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Abstract

A classical problem of hydrodynamic and thermal boundary layers over a
permeable plate in a uniform laminar flow is considered in this paper. It is well known that
the similarity and integral solutions for the flow and energy equations are possible for the
boundary condition of constant surface temperature and constant heat flux but only a few
similarity solutions has been attempted for convective surface boundary condition. It is
implied in this paper that an integral solution is available if the mass transpiration and the
convective heat transfer coefficient associated with the hot lower sided fluid vary like
x~1/2 Where x is the distance from the leading edge of the solid surface. The governing
partial differential equations are first described and then transformed into integral form,
before being solved numerically. At the end, the effect of some parameters on the flow and
thermal fields are examined and discussed.
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Abstract

A classical problem of hydrodynamic and thermal boundary layers over a permeable plate
in a uniform laminar flow is considered in this paper. It is well known that the similarity and
integral solutions for the flow and energy equations are possible for the boundary condition of
constant surface temperature and constant heat flux but only a few similarity solutions has been
attempted for convective surface boundary condition. It is implied in this paper that an integral
solution is available if the mass transpiration and the convective heat transfer coefficient
associated with the hot lower sided fluid vary like x~1/2. Where x is the distance from the
leading edge of the solid surface. The governing partial differential equations are first
described and then transformed into integral form, before being solved numerically. At the end,
the effect of some parameters on the flow and thermal fields are examined and discussed.
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1. Introduction

Needless to say, the most important aspect and application of viscous fluid theory is the
boundary layer theory. In this theory we are usually confronted with two curve boundary value
problems, i.e. one set of conditions is given at the surface and the other at infinity. It is also
accepted that a boundary layer is the layer of fluid in the immediate vicinity of a bounding
surface where the effects of viscosity are significant [1].

Many natural and industrial problems can be simplified and solved using the boundary layer
concepts. Moreover, use of these concepts allows scientists and engineers to identify the most
dominant parameters governing the process. The first serious industrial application of boundary
layer theory occurred in the late 1920s when designers began to use the theory’s results to
predict skin friction drag on airships and airplanes. Prior to that time, they had been limited to
using empirical data obtained primarily from wind tunnels. But because of inaccurate results
that had being obtained from those wind tunnels, the designers were reluctant to hinge their
designs on them. After that time and when the accuracy and value of skin friction formulas,
obtained from boundary layer theory, became more appreciated, the results of the theory
became a standard tool for the airplane designers [2].

One of the classical problems in boundary layer theory is flow over a flat plate. This problem
was considered by many studies and recently, Aziz [3] and Magyari [4] studied the similar
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problem, but with convective boundary condition. Also, Ishak [5] extended the work of Aziz
[3] by introducing the effects of suction and injection on the surface. The similarity solution is
the method used in all these studies.

One approach to solving the boundary layer equations involves using an approximate
integral method. The approach was originally proposed by von Karmen and applied by
Pohlhausen [6]. It is without the mathematical complications inherent in the exact method; yet
it can be used to obtain reasonably accurate results for key boundary layer parameters.

The objective of the present study is to repeat Ishak’s [5] work, but by using the integral
method instead of the similarity solution. Besides, it was tried to validate this paper’s solution
by comparing with works of Ishak [5], Aziz [4] and Shokouhmand [7].

2. Governing Equations

Consider a steady two-dimensional laminar boundary layer flow over a static permeable
plate immersed in a viscous fluid of temperature T,,. It is assumed that the free stream moves
on the top of the solid surface with a constant velocity U,,. The boundary equations are:

