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In this research, convective heat transfer of the argon gas flow through a micro/nano channel with uni-
form heat flux wall boundary condition is investigated using the direct simulation Monte Carlo (DSMC)
method. Both of the hot wall (qw > 0) and the cold wall (qw < 0) cases are considered. Implementation of
wall heat flux in the DSMC method is performed using the recently developed ‘‘iterative’’ technique. Our
investigation considers heat transfer behavior in both of slip and transition flow regimes. We investigate
the influence of rarefaction, i.e., Knudsen number, and viscous dissipation, i.e., Brinkman number, on the
Nusselt number behavior. We use the generalized hard sphere (GHS) collision model to consider accurate
variation of the heat conductivity with the temperature. The DSMC solutions for the Nusselt number are
compared with different analytical expressions reported in the literature with suitable accuracy through
the slip regime. We observe that the dependency of the Nusselt number on the Knudsen number
decreases in nanochannels as Knudsen number increases into the transition regime, i.e., Nusselt number
approaches nearly a constant value as Knudsen number goes beyond 1. Additionally, it is shown that the
Nusselt number is a weak function of the Brinkman number.

� 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

During the past decades, direct simulation Monte Carlo (DSMC)
method has been widely used to investigate flow fields ranging
from hypersonic spacecrafts to small scale micro/nano systems
[1]. Rapid development in high temperature power, propulsion
and high density power electronics has introduced new opportuni-
ties and challenges in developing high temperature heat exchang-
ers (HTHE) which are expected to exceed 2500 K [2]. An important
issue in future development in micro/nano systems is applying
efficient techniques to control thermal condition within allowable
operating limits due to high power densities which are expected to
exceed 25 W/cm2 [3]. Because of decreasing in medium0s density in
small size geometries, flow rarefaction, i.e., Knudsen number, has a
significant impact on the heat transfer. Kn number is defined as the
ratio of the gas mean free path to the characteristic length of the
geometry,

Kn ¼ k=H ð1Þ

Based on the generalized hard sphere (GHS) model, the mean free
path of the gas is defined as follows
k ¼ pm
2kT

l
q

ð2Þ

Small geometry size makes it important to take into account viscous
dissipation. Viscous dissipation is usually considered in the Brink-
man number (Br), which is the ratio of the viscous heat generation
to the external heating:

Brq ¼
lu2

b

qw2H
ð3Þ

Both of Kn and Br numbers depends on the gas viscosity, which is a
function of the gas temperature. This dependency will be further
discussed in Section 2.

A key characteristic of the heat transfer behavior of a system is
the Nusselt number (Nu), defined as follows:

Nu ¼ 2qwH
kðTw � TbÞ

ð4Þ

where the bulk temperature (Tb) is defined as

Tb ¼
R

A quxTdAR
A quxdA

ð5Þ

There are a wide set of studies considering micro/nano channel
flows in the slip flow range and beyond, i.e., Refs. [4–6]. Also there
are theoretical and numerical investigations around the topic of
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Nomenclature

Q heat flux
Kn Knudsen number
Br Brinkman number
H channel height
T temperature
m molecular mass
d molecular diameter
Dh hydraulic diameter
k thermal conductivity
Nu Nusselt number
Re Reynolds number
Pr Prandtl number
RF relaxation factor
PR pressure ratio

Greek letters
aT thermal accommodation coefficient

a momentum accommodation coefficient
k mean free path
j Boltzmann constant
c ratio of specific heats
l viscosity
q density
r collision cross section
C Gamma function
v relative speed exponent of GHS model

Subscripts
w wall
b bulk
q heat flux
0 reference
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heat transfer in micro/nano rectangular channels in low to moder-
ated Knudsen number ranges, i.e., slip flow regime, see Refs. [7–16].
Meanwhile, our literature survey shows that a wide class of the
studies considering convective behavior of micro/nano channel is
restricted to the analytical solution of the NS equations in the slip
regime. The main focus of the current work is to investigate the con-
vective heat transfer of pressure-driven micro/nano channels under
specified wall heat flux condition from the slip to high transition
flow regimes using the DSMC technique. To the best knowledge of
the authors, there are not any archival publications considering
the detailed behavior of the Nusselt number through constant wall
heat flux (CWH) micro/nano channels using DSMC. Here, we pro-
vide a detailed comparison of the existing analytical relations for
the Nusselt number in the slip regime with our DSMC solutions.
We also discuss the dependency of the Nusselt number on the Kn
and Br numbers under CWH condition from the slip to transition
flow regime. In addition, the dependency of Nusselt number on
heating/cooling wall heat fluxes magnitudes is investigated. Accu-
rate molecular collision model, i.e., generalized hard sphere (GHS),
is employed for considering the dependency of the heat conductiv-
ity on the temperature.
2. DSMC method

