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Decoherence in a one-dimensional quantum walk
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In this article we study decoherence in the discrete-time quantum walk on the line. We generalize the method
of decoherent coin quantum walk, introduced by Brun et al. [Phys. Rev. A 67, 32304 (2003)]. Our analytical
expressions are applicable for all kinds of decoherence. As an example of the coin-position decoherence, we
study the broken line quantum walk and compare our results with the numerical one. We also show that our
analytical results reduce to the Brun formalism when only the coin is subjected to decoherence.
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I. INTRODUCTION

The quantum walk (QW) is the quantum analog of the
classical random walk (CRW). Notable differences between
the QW and the CRW are the quadratic dependency of
variance on the number of steps and the complex oscillatory
probability distribution in the QW instead of the linear variance
dependency and the binomial probability distribution in
the CRW. These differences between the QW and the CRW
have been used to present several quantum algorithms in order
to solve some specific problems [1-6] with performances
better than the best known classical versions. Recently Childs
has shown that the universal computation can be performed by
QW [7] and it is, therefore, another witness of QW importance.
Two types of QW have been introduced as the quantum
mechanical extension of CRW: discrete [8] and continuous
time [9]. Both have the same result in our problems but
finding the relation between them was an open problem for
several years. Recently this relation has been found [10,11].
Another classification of QW is based on the network over
which the walk takes place. The QW on a line is the simplest
possible configuration and has been well studied [8,12-16],
but other topologies such as cycles [17,18], two-dimensional
lattices [19-23], or n-dimensional hypercubes [24,25] have
also been investigated.

Quantum entanglement is another important property
of quantum mechanics which has recently attracted much
attention in view of its connection with the QW. The
effect of entanglement of the coin subspace on the
QW [14,21,26], entanglement between the coin and position
subspaces [20,27,28], and the QW as the entanglement
generators [29,30] are examples of these studies. In addition
to all these theoretical studies, experimental implementation
and realization of the QW is another interesting subject for
researchers [31-36].

In the experimental implementation, the environment ef-
fects will be so important, because in practice, the preparation
of pure quantum states without interaction with the envi-
ronment is impossible, and the environment can disturb the
quantum states and fade the quantum properties. Therefore
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it is very important to formulate and quantify the influence
of decoherence on the QW and several valuable researches
have been done about the decoherent QW [22,33,37-43]. Due
to the complexity of the analytical calculations, in most of
the previous studies the numerical calculations have been
used in investigation of the effects of decoherence on the
QW. Although analytical expressions have been driven for
some particular cases such as the QW with a coin subject to
decoherence [39] or the weak noises case [44], the general
analytical formulas with the wide range of use are not found
yet. The aim of this article is to generalize the approach of Brun
et al. [39] and show that such a generalization is applicable for
all kinds of decoherence in the one-dimensional discrete-time
QW.

This work is organized as follows. Section II gives a
brief review on the one-dimensional QW and decoherence.
Section Il is devoted to drive analytical expressions for the first
and second moments in the presence of general decoherence.
Our results have then been used in Sec. IV to analyze the
coin-position decoherence for which separation between the
coin noise and the position noise is impossible and, as an
example, an analytical calculation on the broken line noise has
been presented. An analysis of the coin decoherence for which
only the coin is subjected to decoherence is also presented in
this section and it is shown that our results reduce to the Brun
et al. formula for the coin decoherence. We summarize our
results and present our conclusions in Sec. V.

II. BACKGROUND

From the various methods of studying the effects of
decoherence on the quantum systems, the Kraus representation
is one of the widely accepted methods [45]. Let us define Hy
as the Hilbert space of our system (Walker) and Hg as the
Hilbert space of environment spanned by {|e,)}_,, where m is
the dimension of the environment’s Hilbert space. In practice,
it is not possible to completely isolate the system from the
environment, therefore in order to find the time evolution
of the system we should consider the time evolution of the
whole system (system-+environment) and obtain the state of
the system by tracing out over the environment’s degrees of
freedom, i.e.,

Psys = Tren(Up UT). (1)
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Here U acts both on the system and environment Hilbert
spaces. Without loss of generality we assume that the state of
the whole system is p = pp ® |envy)(envy|. So we can write
Eq. (1) as
m
Psys= Y _ {ealUlenvo) polenvo|U'le,) =
n=0
where E, = (e,|Ul|envy), n =0, 1, ..., m, are the so-called
Kraus operators. These operators preserve the trace condition,
ie, Y JEVE, =1.

