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In this paper, a new matrix approach for solving second order linear partial differential
equations (PDEs) under given initial conditions has been proposed. The basic idea includes
integrating from the considered PDEs and transforming them to the associated integro-dif-
ferential equations with partial derivatives. Therefore, Bernoulli operational matrices of
differentiation and integration together with the completeness of Bernoulli polynomials
can be used for transforming integro-differential equations to the corresponding algebraic
equations. A rigorous error analysis in the infinity norm is given provided that the known
functions and the exact solution are sufficiently smooth and bounded. A numerical exam-
ple is included to demonstrate the validity and the applicability of the technique. The
results confirm the theoretical prediction.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

The theory of second-order partial differential equations (PDEs) has found extensive applications in the study of problems
in fluid mechanics, flow in porous media, heat conduction in solids, diffusive transport of chemicals in porous media, wave
propagation in strings and membranes, and in mechanics of solids [33]. The usual numerical methods for PDEs are weighted
residual techniques [18], finite element methods (FEMs) and boundary element methods (BEMs) [22]. Moreover, a huge size
of research works are related to the finite difference methods (FDMs) [2,11,19]. For instance, in [11] several explicit differ-
ence schemes are discussed for the numerical solution of the linear hyperbolic equations subject to initial and Dirichlet
boundary conditions.

In recent years several new approaches have been proposed for solving PDEs such as differential transform method (DTM)
[1,33], homotopy analysis method [14] and Adomian decomposition method (ADM) [4,13]. Also, one can refer to the meth-
ods that are based on radial basis functions (RBFs). In [21], Power and Barraco present a complete numerical comparison
between unsymmetric and symmetric radial basis function collocation methods for the numerical solution of boundary va-
lue problems for PDEs. However some classical ideas such as cubic B-spline scaling functions find their application for solv-
ing linear hyperbolic PDEs [10].

Operational matrices of differentiation and integration have become increasingly important in the field of numerical solu-
tion of PDEs. As a primary research work, one can refer to [26]. In [26], a double Walsh series is introduced to represent
approximately functions of two independent variables, and is then applied to analyse single as well as simultaneous first
order PDEs. The basic idea of this work is based on the Walsh operational matrix of integration. Kesan in [15,16] proposed
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two numerical techniques for solving linear PDEs by using Chebyshev and Taylor operational matrices of differentiation,
respectively. In [7], Dascioglu presents a new chebyshev operational matrix of differentiation for solving high order linear
PDEs with complicated initial and boundary conditions. After the work of [7], Bulbul and Sezer [5] propose a similar idea
for solving second order PDEs by the aid of Taylor operational matrix of differentiation. In [34], Bernstein operational matri-
ces for integration, differentiation and the product are introduced and are utilized to reduce the solution of the parabolic
PDEs to the solution of algebraic equations. Nevertheless, no theoretical results are provided to justify the high accuracy
numerically obtained. In this paper, in the light of the above-mentioned methods we present a new matrix method for solv-
ing second order PDEs in the following form
a
@2u
@x2 þ b

@2u
@t@x

þ c
@2u
@t2 þ d

@u
@x
þ g

@u
@t
þ hu ¼ Gðx; tÞ; ðx; tÞ 2 ½0;1� � ½0;1�; ð1Þ
subject to the initial conditions for variable t
uðx;0Þ ¼ f ðxÞ; x 2 ½0;1�;
@uðx;0Þ
@t ¼ mðxÞ; x 2 ½0;1�;

(
ð2Þ
together with the initial conditions for variable x
uð0; tÞ ¼ hðtÞ; 0 < t 6 1;
@uð0;tÞ
@x ¼ kðtÞ; 0 < t 6 1:

(
ð3Þ
It should be noted that we develop a new matrix approach, which was previously examined in [3,27–32], for solving second
order linear PDEs. Integrating from (1) with respect to x and t, enables us to impose the initial conditions (2),(3). Thus, com-
pleteness of Bernoulli polynomials together with the Bernoulli operational matrices of differentiation and integration can be
used to reduce the main problem to the associated system of algebraic equations. Actually this is the first operational matrix
approach for which the high accuracy can be justified both theoretically and numerically.