The DSMC method used in this paper follows the scheme pro-
posed by Bird [17]. DSMC is a particle method based on the kinetic
theory for simulation of dilute gases. The method is carried out by
modeling the gas flow using many independent simulated parti-
cles. These simulated particles are representatives of a large num-
ber of real gas molecules in the flow field. The time step in the
DSMC method is chosen as small as the positional changes of par-
ticles and their collisions could be decoupled for each time step. In
order to implement DSMC, flow field must be divided into compu-
tational cells. The size of each cell should be small enough to result
in small changes in thermodynamic properties across each cell. The
cells provide geometric boundaries and volumes, required to sam-
ple macroscopic properties. It is also used as a unit where only par-
ticles located within the same cell at a given time are allowed for
collision. The cells are then typically divided into subcells in each
direction. Subcells are utilized to increase the accuracy of the selec-
tion of collision pairs.

In the current study, the previous code of Roohi and co-workers
[18–23] is extended to simulate rarefied flow in the micro/nano
channel geometry. The GHS collision model, introduced by Hassan
and Hash [24], is used to consider accurate variation of the viscos-
ity with the temperature. This model is an extension of the variable
hard sphere (VHS) model to include terms that allow modeling of
molecules with both repulsive and attractive potentials. For the
GHS model, the total collision cross section could be written as
follows:

r ¼ r0ð/ðg0=gÞ2v1 þ ð1� /Þðg0=gÞ2v2 Þ ð6Þ

where r0ð¼ pd2
0Þ is the reference cross section, g ¼

ffiffiffiffiffiffiffiffiffi
4RT
p

and the
parameters with subscript zero are calculated at the reference tem-
perature (T0). The choice of the collision pair is done based on the no
time counter (NTC) method. Monatomic argon, m = 6.63 � 10�26 kg
and d0 = 4.17 � 10�10 m, is considered as the working fluid. In order
to ensure the satisfaction of the limits on the cell size, the cell
dimensions are considered as 0.1k and are much smaller than that
for most cases. 30 molecules are set in each cell to minimize the
scattering noise. All walls are treated as diffuse reflectors using
the full thermal accommodation coefficient. Half-range Maxwellian
distribution is used to determine the velocity of wall-reflected par-
ticles. After achieving steady flow condition, sampling of flow prop-
erties within each cell is fulfilled during sufficient time period to
suppress the statistical scatters of the solution. All thermodynamic
parameters such as velocity, density, and temperature are then
determined from this time-averaged data. Inlet/outlet pressure
boundary conditions are imposed according to the formula sug-
gested by Wang and Li [25]. The wall heat flux is imposed in the
DSMC solver using either the iterative technique developed by Akh-
laghi et al. [20] or inverse temperature sampling technique sug-
gested by Wang et al. [26]. Our Investigation showed both
methods provide almost the same solutions, indicating the indepen-
dency of the solutions from the method of implication of wall heat
flux boundary condition [20].

To calculate the Nusselt number, the thermal conductivity of
the gas is related to the gas viscosity as follows:

k ¼ ð15=4Þðj=mÞl ð7Þ

For GHS collision model, gas viscosity is computed according to the
following relation [27]:

l ¼ 15
ffiffiffiffi
p
p

16Cð4� v1Þ
ðT=T0Þ0:5þv1

ð/þ ð1� /ÞS0ðT0=TÞv2�v1 Þ
mg0

r0
ð8Þ
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For argon gas flows, Macrossan [27] showed that an accurate vari-
ation of the viscosity with the temperature could be obtained with
v1 = 2/13, / = 0.61 and v2 = 14/13. Macrossan [27] showed that ar-
gon viscosity computed by the GHS model agrees well with the
experimental data for a wide range of temperature. As the GHS
model benefits from a molecular-based model which simulates
the collisions correctly, it accurately considers the dependency of
the viscosity on the temperature. Therefore, in this work, GHS col-
lision model is employed for Nusselt number calculations.
3. Results and discussion

