDN= |}=Q=m u}=Q@=v@ &OwW|t 1
3 pmW QO xOWx�=Q= C_re w CaQU u=O}t |=Q@ \qDN= |}=Q=m u=R}t 7 pmW

"CU= xOW sUQ u; x@ \w@ Qt Q=Owtv w x@U=Lt
|xmD R= p@k =D \qDN= |}=Q=m u=R}t '7 pmW QO xOW|UQQ@ |=y=QHtR} Q |=Q@
w CU= x@=Wt =y=QHtR} Q |xty |=Q@ ,=@} QkD �0 < x � 2 xR=@ |va}� uoty=v
=QHtR} Q u=}=B =D hqDN= u}= w OyO|t MQ |voty=v |xmD R= Oa@ hqDN= xOta
=QHtR} Q u; OQmrta hQat =QHtR} Q Qy |=yDv= QO \qDN= |}=Q=m u=R}t "Ov=t|t |k=@
|=QHtR} Q wO OQmrta |xU}=kt |=Q@ |Q=}at u=wvax@ Ov=wD|t w CU= \qDN= QO
|=QHtR} Q |=yDv= QO \qDN= |}=Q=m u=R}t 7 pmW QO p=Ft u=wvax@ "OW=@ hrDNt
=@ Q@=Q@ � = �=2 Cr=L |=Q@ =QHtR} Q |}=Q=m u=R}t w 'OYQO 91 9 =@ Q@=Q@ uoty
u=OvJ Ow@y@ u=R}t u}= xm OUQ@ Q_v x@ =OD@= QO CU= umtt "CU= OYQO 95 6
'\qDN= |}=Q=m R= q=@ Q}O=kt QO xm OyO|t u=Wv QDW}@ CkO =t= 'CU}v xHwD QwNQO
p@=k u=R}t x@ =Q =QHtR} Q pw] O}=@ \qDN= |}=Q=m u=R}t QO |�RH V}=Ri= |=Q@ |DL
|rw] QO uoty |=QHtR} Q xm OwW|t xOy=Wt 7 pmW QO "O=O V}=Ri= |yHwD
|=QHtR} Q xm |r=L QO 'Ov=UQ|t OYQO 91 9 x@ =Q \qDN= |}=Q=m 6H =@ Q@=Q@
\qDN= |}=Q=m u=R}t u}= x@ x � 4H |va} QDsm |rw] QO (� = �=2) xv}y@
|=QHtR} Q \qDN= |}=Q=m "CU= pw] Vy=m OYQO 30 pO=at u}= w 'O@=}|t CUO
"OQm |krD =y=QHtR} Q Q}=U |xU}=kt |=Q@ ?U=vt |aHQt u=wD|t =Q uoty ,qt=m
x@ C@Uv =yu; |@Uv |}=Q=m w hrDNt |=y=QHtR} Q |}=yv |}=Q=m u=R}t 8 pmW QO

"CU= xOW sUQ uoty |=QHtR} Q
u=O}t xm xar=]t OQwt |=y=QHtR} Q |=Q@ xm OwW|t xO}O 8 pmW x@ xHwD =@
|xr}Uwx@� |voty=v |wor= Q}}eD 'xOW xO=O u=Wv 3 pmW QO =yu; C_re w u=} QH
OYQO 4 =D QFm =OL Ov=wD|t �Q=w}O |wQ xOW p=ta= CaQU |Uwv}U `@=D R=i Q}}eD

|xQ=w}O =@ =QHtR} Q OvJ pw] QO Q=}at h=QLv= w \UwDt C_re u=R}t "5 pmW
"(Sc= 50) uoty=v

pw] QO CaQU |vRw `@=D =@ Q=OuRw Q=}at h=QLv= w \UwDt C_re u=R}t "6 pmW
"(Sc= 50) uoty=v |xQ=w}O =@ =QHtR} Q OvJ

%CU= xOW xOv=Hvo R}v C=QP

�w =
R 1

0 u(y) (C(y)� Cm)2dyR 1
0 u(y)dy

(12)

xO=iDU= Q=}at h=QLv= R= \qDN= u=R}t |@=} RQ= QO xm u}= |=H x@ '12 |x]@=Q j@]
Cr=L u}= QO "OwW|t xO=iDU= CaQU |vRw `@=D =@ Q=OuRw Q=}at h=QLv= R= 'OwW