This paper is divided into the following sections. The properties of Bernoulli polynomials are presented in the next Sec-
tion. The numerical scheme for the solution of (1)–(3) is described in Section 3. A rigorous error analysis in the infinity norm
is given provided that the known functions and the exact solution are sufficiently smooth and bounded. The results of
numerical experiments are given in Section 5. Section 6 consists of a brief conclusion.

2. The properties of Bernoulli polynomials

Bernoulli polynomials (see, for instance [3,20]) and also Bernoulli functions [23], have received considerable attention in
numerical analysis. They appear in the integral representation of the differentiable periodic functions, since they are em-
ployed for approximating such functions in terms of polynomials. They are also used for representing the remainder term
of the composite Euler-Maclaurin quadrature rule [23]. Bernoulli polynomials can be defined in many ways such as the fol-
lowing form
B0nðxÞ ¼ nBn�1ðxÞ; 8n P 1;R 1
0 BnðxÞdx ¼ 0; 8n P 1;

B0ðxÞ ¼ 1:

8><>: ð4Þ
By using the following classical Corollary, one can expand an enough smooth function gðxÞ in terms of linear combination
of Bernoulli polynomials.

Corollary 1. [17] Assume that g 2 H ¼ L2½0;1� be an enough smooth function and also is approximated by the Bernoulli serieP1
n¼0gnBnðxÞ, then the coefficients gn for all n ¼ 0;1; . . . ;1 can be calculated from the following relation
gn ¼
1
n!

Z 1

0
gðnÞðxÞdx: ð5Þ
Corollary 2. Assume that Kðx; tÞ 2 H � H ¼ L2½0;1� � L2½0;1� be an enough smooth function and also is approximated by the two
variable Bernoulli series

P1
m¼0

P1
n¼0km;nBmðxÞBnðtÞ, then the coefficients km;n for all m;n ¼ 0;1; . . . ;1 can be calculated from the

following relation
km;n ¼
1

m!n!

Z 1

0

Z 1

0

@mþnKðx; tÞ
@xm@tn dxdt: ð6Þ
Proof. By applying a similar procedure in two variables we can conclude the desired result. h
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In the following lines, we will introduce Bernoulli operational matrices of differentiation and integration. If we assume
that BðxÞ ¼ ½B0ðxÞ; B1ðxÞ; . . . ; BNðxÞ�, then we have
½B0ðxÞ; B1ðxÞ; . . . ; BNðxÞ�0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
B0 ðxÞ

¼ ½B0ðxÞ; B1ðxÞ; . . . ; BNðxÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
BðxÞ

0 1 0 . . . 0
0 0 2 . . . 0
..
. ..

. ..
. . .

. ..
.

0 0 0 . . . N
0 0 0 . . . 0

26666664

37777775;
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

M

ð7Þ
where M is the Bernoulli operational matrix of differentiation. Similarly we have
Z x

0
½B0ðx0Þ; B1ðx0Þ; . . . ; BNðx0Þ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Bðx0Þ

dx0 � ½B0ðxÞ; B1ðxÞ; . . . ; BNðxÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
BðxÞ

�B1ð0Þ �B2ð0Þ
2 � � � �BNð0Þ

N 0
1 0 � � � 0 0
0 1

2 � � � 0 0

..

. ..
. . .

. ..
. ..

.

0 0 0 1
N 0

266666664

377777775;
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P

ð8Þ
where P is the Bernoulli operational matrix of integration. It should be noted that according to (4) one can write
Z x

0
½B0ðx0Þ; B1ðx0Þ; . . . ; BNðx0Þ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Bðx0 Þ

dx0 ¼ BðxÞP þ BNþ1ðxÞ � BNþ1ð0Þ
N þ 1

eT
Nþ1;
where eT
Nþ1 denotes the unit vector of dimension N þ 1. In our next computations we need to Kronecker multiplication of

matrices. Hence, we recall the definition of Kronecker multiplication of matrices and also an important property which is
related to Kronecker multiplications.