Y E.pEl, (2

A. Decoherent one-dimensional QW

QW is the quantum version of the CRW where instead of the
coin flipping, we use the coin operator to make superposition
on the coin space, and instead of the walking in CRW we use
the translation operator to move quantum particle according to
the coin’s degrees of freedom.

In one-dimensional QW we have two degrees of freedom in
the coin space H,, spanned by {|L), |R)}, and infinite degrees
of freedom in the position space H,, spanned by {|i) i =
—09, ..., 0o}. The whole Hilbert space of the walker is defined
as the tensor product of the coin space H, and the position
space H,,i.e., H = H, ® H.. In one step of the QW we first
make superposition on the coin space with the coin operator
U. and after that we move the particle according to the coin
state with the translation operator S as follows

Uy, =SUQU,), (3)
where

S= lx+ x| ® R)(RI+ |x — (x| @ [LYLI. (&)

Therefore the quantum walking is defined by
Wt + 1) = Uy|¥ @) — [W(@®) = Uy, |W(0). (&)

In ideal case that one can isolate the system from the
environment perfectly, the time evolution of the system takes
place coherently and the state of the walker remains pure after ¢
steps of the walking. But in the real world where the interaction
between the system and the environment is unavoidable, the
purity of the system is decreased and the state of the walker
becomes mixed. In this case we should consider the evolution
of the whole system, i.e, system+environment, defined on the
Hilbert space

H=Hy ® H, ® H,. (©)

By definition of the Kraus operators, one step of the walking
can be written as follows

pt+1) =) E.p(E]. )

n=0
For ¢ steps, we can write

m

p(t) = Z > ZEm

ny=! =0 nz—on]—o

-En,E, p(O)E} E] - El . (8

ny

It is worth noting that the Eq. (8) is general and the Kraus
operators E, include the whole information of all types
of evolution. It follows, therefore, that the coin operator,
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the translation operator and the environment effects all are
embedded in E, and we did not assume any restriction yet.

The Kraus operators satisfy an important constraint known
as completeness relation [45] which arise from the fact that
the trace of p(¢# 4+ 1) must be equal to one, i.e.

I=Tr(p(e + 1) ="Tr [Z Enp(r)E,ﬁ]

=Tr [Z E,ﬂEnpm] o

Since this is true for all p then

ZEnfEn =1 (10)

To make any progress we should therefore find the Kruse
operators for our system defined in Eq. (2), and use Eq. (8)
in order to obtain the final state p(t). Evidently, the E, are
operators that act on the system (coin+position) Hilbert space,
and therefore we can write the general form of E,, as follows

En=D D el

x,x' i,j

—ZZZa;”},,uH wl @G, (1)

where x,/ = —o0,...,00and i, j = {L, R}.

In the following section we show that a reasonable sugges-
tion on the coefficient a™ of Eq. (11) enables us to derive
useful analytical expression for the first and second moments
of position.

Nixl @ i)l

B. Environment effects (decoherence)

In this section we briefly discuss the interpretation of noisy
evolution and the Kraus representation. Assume that the p; is
the probability that the ith unknown reason affects the state
of the system. In other words, the evolution operators A; act
on the system with the corresponding probabilities p;.

Now we are interested in the walker, though the uni-
tary evolution takes place in the Hilbert space of the
system+environment, given in Eq. (6). Furthermore the
environment could be the rest of the universe, so determining
the exact reasons needs the investigation of the whole universe
which is impossible.

Fortunately, in practice, understanding of the exact form of
the environment is not required. Let us assume that we have
r different operators A;, i = 1,...,r, where each of them
acts on the system with the probability p;. If the environment
be in the state |e;) then the operator A; acts on the system.
Therefore, we can imagine the r-dimensional Hilbert space
for the environment, spanned by {|e;) and the following
initial state for the environment

vriler) +/palex) + -+ /prles).  (12)

It is clear that the probability of finding the environment
in the state |e;) is p;. Therefore we can write the unitary

r
i=1’

lenvy) =
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transformation of the whole system (environment+-system) as
follows

U=lei)el| ® A1 + |e2){e2]l ® Az + -+ - + |er) (e | @ A,
(13)
So the Kraus operators will be
E; = (e;|Ulenvy) = /pi Ai. (14)

Accordingly, the Eq. (7) gives the density matrix after the first
step as

15)

o= Z EipE;[ = Z piAiPAj-
i=1 i=1

As we see, this is exactly our expectation from the influence
of noise because it gives p’ as a mixture of different evolutions
with the corresponding probabilities p;. With Egs. (12)
and (13) we can represent the effects of noise by the Kraus
operators.