"CU= 6 pmW j@=]t =QHtR} Q pw] QO \qDN= u=R}t VHvU
|@=} RQ= QO Q=OuRw Q=}at h=QLv= R= xO=iDU= =@ xm OwW|t xO}O 6 pmW QO
QO \qDN= u=R}t x@ \w@ Qt |vLvt '�8 |xrO=at� |r@k Q=}at hqN Q@ '\qDN=
Vy=m Ea=@ u=} QH CmQL Q}Ut QO x@=OQo OwHw w CU}v |v=Uwv =yx@=OQo CQw=Ht
Q=Okt xm CU= u}= hQat |m} R}i ^=Lrx@ xm OwW|t C_re Q=}at h=QLv= QD`} QU

"CU= xDi=} V}=Ri= QD`} QU \qDN=
u=R}t hQat (�w) `]kt Qy QO =yC_re Q=}at h=QLv= Q=Okt %\qDN= |}=Q=m
`} RwD x@ xHwD =@ |UQQ@ OQwt |xr�Ut QO "CU= `]kt u; QO \qDN= |voty=v
u=R}t R= |Q=}at u=wvax@ u=wD|t =Q 1 � �w Q=Okt =QHtR} Q |OwQw QO C_re
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x=wNrO \qDN= u=tOv=Q x@ uO}UQ |=Q@ uoty=v |xmD R= Oa@ xi=[= pw] "10 pmW
"(Sc= 50) uoty=v |=QHtR} Q OvJ QO

10 pmW QO 'QDy@ |Q}oxH}Dv |=Q@ "CU= uoty=v Qo}O CtUk w uoty u; CtUk
|va} &CU= xDiQo Q=Qk |UQQ@ OQwt |voty=v |xmD R= TB R=}v OQwt pw] u=R}t
CQwY u}= x@ &CU= xOW xU}=kt |QDK} QY Qw]x@ |voty=v |xmD OwN OQmrta
CU= sRq (La) xi=[= pw] u=R}t xJ 'uoty=v |xmD R= u=} QH QPo R= TB xm
OQwt pw] |=Q@ =y=QHtR} Q |NQ@ QO "O}; CUO x@ \qDN= |=Q@ x=wNrO u=tOv=Q =D
|xmD uwQO Q_v OQwt u=tOv=Q OyO|t u=Wv xm OwW|t xOy=Wt |ivt O=Oa= R=}v

"CU}v uoty=v |xmD R= Oa@ |i=[= pw] x@ |R=}v w xOW O=H}= uoty=v
uwQO l}DwtU=wQDmr= u=} QH |R=UpOt |=Q@ xDiQo CQwY C=ar=]t ?re= QO
`@=D l} CQwYx@ p}Uv=DB=DR `} RwD 'uoty=v |xmD l} =@ uoty=v |=y=QHtR} Q
|WRerCaQU '|mUiwJwrwtU=� RDrwytry pOt j@] xH}DvQO w xOW ZQi xDUw}B=v
u=wvax@ w 'CU= xOW x@U=Lt xDUw}B=v `} RwD l} CQwYx@ xQ=w}O Q@ |r=ta=
p}rOx@ CU= |vDio "CU= xOW TmwDU=� Q} w=v |xrO=at OQ=w VRer |RQt \QW
w xDUw}B=v `} RwD u}vJ O=H}= '=yQ=R@=R} Q CN=U Ov}=Qi QO OwHwt |=yC}OwOLt
CN=U R= TB R}v w 'O};|t OwHw x@ CQOvx@ |rta p�=Ut QO p}Uv=DB=DR R= `]kvt
|}xr�Ut Rwvy =yu; QO p}Uv=DB=DR `} RwD j}kO u}}aD |voty=v |=y=QHtR} Q u}vJ