Remark 1. Suppose that A and B are two matrices of dimensions m� n and p� q, respectively, then the Kronecker
multiplication of A and B is denoted by A� B ¼ kronðA;BÞ and is defined in the following form
Am�n � Bp�q ¼
a11B � � � a1nB

..

. . .
. ..

.

am1B � � � amnB

2664
3775

mp�nq

: ð9Þ
Moreover the following interesting property is satisfied for matrices A;B;C and D with appropriate dimensions
ABð Þ � CDð Þ ¼ A� Cð Þ B� Dð Þ: ð10Þ
Now suppose that
Bðx; tÞ ¼ ½B0ðx; tÞ B1ðx; tÞ . . . BNðx; tÞ�1�ðNþ1Þ2 ; ð11Þ
where Biðx; tÞ ¼ ½Bi;0ðx; tÞ Bi;1ðx; tÞ . . . Bi;Nðx; tÞ� for all i ¼ 0;1; . . . ;N and Bm;nðx; tÞ ¼ BmðxÞBnðtÞ for all m;n ¼ 0;1; . . . ;N. Evi-
dently Bðx; tÞ ¼ BðxÞ � BðtÞ.

For clarity of presentation in our next computations, we assume that M ¼ M � INþ1 and bM ¼ INþ1 �M, where INþ1 denots
the identity matrix of dimension ðN þ 1Þ. Trivially @Bðx;tÞ

@x ¼ Bxðx; tÞ ¼ Bðx; tÞM, because
Bxðx; tÞ ¼ BðxÞ � BðtÞð Þx ¼ B0ðxÞ � BðtÞ ¼ ðBðxÞMÞ � ðBðtÞINþ1Þ ¼ ðBðxÞ � BðtÞÞ
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Bðx;tÞ

ðM � INþ1Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{M

: ð12Þ
By a similar way, we have @Bðx;tÞ
@t ¼ Btðx; tÞ ¼ Bðx; tÞM̂.

It should be noted that, such these differentiation processes are exact relations, in other words in the above relations the
equality symbol can be seen obviously. However in similar integration processes the equality symbol do not exists and the
approximation symbol is replaced.

Again we assume that P ¼ P � INþ1 and bP ¼ INþ1 � P. Obviously
R x

0 Bðx0; tÞdx0 � Bðx; tÞP, because
Z x

0
Bðx0; tÞdx0 ¼

Z x

0
Bðx0Þ � BðtÞð Þdx0 ¼

Z x

0
Bðx0Þdx0

� �
� BðtÞ � BðxÞPð Þ � BðtÞINþ1ð Þ ¼ ðBðxÞ � BðtÞÞ

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Bðx;tÞ

ðP � INþ1Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{P

: ð13Þ
By a similar way, we have
R t

0 Bðx; t0Þdt0 � Bðx; tÞbP .
In our computations, we also need to approximate

R x
0

R t
0 Bðx0; t0Þdt0dx0 by Bernoulli operational matrices of integration. For

this reason we can use both of the above-mentioned formulae as follows
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Z x

0

Z t

0
Bðx0; t0Þdt0dx0 �

Z x

0
Bðx0; tÞP̂dx0 � Bðx; tÞPP̂: ð14Þ
According to (8), the associated errors from using Bernoulli operational matrices of integration can be illustrated in the fol-
lowing Corollary.

Corollary 3. We have

(i)
R t

0 Bðt0Þdt0 ¼ BðtÞP þ ESN;tðBðtÞÞ, where ESN;tðBðtÞÞ ¼ BNþ1ðtÞ�BNþ1ð0Þ
Nþ1 eT

Nþ1.
(ii)

R t
0 Bðx; t0Þdt0 ¼ Bðx; tÞbP þ ESN;tðBðx; tÞÞ, where ESN;tðBðx; tÞÞ ¼ BðxÞ � ESN;tðBðtÞÞ.