3.1. Comparison of the Nusselt number with the analytical expressions

There are a wide set of analytical expressions for Nu number
variations with the Knudsen number. Colin [16] provided a de-
tailed comparison between the analytical expressions for Nu num-
ber in microchannels with different cross-sections. We compare
our DSMC results for Nu number with four analytical relations
for parallel plate channels with CWH as follows:

(1) Inman correlation [7]

Nu ¼ n
4
þ 17þ 84fþ 105ðfÞ2

140ð1þ 3fÞ2

" #�1

; n ¼ 2� aT

aT

8c
cþ 1

1
Pr

Kn;

f ¼ 4Kn
2� a

a
ð9Þ

(2) Miyamoto et al. correlation [9]

Miyamoto et al. [9] analyzed the effect of viscous heating in
constant heat flux situation. In the case of full diffusive walls for ar-
gon flow, their expression is as follows

Nu ¼ 9Br

ð1þ 6KnÞ2
3þ 42Knþ 140Kn2

35ð1þ 6KnÞ þ
4ð 2c

cþ1ÞKn2

Pr

" # 

þ17þ 168Knþ 420Kn2

140ð1þ 6KnÞ2
þ

2c
cþ1 Kn

2Pr

!�1

ð10Þ

(3) Aydin and Avci [11]

Effects of viscous heating have been considered by Aydin and
Avci [11]. In the case of full diffusive walls, they proposed the fol-
lowing correlation.
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Kn

N
u

0.03 0.04 0.05 0.06 0.07 0.080

2

4

6

8

10

DSMC Solver
Inman
Miyamato et. al.
Aydin & Avci
Hooman

qw = 50 W/cm
2

Fig. 1. Comparison of Nu number from the D
Nu ¼ 4
1
3

1þ 12c
cþ 1

Kn
Pr

� �
þ 8Br

35ð1þ 6KnÞ4
þ 44Br

35ð1þ 6KnÞ3

"

þ 2ð1þ 84BrÞ
105ð1þ 6KnÞ2

þ 2
15ð1þ 6KnÞ

#�1

ð11Þ

(4) Hooman [28]

Hooman suggested a correlation using superposition approach.
For parallel plate microchannels, the correlation is simplified as
below

Nu¼ 2�aT

aT

2c
1þc

0:5Kn
Pr
þ17aþ84Knaþ0:5ð24�12aÞKnð14þ70KnÞ

140ð1þ6KnÞðaþð24�12aÞ0:5KnÞ

� ��1

ð12Þ

Fig. 1 compares the analytical solutions (Eq. (9) through Eq. (12))
with the current DSMC solution for the Nusselt number variations
along a microchannel with a pressure ratio (PR) of 3 for argon gas
(Pr = 2/3 and c = 5/3) subject to CWH equal to 50 and �50 W/cm2.
We removed the results corresponding to the entrance effects from
the DSMC solution because all analytical solution assumed fully
developed flow. The analytical solutions do not exactly match each
other as they were derived assuming different assumptions. In the
case of qw = 50 W/cm2, our DSMC solution is close to Eq. (10)
(Miyamoto et al. relation). Fig. 1(b) compares the Nu number calcu-
lated with the DSMC solver and different analytical solutions for a
cold wall subject to �50 W/cm2 wall heat flux. In the cooling case,
even the trends of analytical solutions are different, i.e., Miyamoto
et al. [9] correlation shows that the Nu number increases along
the channel, Aydin and Avci [11] relation predicts a very slight in-
crease in Nu while two other correlations, Inman [7] and Hooman
[28] correlations, suggest that Nu number slightly decreases with
the increase in Kn number. Again, our DSMC solution is close to
Eq. (10) which considers the viscous dissipation suitably.

3.2. Dependency of the Nusselt number on Kn and Br

Now we consider the variations of the Nusselt number with Kn
for slip and transition regimes. Fig. 2(a) shows variations of Nu
number with Kn obtained from five different independent test
cases covering a wide range of Kn number. As the figure shows,
independent solutions overlap each other. Nusselt number de-
creases monotonically with increasing the Knudsen number at
constant wall heat flux condition. Also it shows that the Nusselt
number is less dependent on Kn at higher Knudsen numbers, i.e.,
(b) Cooling condition
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Fig. 2. Variation of Nu number with (a) Kn number and (b) Brq number for qw = 25 W/cm2.
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nanochannel flows. The decrease in Nusselt number of nanochan-
nels could be attributed to decrease in inter-molecular collisions
at higher Kn flows. As the inter-molecular collisions decrease, the
effects of wall heat flux are not transmitted into the bulk region
while Tw increase due to the wall heating, therefore, Nu number
decreases.