"CU= R}ov=Q@Vr=J
wO x@ |voty=v |xa]k |R=UpOt VywSB u}= QO 'xOWO=} OQ=wt x@ xHwD =@
|WRer CaQU `} RwD u}W}B C=ar=]t =@ x@=Wt pw= VwQ "CiQo CQwY VwQ
CaQU |=Q@ xDUw}B p}iwQB l} swO VwQ QO w 'xOW xDiQo Q_v QO xDUw}B=v CQwYx@
u}vJ OwHw xm =Hv; R= "CU= xDUw}B=v `} RwD x@ x}@W Q=}U@ xm xOW xDiQo Q_v QO
u}= p}rLD QO QDW}@ xHwD 'CU= QDptDLt |UOvyt |=yOQ@ Q=m QO |}=yp}iwQB
xHwD OvtR=}v xDUw}B=v |RQt \}=QW |OOa |x@vH R= "CU= |QwQ[ =y|voty=v

"OvDUy |oDUw}B=v pLt QO QDsm =QDt |D=@U=Lt |=yxm@W R= xO=iDU= w QDW}@
Cw=iDt |=yp}Uv=DB=DR =@ x}L=v xU |=Q=O uoty=v |=QHtR} Q l} O}vm ZQi
QO "Ov=xOW xO=O u=Wv 11 pmW QO p}Uv=DB=DR |xDUw}B w xDUw}B=v |=yp}iwQB "OW=@
|L=wv|o}=Uty QO �|WRerCaQU `} RwDu}vJty w�p}Uv=DB=DR `} RwD p=xO}=Cr=L
pmW u}= QO "CU= u}J\N� x]kv |vLvt =@ j@=]t w xDUw}B=v CQwYx@ hrDNt
xm Ov=xOW |iQat R}v �xDUw}B \N w u}J\N p}iwQB� |Qo}O |xDUw}B |=yp}iwQB
|vLvt l} =@ =yu; |oDUw}B=v \=kv pt=W xR=@ =t= 'Ov=xDUw}B=v p}iwQB x@ x}@W ,=@} QkD

|=QHtR} Q OvJ |=Q@ =QHtR} Q jr]t |}=Q=m w =QHtR} Q |@Uv |}=Q=m u=R}t "8 pmW
"(Sc= 50) uoty=v

uoty=v |=QHtR} Q OvJ QO x=wNrO \qDN= u=tOv=Q x@ uO}UQ |=Q@ sRq pw] "9 pmW
"(Sc= 50)

OwW|tCi=} QO?r]t u}= R= xm|tyt |xH}Dv "OyO Ow@y@ =Q =QHtR} Q \qDN= u=R}t
'|voty=v |xmD |xR=Ov= w C}akwt Q@ xwqa '\qDN= |R=Uxv}y@ |=Q@ xm CU= u}=
xQ=W= xQ=@ wO CU= sRq "CU= C}ty= R�=L R}v uoty=v |wQ p}Uv=DB=DR `} RwD |xwLv
x@ QHvt CU= umtt =QHtR} Q \qDN= u=tOv=Q QO lOv= ,=Qy=_ Ow@y@ u}= xm s}vm

"OwW |krD C}ty=|@ O}=@v wQu}=R= w OwW =QHtR} Q pw] *Q}otWJ Vy=m
u=Wv |QDQ=mW; wLvx@ u; pw] w =QHtR} Q u=tOv=Q \=@DQ= 9 pmW Q=Owtv QO
u=tOv=Q l} x@ uO}UQ |=Q@ xm CU= xOW |UQQ@ pmW u}= QO "CU= xOW xO=O
'|OOa |r=Ft u=wvax@ "CU= R=}v OQwt =QHtR} Q R= |rw] xJ '\qDN= |=Q@ XNWt
|rw] OvtR=}v uoty |=QHtR} Q l} QO OYQO 90 \qDN= u=tOv=Q x@ uO}UQ |=Q@
|rw] QO \qDN= u=R}t u}= xv}y@ |=QHtR} Q QO xm |r=L QO 's}DUy 5 3H =@ Q@=Q@
OYQO 34 Ov=wD|t Cr=L u}= QO =QHtR} Q pw] |va} "OwW|t u}t-=D 3 5H =@ Q@=Q@

"O@=} Vy=m
l} xm 'CU= VN@ wO R= pmWDt \qDN= |=Q@ R=}v OQwt pw] 9 pmW QO
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|xmD pw]� \qDN= OQmrta Q@ |voty=v |xmD C}akwt Q}}eD QF= "13 pmW
"�Lp = L=6 |voty=v