(iii)
R x

0 Bðx0; tÞdx0 ¼ Bðx; tÞP þ ESN;xðBðx; tÞÞ, where ESN;xðBðx; tÞÞ ¼ ESN;xðBðxÞÞ � BðtÞ.
(iv)

R x
0

R t
0 Bðx0; t0Þdt0dx0 ¼ Bðx; tÞPP̂ þ ESN;x;tðBðx; tÞÞ, where
ESN;x;tðBðx; tÞÞ ¼ ESN;xðBðx; tÞÞP̂ þ ESN;tðBðx; tÞÞP þ ESN;xðBðxÞÞ � ESN;tðBðtÞÞ:
Proof. Part ðiÞ is proved, using the definition of Bernoulli operational matrix of integration:
Z t

0
Bðt0Þdt0 ¼ BðtÞP þ BNþ1ðtÞ � BNþ1ð0Þ

N þ 1
eNþ1:
Part ðiiÞ follows from
Z t

0
Bðx; t0Þdt0 ¼

Z t

0
BðxÞ � Bðt0Þð Þdt0 ¼ BðxÞ �

Z t

0
Bðt0Þdt0

� �
¼ BðxÞINþ1ð Þ � BðtÞP þ ESN;tðBðtÞÞð Þ ¼ Bðx; tÞbP þ BðxÞ � ESN;tðBðtÞÞ:
The proof of part ðiiiÞ is similar to that of part ðiiÞ.
Part ðivÞ follows from ðiÞ; ðiiÞ and ðiiiÞ:
Z x

0

Z t

0
Bðx0; t0Þdt0

� �
dx0 ¼

Z x

0
Bðx0; tÞbP þ Bðx0Þ � ESN;tðBðtÞÞ
� �

dx0

¼
Z x

0
Bðx0; tÞdx0

� �bP þ Z x

0
Bðx0Þdx0

� �
� ESN;tðBðtÞÞ

¼ Bðx; tÞP þ ESN;xðBðx; tÞÞ
� �bP þ BðxÞP þ ESN;xðBðxÞÞð Þ � ESN;tðBðtÞÞ

¼ Bðx; tÞPbP þ ESN;xðBðx; tÞÞbP þ ESN;tðBðx; tÞÞP þ ESN;xðBðxÞÞ � ESN;tðBðtÞÞ: �
In the next section, we will transform the basic PDEs into their associted system of linear algebraic equations.
3. The basic idea

In this section we want to convert the main problem (1) to an equivalent integro-differential equation which includes
initial conditions (2),(3) using a technique which can be generalized to equations in higher dimensions. Integrating both
sides of (1) with respect to t and x, respectively and also imposing the initial conditions (2),(3) yields
a
Z t

0
½uxðx; t0Þ � uxð0; t0Þ

zfflfflfflffl}|fflfflfflffl{kðt0 Þ

�dt0 þ b½uðx; tÞ � uðx; 0Þ
zfflfflffl}|fflfflffl{f ðxÞ

� uð0; tÞ
zfflfflffl}|fflfflffl{hðtÞ

þ uð0;0Þ
zfflfflffl}|fflfflffl{f ð0Þ

�

þ c
Z x

0
½utðx0; tÞ � utðx0; 0Þ

zfflfflfflffl}|fflfflfflffl{mðx0Þ

�dx0 þ d
Z t

0
½uðx; t0Þ � uð0; t0Þ

zfflfflffl}|fflfflffl{hðt0 Þ

�dt0

þ g
Z x

0
½uðx0; tÞ � uðx0; 0Þ

zfflfflfflffl}|fflfflfflffl{f ðx0 Þ

�dx0 þ h
Z x

0

Z t

0
uðx0; t0Þdx0dt0 ¼ gðx; tÞ; ð15Þ
where gðx; tÞ ¼
R x

0

R t
0 Gðx0; t0Þdt0dx0. Without loss of generality, we can assume that b – 0. If b ¼ 0 in (1), by linear transforma-

tions in spatial x and time t variables, one may apear b in (1) and take it to be nonzero. With the assumption of b – 0, Eq. (15)
can be rewritten in the following form
uðx; tÞ þ a
b

Z t

0
uxðx; t0Þdt0 þ c

b

Z x

0
utðx0; tÞdx0 þ d

b

Z t

0
uðx; t0Þdt0 þ g

b

Z x

0
uðx0; tÞdx0 þ h

b

Z x

0

Z t

0
uðx0; t0Þdt0dx0 ¼ Qðx; tÞ; ð16Þ
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where
Qðx; tÞ ¼ f ðxÞ � f ð0Þ þ hðtÞ þ 1
b