6u+6v_0 1)
ox  dy

ou ou  —1dpe 0%u

i = i 2
u6x+v6y p dx +V6y2 @)

or , or _ 9T )
Yax TV dy ¢ dy?
Where u and v are the velocity components in the x and y directions, respectively, T is the fluid
temperature, v is the kinematic viscosity, and « is the thermal diffusivity.
The boundary conditions for the flow field are:

u=20 & v=V,(x) at y=0
ou _ 0
dy B

Where V,,(x) is mass transfer velocity at the plate with V,,(x) > 0 for injection (blowing),
V,,(x) < 0 for suction and ¥, (x) = 0 corresponds to an impermeable plate. Also, for a flat plate

we know that —2%P= — ¢ |
p dx

It is assumed that the bottom surface of the plate is heated by convection from a hot fluid of
temperature Ty which provides a heat transfer coefficient h;. Under this assumption, the
boundary conditions for the thermal field may be written as:

U-Uyp & as y— oo 4)

aT
k3, =he(Tr = Tw), y -0
T=T T _o (5)
= — = — 00
[oel} ay 4 y

With k and T,, being the thermal conductivity and the uniform temperature over the top of the
surface, respectively.
By using Eq. (1), we can rewrite (2) and (3) as [8]:
0%u

d d
a(uz) +@(uv) = va—yz (6)
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] d 92T
— @T) +=—@T) = a— 7
7 v )+ay(v) ¥y (7)

By implementation of integral with respect to y for (6) and after some simplifications we obtain:

= "Wy + upv(y) = —v 2 ®)
— | @WH)dy + uev(y) = —v—

Also by substituting (4) into integral form of (1) we have:

d y
v(y) = TN dy +v(0) ©)

Substituting (9) in (8) and using (4), after some calculations, we obtain:

dfy( )d —du“fyd+ G +v 10
dxouuw u y_dx 0u Y+ Uy, (X vayy=0 (10)

d : .
We know that for flow over a flat plate % is equal to zero, so the integral momentum
equation can be written as:
d fy Ju
— | u(ue —wdy = ueny,(x) +v— 11
dx 0 y w ayy=0 ( )

In order that the similarity solutions of Eqgs. (1)-(5) exists, Ishak [5] considered:
1 ,vu 3
00\2

vy (%) = _E(T) Jfw (12)

1
From scale up [8] we have & ~ xz and from (12) we have v,,(x)~x"1/2 | so we can take:

B
vy (%) = 3 (13)

Where B is a constant and 6 is hydrodynamic boundary layer thickness. Substituting (13) into
(11) we have:
Y B ou

P ; U(Uep —wdy = umg + VEFO (14)
In order to solve above equation, we introduce the following transformations [8]:
_ _Y -
f) = w - "1=5 dy = 8dn
IF n>1 THEN fap=1 (15)

Substituting (15) into (2) and using (4), we obtain from (14):
of
d <5_2> 1 Yo, P

#\2) i [0 pan "
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Considering a polynomial function of third degree for f and after some calculations, by
implementing (15) into (4) we have:

B+v 3 3B ) 6v
B + 4v

fm) =-2 n° + n°+

B + 4v B+av! (17)

Substituting (17) into (16) we obtain:

1

1) G, 2 _1
o= (2 ra) ren 4o

Where in (18) ¢, , C, and C5 are:

9B% +1341Bv +156v>  df  6v oz 2
70(B + 4v)? SR 6nn=0 T B+4av’ 2T Cwg (19)

1
¢ = fo FA - fdy =

In Eq. (18), for C; > 0 we have injection, for C; < 0 suction and for C; = 0 impermeable
surface. For C; = 0 we obtain from (19) B = 0 and so we have:

39 3
¢, = 280 ,Cy = > (20)

Substituting (20) into (18) we obtain:

1

s 3 o4 1 5 1
D_C = Zw +0 Re, 2 = (21.54)2 Re, 2 , ; = 4.64 Re, 2 (21)
280

That the above result is relatively a good approximation for Blasius [9] similarity solution [8].
In order to solve thermal field, we can substitute (9) into (7) and then by using (4) and (5)
we obtain:

de(T Tdy = or + v, (x) (T, T+dT°°de
dxou ® y‘“ayy=0 U (1) (Teo = To) dx Ou Y (22)

We know that the ambient temperature T,, is constant and not dependent on x, so ‘ZL; =0.
In order to solve Eq. (22), we introduce the following transformations too [8]:

_ Tr—T _y _n _ o7
Substituting (23) into (21), we obtain:
1
vz 1
or =4.64A <E> X2 (24)

Substituting (23) into (22), using (15), (23) and (13), we have:
a 00 BA (Ty — T,
i<6_7"2> _ Ea_ffzo +Q(T; - Too)
de\ 2 ) [FFa8) (1 -6@)d¢

Considering a polynomial function of third degree for 6 and after some calculations, by using
(23) and (5) we have:

(25)
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0(¢) = ;&> + bi§% + 1§+ dy (26)
Where in (26), a4, by, ¢, and d, are:

T TS hBA+ 4abrhy + 6ak ' ' 6pheBA+ 4adrhy + 6ak
6adédrh 6ak
1 T dq

" 5rhyBA + 4abrhy + 6ak ’ " 8rhyBA + 4abrhy + 6ak (27)

For B = 0 (impermeable plate) we have no injection and suction. We also can obtain from (27):

Srhy
“1‘_25Thf+3k ’ by =0

L 3orhy G- 3k

17 287k + 3k ’ Y7280k + 3k (28)

Considering above simplifications, we have two case for thermal field:

1- A<1
1 1

6T—( 280 )EP S Re? a  a=36( ! )EP . 29

x \1aa—np3) T "7 an —2%\1aa—n3) 7 (29)
2- A>1

1
5T_( 280 )zP g 1 ;
x \Z35A- 141402 —A4+35) | "% an
1 (30)
A=3 6( 1 )EP -3
— 20\ 35A 1+ 1402 —A%4+35) '

1
As we saw in (29) and (30), 67~xz. In order that Eq. (26) not be dependent on x, we easily
1

find in (27) and (28) that h, must be proportional to x 2. This is the vital condition for the
similarity solution that the solution must be independent of x [8]. So we can assume that [3]:

1
hf =cx 2 (31)
In order to simplify equations and have comparability with Ishak’s [5], Aziz’s [3] and
Shokouhmand’s [4] results, Eq. (28) was rewritten and a constant a, was introduced:
1
_¢ (L)Z
a= x\u. (32)
4.64Aa 13.92Aa 3

__mhRAd el - 33
9280a+3 ~ 1T 928Ma+3 d 9.28Aa + 3 (33)

a, =
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3. Results and Discussion

The focus in this section will be on the solving of the flow and the thermal fields. In order
to approach the goal, the FORTRAN software was used.
In order to compare our results with those of Ishak [5], we took the assumption that was

introduced by him:
1

n @ =5 (22 f, (34)

2\ x
Using iterative method to find B, we tried to obtain § from Eq. (18) and f(n) from Eq. (17) for
various values of f,,.

1
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Figure 1: Velocity profiles for various values of f,, Figure 2: Hydrodynamic boundary layer thickness

for various values of f,,

Fig. 1 shows the velocity profiles for different values of suction/injection parameter f,,. As
it was seen in Egs. (17) and (18), parameters a and pr give no influence to the flow field. It
was observed that the velocity gradient was increased by suction and decreased by injection. It
means that the skin friction, correspondingly, increased as f,, increased and decreased as f,
decreased. Thus the surface shear stress is higher for suction (f,, < 0) compared to injection
(fw > 0).

Fig. 2 shows the hydrodynamic boundary layer thickness 8, for different values of f,,. It was
observed that & increased as f,, increased and decreased as f,, decreased. This observation can
easily justify our results in Fig. 1.

We also tried to compare our results with aziz’s [3], Ishak’s [5] and Shokouhmand;s [7] for
impermeable surface of the plate. In order to that, we took new variable y, and new
dimensionless temperature function that were introduced by Aziz [3]:

T —T, Tr —

T
P 2 (35)

() =
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1 1 1
Uxo\2 Eq. (24) y ( 14 )f Uw\2 Y
=y|l— — y=464—A|l—]| |— =—
4 y(vx) 4 Or \Ug ( v ) i 4.64 A (36)

With this new variable we can obtain from Egs. (26), (32), (34) and (35):

9'(0) = 3—a (37)

9.28Aa+3
Needless to say, we obtained Eqs. (34)-(37) just to compare our results with those of Aziz
[3], Ishak [5] and Shokouhmand [7]. Now we can calculate 9(0) and 9'(0) from Egs. (34) and
(37), respectively, with iterative method to obtain A.