Cw=iD =QHtR} Q pw] QO \qDN= Q=Okt 'xDUw}B |=yp}iwQB x@ xDUw}B=v ,qt=m p}iwQB
|Qw@a |@O u=R}t Q@ |R}J=v Q}F-=D hrDNt |=yp}iwQB 'xwqax@ "Ovm|tv |UwULt
|=yp}iwQB R= xO=iDU= =@ xOWx@U=Lt \qDN= C}U=UL sOa "OvQ=O =QHtR} Q R=
u=O}t x@ \w@ Qt u=U=wB |xrO=at uOQmv pL xm OyO|t u=Wv xDUw}B w xDUw}B=v
pOt QO u; p}Uv=DB=DR =@ Q=w}O |wQ |WRer CaQU ?U=vD ZQi w |m} QDmr=
|=]N x@ QHvt =y=QHtR} Q uwQO \qDN= |x@U=Lt QO |mUiwJwrwtU=� RDrwytry

"OwW|tv |yHwD p@=k
=QHtR} Q l} uwQO l}DwtU=wQDmr= u=} QH R= |rt=m |R=Ux}@W QO Qo}O u=}@x@
OwW|t pL |m} QDmr= p}Uv=DB u=O}t =OD@= 'xQ=w}O |wQ `]kvt p}Uv=DB=DR `} RwD =@
=yxQ=w}O R= Q}e x@ 'pL |xRwL uwQO 'u; Q@ sm =L |xrO=at |w[}@ C}y=t x@ =v@ xm
C}y=t|m} QDmr= u=O}t u}= R=|W=v|WRerCaQU =Pr "Ow@ Oy=wN xDUw}B CQwYx@
CaQU `} RwD u}=|mUiwJwrwtU=� RDrwytry pOt xm|r=L QO &CW=O Oy=wN xDUw}B
xO=iDU= xm Ovm|tXNWt 12 pmW "Ovm|t ZQi p}Uv=DB=DR =@?U=vDt =Q |WRer

"CW=O Oy=wNv \qDN= u=R}t |x@U=Lt QO |UwULt Cw=iD ZQi u}= R=
pw] QO \qDN= u=R}t |=Q@ xOWx@U=Lt Q}O=kt %uoty=v |xmD C}akwt QF=
'XNWt pw] =@ uoty=v |xmD l} |=Q@ xm OyO|t u=Wv �13 pmW� =QHtR} Q
|=Q@ =QHtR} Q OQmrta 'OW=@ QDl}ORv =QHtR} Q |OwQw x@ |voty=v |xmD QOk Qy
|@=}CUO =QHtR} Q |L=Q] R= hOy xm |OQ=wt QO u}=Q@=v@ "Ow@ Oy=wN QDy@ \qDN=
Ea=@ =QHtR} Q |=OD@= QO |voty=v |xmD uO=OQ=Qk 'OW=@ |YNWt \qDN= Q=Okt x@
uO=OQ=Qk xD@r= "O@=} Vy=m |Q}otWJ Qw]x@ =QHtR} Q |=Q@ R=}v OQwt pw] OwW|t
|OwQw u=} QH Q@ pY=L |x@=OQo OwW|t Ea=@ =QHtR} Q |=OD@= QO |voty=v |xmD

"OwW O=H}= |DWoQ@ |=yu=} QH |OwQw QO xm |wLv x@ 'OQ=Po@ QF= =QHtR} Q
|xmD |xR=Ov= Q}}eD x=Q R= \qDN= Ow@y@ 14 pmW QO %uoty=v |xmD |xR=Ov= QF=
OQwt u}}=B |xQ=w}O QO |voty=v |xmD l} |=Q=O |=QHtR} Q l} uwQO |voty=v
|voty=v |xmD pw] V}=Ri= 'OwW|t xOy=Wt xm u=vJ "CU= xDiQo Q=Qk |UQQ@
R= xm |tyt |xDmv "OwW|t OYQO 4 OwOL =D \qDN= u=tOv=Q QO Ow@y@ Ea=@
|QDQF-wt wLvx@ QDlJwm |voty=v |=yxmD xm CU= u}= OwW|t Ci=} QO pmW u}=
`=iDQ= H� Lp = H pw] =@ |voty=v |xmD l} OwHw "OvyO|t Ow@y@ =Q \qDN=
OYQO 2 5 uoty ,qt=m |=QHtR} Q =@ xU}=kt QO =Q \qDN= u=R}t �CU=QHtR} Q