Fig. 2(b) shows the variation of the Nu number with the Brink-
man number for the five test cases. According to this figure, Nu
number decreases as Brinkman number increases. But Fig. 2(b)
demonstrates that at constant Brinkman number there are more
than one Nu, i.e., it implies that the Nu number is a function of
Kn and Br numbers, however, the functionality of Nu number on
the Kn number is much stronger than Br number, i.e., once we plot-
ted Nu vs. Kn we obtained one graph for all cases (see Fig. 2(a)).
However, once Nu. vs. Br was depicted, it is observed that the
solution depends on Kn as well. This fact was observed in analytical
solutions. Inman [7] and Hooman [28] did not consider Br number
in their analytical solution due to this weak dependency. Miyamoto
et al. [9] and Aydin and Avci [11] considered the effect of viscous
heating (Br number), while the terms which include Br number
in their equations have lower powers compared to the Kn number.
Meanwhile, as our comparison in Fig. 1-(b) showed, the effect of
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Fig. 3. Variation of Brq number with the Kn num
viscous dissipation is important in cooling cases and it must be
considered during the Nusselt number derivation.

3.3. Dependency of flow parameters on wall heat flux

Nusselt number variation depends on the bulk and wall temper-
ature distributions, rarefaction (Kn number), and viscous dissipa-
tion (Br number) along the channel. Shown in Fig. 3 is the
variations of the Brinkman number along the channel centerline.
Br number increases for heating wall boundary condition and de-
creases for cooling cases. Additionally, the magnitude of Br number
decreases as the magnitude of wall heat flux increases.

Fig. 4 shows the variations of Nu number with the Kn for differ-
ent wall heat flux magnitudes. According to Fig. 4(a), in the case of
heated wall, higher wall heat flux results in greater Nu number.
Meanwhile, Fig. 4(b) shows that as the magnitude of cooling heat
flux increases, Nu number decreases. This is expected according to
the Nu number definition; however; the effect of increase/decrease
in qw on Nu number is not linear because qw affects bulk and wall
temperature simultaneously. As it is known, the main driving
mechanism for the heat transfer from the wall to the fluid is the
temperature difference between the wall and the bulk fluid. In
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Fig. 4. Variation of Nu number with the Kn number at different wall heat flux.
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the case of heating wall, the wall temperature is greater than the
bulk temperature. Meanwhile, viscous dissipation increases the
bulk fluid temperature. This increase leads to decrease in the
wall-bulk flow temperature difference. However, for cooling wall
heat flux, the viscous dissipation increases the temperature differ-
ence by increasing the fluid bulk temperature while wall tempera-
ture is reduced due to the wall cooling. Therefore, from Figs. 3 and
4, it can be concluded that increasing Br in the negative direction
increases the Nu number. When cooling boundary is applied, vis-
cous dissipation decreases along the channel, see Fig. 3(b). As vis-
cous dissipation acts as an internal heating effect for the fluid
temperature, decreasing of Br may lead to decrease in temperature
difference and may lead to an increase in Nu number.
4. Conclusions

The convective heat transfer of argon gas flow from the slip to
the transition flow through a parallel plate micro/nano channel
with the uniform heat flux wall has been investigated using the
DSMC technique. The study considered the influence of rarefaction
and viscous dissipation on the Nusselt number. We used the GHS
collision model to calculate thermal conductivity and viscosity as
a function of temperature accurately. Among different analytical
Nusselt number relations, we showed that relation developed by
Miyamoto et al. is the closest one to our DSMC solution as it suit-
ably considers viscous dissipation effects. It was observed that
Nusselt number increases as wall heat flux increases at constant
Kn number. However, Nusselt number decreases gradually as
Knudsen number increases in the slip flow range and beyond.
The dependency of Nusselt number on the Knudsen number de-
creases in the transition flow range and Nu number approximately
approaches a constant value at high Kn number flows. Additionally,
we showed that the effects of Knudsen number is stronger than the
Brinkman number on the Nusselt number behavior.
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