III. FORMALISM

The Fourier transformation is a powerful tool for analytical
investigation of the one-dimensional QW, where is defined as

follows
T dk
lx) = o
g 27

Using this transformation we can write Eq. (11) in k space as

y . dkdk’
=YYl [

xd i

e k). (16)

e ke Iy (K | ® i) (.

a7

In the following we assume that the coefficients a;”l) ;. ; are not

dependent on the coordinate x. This means that the probablhty
of translation in the position space depends only on the length
[ of the translation, not on the position x where the translation
takes place. In view of this constraint on the a®™, we are
able to derive an analytical expression for the first and second
moments of the position, which is applicable for a large family
of decoherence in the one-dimensional QW. In this regime, the
Eq. (17) takes the following form

o (n) dkdk' —ilk ’ ’ e
Ev=30 al || Soae otk — KOk @11,
I i
(18)
where we have used the orthonormalization relation

> e = 2w sk — k). (19)

By integration on k’ and changing the order of integration and
summation we get

E, = f 9K otk @ Cuto, 20)
21

where

Cu(k) =

Zzal('i)] —zlk|l (.

2n
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Now by writing the general form of py in the k space as

dkdk’'

w= [ G ) ol 22)

the first step of Walking from Eq. (7) becomes

p —/f |®Zc (k) 0) (Yol C (k")
a’kdk’ ,
/f YK ® Lyw [¥0) (Yol (23)
where L ;- is a superoperator defined by

(24)

Liw0 =) Cyik)OCIK).

Therefore after ¢ steps, the state of the walker and the
probability of finding the walker in position x are, respectively,

dkdk’'

P(f)=// a2 v 1W0) (Yol (25)
and
dkdk/
P, 1) = (e ) (K 15T (£l o)
dkdk/ e ,
Z/ / a2 EOTe(L o). (26)

Note that the completeness relation given in Eq. (10) implies
that

> Cltk)Culk) = 1. (27)

It follows from this condition on the coin operator that the
superoperators Ly j are trace preserving, i.e.,

Tr(Ly ; O) = Tr (Z C,l(k)éc;(k))

=Tr (Z C,i(k)cn(k)é) =Tr(0) (28)

and therefore

Tr(L}, O) = Tr(0),
which are true for arbitrary operator O.
Evidently if we know the operators C,(k), the state and
the probability distribution of the system can be obtained by
direct using of Egs. (25) and (26). But unfortunately it is these
equations which are difficult to handle, and therefore we turn
our attention on the moments of this distribution. The mth
moment of the probability distribution p(x, t) is defined by

= Zx'"p(x, 1).
X

Inserting Eq. (26) in Eq. (30) we get

= ﬁ me f / dkdk'e 7 OTr(Lypo).  (31)

(29)

(30)

032321-3



ANNABESTANI, AKHTARSHENAS, AND ABOLHASSANI

Using the orthonormalization relation (19), we get for the
moments (x) and (x2)

—i dS(k' — k)
(X) o /-f dkdk TTI‘(,CZH,O())

1 (d25(k — k)
()C2> = E // dkdk WT ( Kk’ p())

In order to carry out these integrations we need the following
equations

(32)

d ~ dC,(k) ~ /

n

(33)
d ~ dC,l(k
@Tr(ﬁkkrO) Tr (Z Co(k)O—2—= ) )
where according to Eq. (21)
dC (k) n i
=22t )
(34

dcl(k/)

T ZZ! (a7 ;) ™ 1i)il.