"p}Uv=DB=DR |=Q@ |O=yvW}B |xDUw}B |=yp}iwQB w xDUw}B=v p}iwQB "11 pmW

%OwW|t O=yvW}B Q} R CQwYx@ xDUw}B |vLvt u}= "CU= xOW u} Ro}=H xDUw}B

�(x) =

8>>>>>>>>>><>>>>>>>>>>:

�1; 0 < x � x1 � Lt
A+

12 +A�12 sin!(x� x1) jx� x1j < Lt

�2; x1 + Lt < x � x2 � Lt
A+

23 +A�23 sin!(x� x2) jx� x2j < Lt

�3; x2 + Lt < x � L
(14)

QO Lp w Lt |UOvy |=yQDt=Q=B "CU= A�ij = (�i � �j)=2 w ! = �=2Lt
p}Uv=DB=DR Q=Okt u; |] xm CU= |rw] hQat 2Lt "Ov=xOW xO=O u=Wv 1 pmW
QO "CU= Cw=iDt Qw=Ht |x}L=v QO u; Q=Okt =@ x}L=v l} QO �|WRer CaQU =}�
xO=iDU= =@ uoty=v |xmD l} x=Qty x@ =QHtR} Q uwQO u=} QH |OOa pL 12 pmW

"CU= xOW xO=O u=Wv pO=at |xDUw}B |=yp}iwQB w `]kvt p}iwQB R=
l} R= |voty=v VN@ x@ \w@ Qt p}iwQB Q}}eD =@ 'OwW|t xOy=Wt xm u=vJ

R= xDUw}B w `]kvt |=yp}iwQB |=Q@ =QHtR} Q pw] QO \qDN= u=R}t "12 pmW
"xQ=w}O QO |WRer CaQU
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"""l
}Dv}m

wQDm
r=Q}

F- =DC
LD \

qDN
=|}

=Q=m
|xa

r=]tR= xO=iDU= =@ "OQ}PB CQwY CaQU |vRw `@=D =@ C_re Q=}at h=QLv= j} Q] R=
\qDN= O=H}= QO =QHtR} Q |xQ=w}O Q@ `k=w |voty=v |xmD l} OQmrta Q=}at u}=
uwQO QDy@ \qDN= x@ uO}UQ |=Q@ xm O=O u=Wv |OOa G}=Dv "CU= xOW |@=} RQ=
OvJ R= nQR@ |voty=v |xmD l} R= xO=iDU= |=Hx@ xm CU= ?U=vt =y=QHtR} Q
|xmD C}akwt xJQy xwqax@ "OwW xO=iDU= QDlJwm |=yxR=Ov= =@ |voty=v |xmD
"OW Oy=wN QDy@ u; |]qDN= OQmrta 'OW=@ QDl}ORv =QHtR} Q |OwQw x@ |voty=v
"OQm xv}y@ =Q =y=QHtR} Q uwQO \qDN= |=Q@ sRq pw] u=wD|t G}=Dv u}= R= xO=iDU= =@

s�qa CUQyi
(mol/m3) 'C_re %C

(V/m) '=QHtR} Q |rw] CyH QO |r=ta= p}Uv=DB u=O}t %Ex
(m) '|voty=v xa]k pw] %Lp

(m) 'p}Uv=DB=DR Q=Okt wO u}@ Q=Po |vLvt pw] %Lt
ROrwv} Q OOa %Re

p=ywQDW= OOa %Sc

(m/s) 'xQ=w}O QO VRer CaQU %us
(m) '=QHtR} Q pw] CyH QO C=YDNt %x

(m) '=QHtR} Q `=iDQ= CyH QO C=YDNt %y

|v=vw} |=yxv=Wv
" = 8 854� 10�12 (C/Vm) '<qN |yOQw@a %"0

"r = 78 5 'p=}U |@Uv |yOQw@a ?} Q[ %"r
(Ns/m2) 'p=}U CHRr %�

(V) 'xQ=w}O p}Uv=DB=DR %�

"\qDN= OQmrta Q@ |voty=v |xmD |xR=Ov= QF= "14 pmW

Lp = 2H pw] =@ uoty=v |xmD |=Q@ u=tOv=QV}=Ri= xm|r=L QO 'OyO|tV}=Ri=
'nQR@ |voty=v |=yxmD R= xO=iDU= |=Hx@ CU= ?U=vt =Pr "CU= OYQO 4 =@ Q@=Q@