Z x

0
cmðx0Þ þ gf ðx0Þð Þdx0 þ 1

b

Z t

0
akðt0Þ þ dhðt0Þð Þdt0 þ 1

b
gðx; tÞ:
We now suppose that uðx; tÞ can be approximated in terms of linear combination of Bernoulli polynomials as follows
uðx; tÞ � uNðx; tÞ ¼
XN

m¼0

XN

n¼0

um;nBmðxÞBnðtÞ ¼ Bðx; tÞU; ð17Þ
where
U ¼ ½u0;0 u0;1 . . . u0;N u1;0 u1;1 . . . u1;N . . . uN;0 uN;1 . . . uN;N�T :
Our aim is to determine all the components of U. For this purpose we should approximate Qðx; tÞ with the aid of Bernoulli
polynomials in the following form
Qðx; tÞ � QNðx; tÞ ¼
XN

m¼0

XN

n¼0

Q m;nBmðxÞBnðtÞ ¼ Bðx; tÞQ : ð18Þ
We note that all components of Q can be obtained from (6) where
Q ¼ ½Q 0;0 Q0;1 . . . Q 0;N Q 1;0 Q 1;1 . . . Q 1;N . . . Q N;0 Q N;1 . . . Q N;N �T :
By substituting uNðx; tÞ and QNðx; tÞ (as approximations of uðx; tÞ and Qðx; tÞ, respectively) in (16) we have
uNðx; tÞ þ
a
b

Z t

0
uN;xðx; t0Þdt0 þ c

b

Z x

0
uN;tðx0; tÞdx0 þ d

b

Z t

0
uNðx; t0Þdt0

þ g
b

Z x

0
uNðx0; tÞdx0 þ h

b

Z x

0

Z t

0
uNðx0; t0Þdt0dx0 ¼ Q Nðx; tÞ: ð19Þ
By using (12)–(14), the integral terms in Eq. (19) can be approximated and we have
Bðx; tÞU þ a
b

Bðx; tÞbPMU þ c
b

Bðx; tÞP bMU þ d
b

Bðx; tÞbPU þ g
b

Bðx; tÞPU þ h
b

Bðx; tÞPbPU � Bðx; tÞQ : ð20Þ
Since Bernoulli polynomials form a complete basis, the above equation can be simplified and hence
IðNþ1Þ2 þ
a
b
bPM þ c

b
P bM þ d

b
bP þ g

b
P þ h

b
PbP� �eU ¼ Q ; ð21Þ
where eU is an approximation of U. The above equation is a linear system including ðN þ 1Þ2 equations and ðN þ 1Þ2 un-
knowns. Eq. (21) can be written in the form W eU ¼ Q , where
W ¼ IðNþ1Þ2 þ
a
b
bPM þ c

b
P bM þ d

b
bP þ g

b
P þ h

b
PbP :
It should be mentioned that, the linear system W eU ¼ Q is a sparse one. Because, all of the matrices M; bM; P and bP are sparse
and have the following forms
M ¼ M � I ¼

0Nþ1 INþ1 0Nþ1 � � � 0Nþ1

0Nþ1 0Nþ1 2INþ1 � � � 0Nþ1

..

. ..
. ..

. . .
. ..

.

0Nþ1 0Nþ1 0Nþ1 � � � NINþ1

0Nþ1 0Nþ1 0Nþ1 � � � 0Nþ1

266666664

377777775;
bM ¼ I �M ¼

MNþ1 0Nþ1 � � � 0Nþ1

0Nþ1 MNþ1 � � � 0Nþ1

..

. ..
. . .

. ..
.

0Nþ1 0Nþ1 � � � MNþ1

266664
377775;

P ¼ P � I ¼

�B1INþ1
�B2

2 INþ1 � � � �BN
N INþ1 0Nþ1

INþ1 0Nþ1 � � � 0Nþ1 0Nþ1

0Nþ1
1
2 INþ1 � � � 0Nþ1 0Nþ1

..

. ..
. . .