Since the superoperator L ;- acts on the density matrix which
is positive and Hermitian, we can write the Eq. (33) as
follows

d
ETr(f'kk p) = Tr(Gri 0)
(35)
d
@Tr(['kk/ﬂ)) = Tr(G'pep),
where
- dCu(k) ~ .
G0 =) dk( Lociw). (36)

n

Finally by carrying out the integrations of Eq. (32) and putting
everything together, we arrive at the following relations for the
first and second moments

(x), =i /
m—1

dk
,_f ZZTr GLLE " Gy~ o) (o)

m=1m'=1

ZTr {Ge (7 1o (Wol) }

, (37
+G L *‘(gk,cm*h/fo)(l//d)}
/ S (2 o),
2
where we have defined
_dGl,| —dCu) dchw)
T = dk | _ N Z ak ¢ k| (38)
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and have used Ly = Ly and Gy = Gy for the sake of
simplicity. It is worth noting that thus obtained moments
in Eq.(37) are a generalization of the moments given by
Brun er al. in Ref. [39], in the sense that they are applicable
for all kinds of decoherence.

IV. CALCULATIONS AND RESULTS

In this section our task is to show that the method is
applicable for all possible kinds of decoherence. To this aim, in
the first subsection we consider the broken line decoherence
as an example of the coin-position decoherence for which
we cannot separate the coin noise from the position noise. In
the second subsection, we restrict ourselves to the case that
the coin is subjected to decoherence but the position is free
of noise and show that our method reduces to the result of
Brun et al. given in Ref. [39].

A. Coin-position decohrence

In this subsection we investigate the effects of coin-position
decoherence on the QW. As an example of our approach we
find the diffusion coefficient of the one-dimensional QW in the
presence of broken line noise. This model has been studied by
Romanelli et al. [42], where the authors have calculated the
diffusion coefficient numerically. They have introduced broken
line decoherence for the one-dimensional QW in such a way
that the connection between neighbors of current position
breaks with probability p, i.e., the walker does not walk with
probability p. It turns out that with probability (1 — p)? both
links are connected and the walker proceeds normally. On the
other hand, with probability p(1 — p) (res. p?) one line (res.
both lines) is broken and the walker is returned back (res. is
stopped) (see Fig. 1).

Let us rename S in Eq. (4) to S; as the translation operator
for the case that we don’t have any broken line. We also define
the translation operators S,, Sz, S4 for the cases that the left,

n-1 n n+1
\___/ N T
n-1 n n+1
TN TN
0 ===
n-1 n n+1
,—""-\ /-—-\
(©) N~ OC‘\.__/
n+1

(d) —oQCoQCo—

FIG. 1. Possible situations for site n when there are (a) no broken
links, (b) the link to the left of the site is broken, (c) the link to the
right of the site is broken, and (d) both links are broken. The arrows
indicate the direction of the probability flux associated to the L,R
components.

(@)
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right, and both lines are broken, respectively, i.e.

Si=Y_lx+1){x| ® [R)(R| + " |x — 1)(x| ® |L)(L]|

Sy =Y x4+ 1){x| ® [R)(R| + €™ [x) (x| ® |R)(L|

, (39)
$3 =Y [x)(x| ® |L)(R| + € |x — 1)(x| ® |L)(L|

Sa =) ) x| ® (IR)L|+ ¢ |L)(R]).

The situations corresponding to the above translation operators
are demonstrated in Fig. 1. Note that we have used the general
phase for each translation operator. Later we will see that we
need these generic phases in order to have the correct physical
phenomena.

As mentioned before, the environment state determines the
broken line situation. For instance, if the environment is in the
state |e;), then S; acts on the system and so on. Therefore,
according to the Eq. (12) we can define the initial state of the
environment as follows

lenvg) = (1 — pller) + v/ p(1 — p)(|ez) + le3)) + ples).
(40)
Also from Egs. (3) and (13), the general unitary transformation
of the system-environment is as follows
U =le){e1l ® S$iI ® H) + |ez2){e2] @ S2(I ® H)

+les)(e3] ® S3(I ® H) +les)(es] ® S4(I @ H),  (41)

where we have assumed the Hadamard walk, i.e., U. = H.
Therefore according to Eq. (13) A; = S;({ ® H), and we find
from Eq. (14) the Kraus operators as

Ey=(1-=p)) lx+1){x|® |R)(RIH

+ ex — 1)(x| ® |IL)(L|H (42)
Ey=/p(l—p)Y_ |x+1){x| ® |R)(R|H
+ " x) (x| ® |R)(L|H (43)
Es=/p(1—p)Y_ |x){x| ® [L)(R|H
+ e%lx — 1)(x| ® |IL)(LIH (44)
Es=p ) 10){x| @ (RNLIH +¢™|L){(RIH).  (45)