0.16 | [
! (@) | osf (b)
I o i
0.7F
—m [
A A [
o6f
05
o i S i
S —@— Aziz 8 I —— Aziz
BQOAl —ah— Integral method 530.4- —a— Integral method
H —&— Ishak [ —— Ishak
osf
0.08
0.2H
0068
r 0.1
0 5 10 15 20 0 5 10 15 20
a a

Figure 3: A comparison between presented results for 9'(0), a)pr = 0.1, b) pr =10

Table 1: Values of 9'(0) for pr = 0.5 and various values of a. (The similarity solution was reported by [7])

a | Similarity | Integral method a | Similarity | Integral method
0.05 | 0.04192336 0.0417384 0.8 | 0.19596121 0.191985
0.1 | 0.07218628 0.0716398 1 | 0.20605591 0.201665
0.2 | 0.11295543 0.111623 5 | 0.24672765 0.240458
0.4 | 0.1574047 0.154829 10 0.98431 0.986633
0.6 | 0.1811687 0.177765 20 0.99209 0.993271

Fig. 3 shows a comparison between the results that presented by Aziz [3], Ishak [5] and the
present study (integral method). It is obvious that the numerical results for pr = 0.1 are
relatively not enough accurate, owing to the small boundary layer thickness set in all the
computations. It is well known that the prandtl number pr is a ratio of viscous to conduction
effects, so the lower prandtl number, the thicker thermal boundary layer [8].

Table 1 shows Values of 9’ (0) for various values of a. The similarity solution results in this
table were reported by H.Shokouhmand [7]. The difference between our solution and results
reported by [7] in the worst situation was about 0.2%, so it is evident that our solution results
are relatively accurate.
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Figure 4: Temperature profiles for various values Figure 5: Temperature profiles for various values
of pr when f,, = 0anda =1 of a when f,, =1 andpr = 0.72

Fig. 4 shows the temperature profiles for different values of pr when the other parameters
are fixed. It is evident from this figure that the temperature gradient at the surface increases as
pr increases, which implies an increase in the heat transfer rate at the surface. This is because
a higher Prandtl number fluid has a relatively lower thermal conductivity, which reduces
conduction, and thereby the thermal boundary layer thickness, and as a consequence the heat
transfer rate at the surface increases [8].

Fig. 5 shows the temperature distribution for a fixed Prandtl number of 0.72 and for various
values of the parameter a. It is seen in Fig. 5 that the surface temperature 6(0) increases as a
increases. The parameter a at any location x is directly proportional to the heat transfer
coefficient associated with the hot fluid hr. The thermal resistance on the hot fluid side is

inversely proportional to hy. Thus as a increases, the hot fluid side convection resistance

decreases and consequently, the surface temperature 6(0) increases [3]. As it is evident in Egs.
(31) and (32), hy — o0 as a — oo, so the solution approaches the classical solution for the

constant surface temperature that was considered by Pahlhausen [6].

3. Conclusions

The problem of steady laminar boundary layer flow and heat transfer over a stationary
permeable flat plate with convective boundary condition was considered. Integral method
solution was used to solve this problem. The solution was compared to the similarity solution
results that were reported by some other studies. It was seen that the difference between results
was negligible. It was observed that integral method solution exists if the convective heat
transfer from the lower surface and the mass transpiration rate at the surface are proportional to
x~1/2 where x is the distance from the leading edge of the solid surface. It was also found that
suction decreases both hydrodynamic and thermal boundary layers. Thus, suction increases
surface shear stress and as a consequence increases the heat transfer rate at the surface and
increases velocity and temperature gradient while injection acts vice versa.
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