. ..
. ..

.

0Nþ1 0Nþ1 � � � 1
N INþ1 0Nþ1

266666664

377777775;
bP ¼ I � P ¼

PNþ1 0Nþ1 � � � 0Nþ1

0Nþ1 PNþ1 � � � 0Nþ1

..

. ..
. . .

. ..
.

0Nþ1 0Nþ1 � � � PNþ1

266664
377775;
where INþ1 and 0Nþ1 denote the identity and zero matrices (of dimension N þ 1) respectively. Also, MNþ1 and PNþ1 are the
same that were defined in Section 2. In order to establish the sparsity of the coefficients matrix W, we assume that all of
the parameters a; c; d;g and h to be nonzero and depict the structure of matrix W256�256 (associated to N ¼ 15) in Fig. 1. From
this Figure, one can see that the coefficients matrix of system (21) is sparse. However in our numerical experiments we use
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direct solvers, but one can use high accurate robust iterative solvers which are suitable for solving such these sparse systems
[24]. Moreover, sometimes W ðNþ1Þ2�ðNþ1Þ2 is an ill-conditioned matrix for large values of N (see Fig. 2). Then, we need to pre-
condition the system (21) with similar ideas in [9]. Since the basic aim of this research work is the polynomial approximation
of some classes of PDEs and providing the convergence analysis, we do not focus on the concepts of preconditioning and
sparse iterative solvers. We will consider such these topics in the future works.

4. Convergence analysis

In all parts of this section we assume that kgðxÞk1 ¼ supx2½0;1�jgðxÞj and kuðx; tÞk1 ¼ supðx;tÞ2Djuðx; tÞj, where D is the unit
sqaure in R2.
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Now by using Corollary 1, we shall provide the error of the associated approximation.

Lemma 1 [17]. Suppose that gðxÞ be an enough smooth function in ½0;1� and be approximated by Bernoulli polynomials as done
in Corollary 1. With more details assume that gNðxÞ is the approximated polynomial of gðxÞ in terms of linear combination of
Bernoulli Polynomials and EðgNðxÞÞ is the remainder term. Then, the associated formulas are stated in the following forms
gðxÞ ¼ gNðxÞ þ EðgNðxÞÞ; x 2 ½0;1�;

gNðxÞ ¼
Z 1

0
gðxÞdxþ

XN

j¼1

BjðxÞ
j!

gðj�1Þð1Þ � gðj�1Þð0Þ
� �

;

EðgNðxÞÞ ¼ �
1
N!

Z 1

0
B�Nðx� tÞgðNÞðtÞdt;
where B�NðxÞ ¼ BNðx� ½x�Þ and ½x� denotes the largest integer not greater than x.
Lemma 2. Suppose gðxÞ 2 C1½0;1� and gNðxÞ be its approximated polynomial using Bernoulli polynomials. Then the error bound
would be obtained as follows
kEðgNðxÞÞk1 6 CbGð2pÞ�N
; x 2 ½0;1�;
where bG denotes a bound for all the derivatives of function gðxÞ (i.e., kgðiÞðxÞk1 6 bG for i ¼ 0;1; . . ..) and C is a positive constant.
Proof. By using Lemma 1, we have
jEðgNðxÞÞj ¼ j
1
N!

Z 1

0
B�Nðx� tÞgðNÞðtÞdtj 6 1

N!
bGkBNðxÞk1:
According to [3] one can write
BNðxÞ ¼
XN

n¼0

N

n

� �
Bnð0ÞxN�n ¼

X½N2�
l¼0

N

2l

� �
B2lð0ÞxN�2l � 1

2
N

1

� �
xN�1; x 2 ½0;1�:
Now we use the formula (1.1.5) in [17] for the even Bernoulli numbers as follows
jB2lð0Þj 	 2ð2lÞ!ð2pÞ�2l
:

Therefore
jBNðxÞj 6 2N!
X½N2�
l¼0

ð2pÞ�2l

ðN � 2lÞ!þ
N
2
¼ 2N!ð2pÞ�N

X½N2�
l¼0

ð2pÞN�2l

ðN � 2lÞ!þ
N
2
6 2N!ð2pÞ�Nexpð2pÞ þ N

2
:

In other words kBNðxÞk1 6 CN!ð2pÞ�N , wher C is a positive constant independent of N. This completes the proof. h
Lemma 3. Under the assumptions of Lemma 1, we have
kg0ðxÞ � g0NðxÞk1 6 kgðxÞ � gNðxÞk1 þ ð2pÞ�NbC bG; x 2 ½0;1�;
where bC ¼ ð2pþ 1ÞC and C together with bG are defined in Lemma 2.
Proof. According to Lemma 1. one can write
gðxÞ � gNðxÞ ¼ �
1
N!

Z 1

0
B�Nðx� tÞgðNÞðtÞdt;

g0ðxÞ � g0NðxÞ ¼ �
1

ðN � 1Þ!

Z 1

0
B�N�1ðx� tÞgðNÞðtÞdt:
Thus
g0ðxÞ � g0NðxÞ � gðxÞ � gNðxÞð Þ ¼ � 1
ðN � 1Þ!

Z 1

0
B�N�1ðx� tÞgðNÞðtÞdt þ 1

N!

Z 1

0
B�Nðx� tÞgðNÞðtÞdt

¼ 1
N!

Z 1

0
B�Nðx� tÞ � NB�N�1ðx� tÞ
� �

gðNÞðtÞdt:



F. Toutounian, E. Tohidi / Applied Mathematics and Computation 223 (2013) 298–310 305
Now by using the fact that kNBN�1ðxÞk1 6 ð2pÞ1�NCðN!Þ we have
kg0ðxÞ � g0NðxÞk1 6 kgðxÞ � gNðxÞk1 þ ð2pÞ�NbC bG: �
In [8], a generalization of Lemma 1, can be found. Therefore we just recall the error of the associated approximation in
two dimensional functions.

Lemma 4. Suppose that uðx; tÞ be an enough smooth function and uNðx; tÞ be the approximated polynomial of uðx; tÞ in terms of
linear combination of Bernoulli polynomials by the aid of Corollary 2. Then the error bound would be obtained as follows
jjEðuNðx; tÞÞjj1 :¼ jjuðx; tÞ � uNðx; tÞjj1 6 CKNð2pÞ�N
; ðx; tÞ 2 ½0;1� � ½0;1�;
where K is a positive constant independent of N and is a bound for all the partial derivatives of uðx; tÞ.
Remark 2. From Lemma 3, we have
kuxðx; tÞ � uN;xðx; tÞk1 6 kuðx; tÞ � uNðx; tÞk1 þ Nð2pÞ�N b̂CK; ð22Þ

kutðx; tÞ � uN;tðx; tÞk1 6 kuðx; tÞ � uNðx; tÞk1 þ Nð2pÞ�N b̂CK;
where b̂C is a positive constant independent of N.
Lemma 5. If we assume that the exact solution of (1) is sufficiently smooth and bounded, under the assumptions of Corollary 2 and
3, we have
lim
N!1
kESN;tðuNðx; tÞÞk1 :¼ lim

N!1
k
Z t

0
uNðx; t0Þdt0 � SN;tðuNðx; tÞÞ

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{Bðx;tÞP̂U

k1 ¼ 0; ð23Þ

lim
N!1
kESN;xðuNðx; tÞÞk1 :¼ lim

N!1
k
Z x

0
uNðx0; tÞdx0 � SN;xðuNðx; tÞÞ

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{Bðx;tÞ�PU

k1 ¼ 0;

lim
N!1
kESN;tðuN;xðx; tÞÞk1 :¼ lim

N!1
k
Z t

0
uN;xðx; t0Þdt0 � SN;tðuN;xðx; tÞÞ

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Bðx;tÞbPMU

k1 ¼ 0;

lim
N!1
kESN;xðuN;tðx; tÞÞk1 :¼ lim

N!1
k
Z x

0
uN;tðx0; tÞdx0 � SN;xðuN;tðx; tÞÞ

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Bðx;tÞPbMU

k1 ¼ 0;

lim
N!1
kESN;x;tðuNðx; tÞÞk1 :¼ lim

N!1
k
Z x

0

Z t

0
uNðx0; t0Þdt0dx0 � SN;x;tðuNðx; tÞÞ

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{Bðx;tÞPbPU

k1 ¼ 0:
Proof. We just prove the first term and the proof of the other terms is similar. Trivially ESN;tðuNðx; tÞÞ ¼ ESN;tðBðx; tÞÞU,
because
ESN;tðuNðx; tÞÞ ¼
Z t