X

All of these operators are in the form given by Eq. (11). For
instance, the coefficients a'”’ for E, are

FON l-p __eie,l_p
LRR™ — 5  G-1LL~
V2 V2 46)
J _=r o e lop
1.,R,L ﬁ —1,L,R \/5 ’
where can be used in Eq. (21) and obtain C; as
l—p [ et o—ik
€= V2 \eitkton  _giteton) |- “7)
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Similarly, we can find the other C; as follows

T—p [ek el ik —ci®
0 0

2
1-p 0 0
G = 2\ ettt | _ Gilh+83) (48)

p (1 -1
Ci=—1 . o)
ﬁ 6194 6104

These C; must satisfy the completeness relation given by
Eq. (27). After some calculations we find that for any 6, 6, but
only when 6, — 63 = m, Eq. (27) is satisfied. In the following,
for simplicity, we choose 6 =63 =64 =0and 6, = 7.

According to Eq. (24), with these C; in hands, we can find
the superoperator Ly . But as we know, we have to calculate
the mth power of this superoperator which is not an easy task
to handle. To get around this complexity, we follow the method
of Ref. [39] and use the affine map approach. Since the L is
linear we can represent it as a matrix acting on the space of
two-by-two operators. To do this we note that one can represent
any two-by-two matrix by a four-dimensional column vector
as

C, =

o
O =rol +rio) + 102+ r303 = :; , (49)
r3
where

(50)

ri

%Tr(ai 0).

Here we have defined oy = I, and o; (i = 1, 2, 3) are the usual
Pauli matrices. '

Now, in order to find the superoperators Ly, Gy, Q,I, and J;,
we represent the action of them on an arbitrary two-by-two
matrix O as follows

1 0 0 0 7o
N 0 0 + p?
£,0 = - U N L B
0 0 —f+p e )
0 1-2p —2g —2h 73
0 i(p—1) ig ih ro
GO = 0 0 f  —e r (52)
0 0 e f mn
i(p—1) 0 -h g r3
I—-p 0 0 0 ro
7.0 = 0 0 —e —f r (53)
0 0 [ —e r
0 1-p 0 0 rs
and
Glo=g:o, (54)

where the last is obtained, simply, from the Hermiticity of the
Pauli matrices. Here e, f, g, and A are functions of p and k,
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defined by

e(p, k) = (p — 1)*sin (2k)

f(p.k) = (p = 1) cos (2k)

g(p, k) = p(l1 — p)sin (k)

h(p.k) = p(1 — p)cos (k).
With this representation we can calculate the moments given by
Eq. (37). Since Tr(L; O) = 2r and the Ly is trace preserving,

so it does not change r(. Therefore the only nontrivial result
arises from the following three-by-three submatrix

(55)

0 e f+p?
Mi=| 0 —fip e (56)
1-2p —2g —2h

For finding (x) in Eq. (37) we should take trace, accordingly,
only the first row of G, is important

-1 T ’ ry
e =— dk((p—l)gh)[ZM,T—‘} S G

- m=1 r3

We can use the geometric progression to simplify the summa-
tion in this equation.

T rl

()~ — | dk((p—1) g W)U — M| 2

-7

(58)

r3
|

t
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Note that we omit the M, in this equation because all
eigenvalues of M obey 0 < |A| < 1 and M} — Oinlong time
limit. All r dependence has vanished; therefore, in long time
limit the first moment is time independent.

The matrix (I — My) is exactly invertible and calculation of
(x), is straightforward but our interest is finding the diffusion
coefficient with below definition

(59)

where 02 = (x?) — (x)2. Clearly the time independent term
does not contribute to D, therefore we focus on finding the
second moment in Eq. (37). To begin with, let us first calculate
the last term of (x?),, i.e.,

T dk
[ e e v )
=1

— 60
_x 21 — (60)

Since only the first row of 7, [Eq. (53)] makes nonzero result
in the trace, therefore

T dk < .

/_2(1—,;000)5;;’—‘ Tl=a-py, 61
T = r
r3

where we put rg = 1/2 because of the normalization condition
of |10). Now we turn our attention to the first term of (x2), in
Eq. (37), i.e.,

L ) e SN , P
= / — Y TG NGy o) (ol) + Gl (G o) (Wol) }

_x 2T

m=1m'=1

t

. T dk - m—m'— f\ pm' — r
—i [ Y Y 0e-vemgG-ghe | 1.

m=1m'=1

where in the} second line we use the facts that only the first row
of Gy and Q,I makes nonzero result in the trace and that the first
row of G, is pure imaginary.