"OwW xO=iDU= QDlJwm |voty=v xmD OvJ R=

|Q}oxH}Dv
CQwYx@ uoty=v |=y=QHtR} Q uwQO l}DwtU=wQDmr= u=} QH \qDN= xr=kt u}= QO
QO xm uoty=v |=y=QHtR} Q uwQO u=} QH |UQQ@ "CU= xDiQo Q=Qk xar=]t OQwt |tm
OyO|t u=Wv 'OQ=O OwHw =QHtR} Q \=kv Q}=U hr=Nt Q=@ =@ |voty=v xmD l} =yu;
u=R}t xm OwW|t O=H}= xQ=w}O x@ xO}@UJ |}x@=OQo '|voty=v |xmD CQw=Ht QO xm
XNWt \qDN= |@=} RQ= |=Q@ G}=Q |=yQ=}at |UQQ@ =@ "OyO|t V}=Ri= =Q \qDN=
|@ wNx@ Ov=wD|t x@=OQo pt=W |xO}J}B |=yu=} QH uwQO \qDN= VHvU xm OW

=yCWwv=B
1. Electro-osmotic
2. microchannels
3. heterogeneous patch
4. micro-mixers
5. micro-devices
6. micro-ows
7. passive
8. active
9. lab-on-a-chip
10. lamination
11. hydrodynamic focusing
12. pressure-driven
13. chaotic mixing
14. Electrokinetic
15. Helmholtz-Smoluchowski
16. Zeta-potential
17. coating
18. Overbeek
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Abstract
Due to recent advances in microfabrication techniques,
it is possible to produce microchannels with positive,
negative, or even neutral surface charges. Investiga-
tions of electroosmotic ow indicate that such a com-
bination of charge patterns on the microchannel walls
results in complex ow �elds with circulation zones that
are highly desirable for uid mixing requirements, as in
lab-on-a-chip devices. However, the mixing e�ciency
of such ows is not well-examined. The objective of
this article is �nding a proper mixing indicator among
those which have been frequently used for evaluation of
mixing, to examine the e�ect of wall heterogeneities on
mixing e�ciency. In general, for the numerical study of
electro-osmotic ows, it is necessary to solve the elec-
tric potential �eld and the equations for ion transport,
together with Navier-Stokes equations, which are numer-
ically expensive and time-consuming, especially when
heterogeneous channels are modeled. However, under
certain conditions, the Helmholtz-Smoluchowski model
can be used, which e�ciently reduces numerical expense.
In this model, the ow �eld is obtained by solving the
Navier-Stokes equations with slip boundary conditions
at walls, which comes from the Helmholtz-Smoluchowski
slip velocity. Upon solving for the ow �eld, the concen-
tration �eld can be obtained and the mixing e�ciency
can be evaluated. In most studies, the standard devia-
tion of concentrations at any cross-section is considered
the mixing indicator. Our investigations of the complex
ow patterns with circulation zones show that this in-

dicator is not well-behaved near the vortex area, such
that some uctuations in the mixing values occur. In
order to have a more physically relevant mixing indica-
tor, a weighted standard deviation is used to quantify
the mixing performance, which is more consistent with
vortex ows. Based on this indicator, some essential
concepts for mixing, such as mixing performance, and
channel e�ciency, are introduced and the e�ects of step-
wise heterogeneities are studied. Di�erent zeta potential
distributions associated with the single patch were ex-
amined, and it was found that the mixing performance
of a non-continuous potential distribution is relatively
similar to that of continuous counterparts, despite the
slight di�erences in the ow �eld. The results for a single
patch indicate that the channel e�ciency of a channel
with a single patch linearly increases with the size of the
patch, such that for a channel with a patch size of chan-
nel height, the mixing e�ciency increases 4%, compared
to its homogeneous channel. Also, the mixing perfor-
mance is enhanced as the single patch is located closer to
the channel inlet. The �ndings of the present study can
be employed in the design of optimized micro-mixers.

Key Words: Heterogeneous microchannel, electro-osmo-
tic ow, mixing performance.
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