Since the £ is trace preserving and leaves ry unchanged,
we write

1/2 1/2

m'—1 r _ I‘{
L n = A (63)

r3 r}

Also from Egs. (52) and (54) we find the exact form of G, — QZ
as

0 (=D g h\ /p
0 0 0 0 r

0

G — GO =2i .
(p—1 0 0 0/ \n3

(64)

1/2
(62)
r3
[
Therefore we can easily write
12 fk, p.r)
m'— r . 0
Ge=gbLy | L | =i 0 (65)
r3 p— 1

Now putting everything together, we get for the second
moment (x2);

T dk
iy =a=pr+ [ Treepn. 6
T
where (we drop out arguments for simplicity)
0
t m—1 0
_ _ m—m'—1
F_ZI/ZI(W 1) g h)L; 0 (67)
m=1m= p _ 1
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Note that the f(k, p, ;’) doesn’t appear in IT', since

Sk, p,r)
0
0
0

Op-Dghycy ! =0. (68)

Same as before we can use the matrix M for calculating
Eq. (67)

t m—1 0
rz((p—l)gh)[ZZM,:"—m’—‘} 0 ], (©9
p

m=1m'=1 —1
where
t m—1 t
S My = =My (1 - My
m=1m'=1 m=1

= — M) "t —U - M) 'M}. (70)

By inserting this into Eq. (69), the calculation of (x?), will be
straightforward.

Our interest is finding D here, so only the time-dependent
terms will be important for us. By inserting the time dependent
term of Eq. (70) into Eq. (66) and definition of D given in
Eq. (59), we have

1. do?
D= - lim —
2 t—oo Ot

1, dk a7 .
—5{(—p>+f_”at} (1)

The matrix (I — M)~ is exactly invertible but its elements
are a little long to appears here. Fortunately, this matrix appears
in the form of

ar (0
=((p—1Dgh)I—M)"' 0 . (72
ar _
p—1
i.e., it is sandwiched between two vectors. It is not difficult to
calculate Eq. (71) to have

1 1— p)?
D= E{(l—p)—FQ[l—I(l—P)]}
p
1_
) (73)
P
where
K(p) = {1 —(1 = p)I(1 - p) (74)
and

dk cos(k) + x
I(x) = — 5 5 .
_x 27 cos(k)?x 4 cos(k)x + 2x? —2x + 1

The expression of D(p) in Eq. (73) is exactly same as the
numerical result of Ref. [42] in which the authors have
proposed a constant value for K and have estimated K ~ 0.4
by linear regression. But our analytical calculations show that
the coefficient K is a function of p [Eq. (74)] and ranges from
0.19 to 0.5 as p goes from 0 to 1 (see Fig. 2). The numeric
prediction of Romanelli et al. implies that for p = 0.44 the
diffusion coefficient is exactly the same as the unbiased
classical random walk, i.e., 1/2, but our analytical calculations

(75)
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FIG. 2. The K(p) versus p.

indicate that this probability is less than the numeric prediction
and is about p = 0.417. This means that for p < 0.417 the
diffusion coefficient is greater than the classical one and
the quantum walker spreads more faster than the classical
one. The origin of this difference is behind of the fact that
the numerical method can never be applied in problems with
infinite steps.

B. Coin decoherence

In this subsection we show that in the coin decoherence,
the general formalism of Eq. (37) reduces to the formalism of
Brun et al. presented in Ref. [39].

Let us suppose that before each step of walking, the
operators D™ acts on the coin subspace with probability p,,.
Then according to Eq. (13) the A,, are

A, =SUI @ H)(I®D™) =S(I®HD").  (76)

By plugging it into Eq. (14) and using the explicit form of §
we get

Ey=/Pn Y ¥+ 1){x| ® |R)(RIH D"

+|x — 1) (x| ® |L){L|HD™. (77)
Now by writing the operator H D™ in the basis {|R), |L)}
HD = 3 yfInis] (78)
r,s={R,L}

the Eq. (77) takes the following form

Ev=Pny. Z yallx + 1) (x| ® |R) (s
yilx — 1><x| ® |L)(s]. (79)

This equation is exactly in the form of Eq. (11) with the

specified values for /, i.e.,/ = 1, —1, hence
ain;? s yglz’ a(—nl) Ls — Vénz (80)

Therefore according to Eq. (21) we have

Z viye IR+ v e LY (il (81
={L,R}

Cu(k) =
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and
dc, (k) n i n i
Z yie IR (I — v et IL) (]
j=
= —zZC,,(k). (82)
And finally according to the definition of £; ;- in Eq. (36)
GewO = —iZ(Lyw O). (83)
Clearly Q,i’k/ 0 =i(L; v 0)Z, and the J; in Eq. (38) will be
. dgl,0 )
J0 = % = Z(L; 0)Z. (84)
k'=k

Inserting Eq. (84) into the last term of Eq. (37) we get

dk
f ZTr T ool )

m=1

L ZTr (e (2" 1) (o) ] 2)

- = ZTr L7 1Y) ol) = (85)

Finally, putting Eqs. (83) and (85) in the moment expressions
of Eq. (37), reduces them to the same expression as introduced
by Brun et al. [39] for only coin decoherence, i.e.,

- Z%Tr{z.cmoxw}
wiy=i [ 5 kS e 2p (25 o) i)

m=1m'=1

T ZL (L o) (Wol) Z) ). (86)

Therefor the first and second moments given in Eq. (37) are
general in the sense that they can be applied for any types
of decoherence, including coin-position decoherence, coin
decoherence, and position decoherence.

V. SUMMARY AND CONCLUSION

We have presented an analytical method for calculating
the first and second moments of the one-dimensional QW,
which are applicable for all kinds of decoherence. Our method
is a generalization of the Brun et al. method, introduced in
Ref. [39], where there the authors have presented the analytical
expressions for the first and second moments in the presence
of coin decoherence and have shown that the transition from
quantum to classic happens even for the weak coin noise.

We have made exact calculations on the broken line
decoherence as an example of the nonseparable decoherence

PHYSICAL REVIEW A 81, 032321 (2010)

of the coin-position system. Our analytical calculations are in-
consistent with the previous numerical result [42]. We have
shown that the K in the diffusion coefficient D is, indeed, a
function of p and ranges from 0.19 to 0.5 as p varies from
Oto 1.

Furthermore, our calculation shows that for p = 0.417 the
value of D is 1/2, exactly the same as the unbiased classical
random walk. This specific value of p is critical in the sense
that the transition from quantum to classic happens at this
point. In other words, the quantum walk with nonzero broken
line probability spreads faster than the classical random walk
if the probability of broken line is not higher than 0.417. For
higher values of p, the lines are broken too frequently and
this will prevent the full diffusion. The critical p, estimated
by the numerical calculation of Ref. [42], is a little higher than
the one obtained here analytically. The difference arises from
the nonability of numerical method in simulation of the QW
with infinite steps. We have also studied the case that only
the coin is subjected to decoherence and have shown that the
expressions for the first and second moments lead to the Brun
et al. results presented in Ref. [39].

The long time behavior of moments and, of course, the
variance can be used as a qualitative measure of classicality.
Therefore these calculated moments provides a powerful tool
for investigating the one-dimensional QW in the presence of
any kinds of decoherence. For instance, finding the particular
cases for which dependency of the variance on the time
remains quadratic, i.e., the decoherence does not affect the
quantumness, is an application of these moments. Brun et al.
[39] have shown that the quadratic time dependency of the
variance is preserved for many-coins QW subjected to the
coin decoherence, but their calculation is restricted to the coin
decoherence only. In this article this restriction is relaxed and
the model allows the presence of any kind of decoherence.

These formulas are useful also in the experimental im-
plementation of the quantum walk. The application of our
results for two kinds of decoherence, i.e., the coin-only and
the coin-position noises, has been done in this article. The
application on the position decoherence has been also tested
but the full calculations were so long to appear here. The
results of our calculations on the tunneling effect, for which
the position is subjected to decoherence, and its consistency
with the previous numerical work [33] confirm the usefulness
of these expressions for the position decoherence too. Other
aspects of the tunneling effects are also under consideration.
The article, therefore, can be regarded as a further development
in the study of decoherent one-dimensional QW.
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