0
uNðx; t0Þdt0 � SN;tðuNðx; tÞÞ ¼

Z t

0
Bðx; t0Þdt0 � Bðx; tÞbP	 


U ¼ ESN;tðBðx; tÞÞU;
where ESN;tðBðx; tÞÞ was defined in Corollary 3. It should be noted that
ESN;tðBðx; tÞÞ ¼ BðxÞ � ESN;tðBðtÞÞ ¼
BNþ1ðtÞ � BNþ1ð0Þ

N þ 1
B0ðxÞeT

Nþ1; B1ðxÞeT
Nþ1; � � � ; BNðxÞeT

Nþ1

� �
:

According to Lemma 2, we have
jESN;tðBðx; tÞÞj 6 2C2ðN!Þð2pÞ�ðNþ1Þ 0; � � � ; 0;
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{N times

0!ð2pÞ0; � � � � � � ;0; � � � ; 0;
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{N times

N!ð2pÞ�N

24 35:

Now (6) implies that jui;jj 6 K

i!j! for all i; j 2 f0;1; � � �g. Therefore
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jUj 6 K
1

0!0!
; � � � 1

0!1!
;

1
0!N!

;
1

1!0!
; � � � ; 1

1!N!
; � � � ; 1

N!0!
; � � � ; 1

ðN!Þ2

" #T

:

Thus
jESN;tðuNðx; tÞÞj 6 jESN;tðBðx; tÞÞkUj 6
2C2N!K

ð2pÞNþ1

1
N!
þ 1

2pN!
þ � � � þ 1

ð2pÞNN!

 !
;

¼ 2C2K

ð2pÞNþ1 1þ 1
2p
þ � � � þ 1

ð2pÞN

 !
: �
Lemma 6. [25] (Wendroff inequality) Let uðx; tÞ (and also /ðx; tÞ) be continuous and nonnegative functions on the unique square
D ¼ ½0;1� � ½0;1�. If uðx; tÞ and /ðx; tÞ satisfy in the following inequlity
uðx; tÞ 6 /ðx; tÞ þ a
Z t

0
uðx; t0Þdt0 þ b

Z x

0
uðx0; tÞdx0 þ c

Z x

0

Z t

0
uðx0; t0Þdt0dx0;
then
kuðx; tÞk1 6 k/ðx; tÞk1exp aþ bþ abþ c½ �:
In the following lines the main Theorem of this section will be provided.
Theorem 1. Assume that uNðx; tÞ ¼ Bðx; tÞeU be the approximated solution of (16) where the unknown Bernoulli coefficient vectoreU is determined by solving the algebraic system of Eqs. (21). If uðx; tÞ be the exact solution of (16), then we have
limN!1uNðx; tÞ ¼ uðx; tÞ.
Proof. Eq. (20) can be rewritten in the following form
uNðx; tÞ þ
a
b

SN;t uN;xðx; tÞð Þ þ c
b

SN;x uN;tðx; tÞð Þ þ d
b

SN;t uNðx; tÞð Þ

þ g
b

SN;x uNðx; tÞð Þ þ h
b

SN;x;t uNðx; tÞð Þ ¼ Q Nðx; tÞ; ð24Þ
where SN;t uN;xðx; tÞð Þ ¼ Bðx; tÞbPMU, SN;x uN;tðx; tÞð Þ ¼ Bðx; tÞP bMU, SN;t uNðx; tÞð Þ ¼ Bðx; tÞbPU,
SN;x uNðx; tÞð Þ ¼ Bðx; tÞPU, SN;x;t uNðx; tÞð Þ ¼ Bðx; tÞPbPU.
According to the definitions of Lemma 5, one can deduce that
uNðx; tÞ þ
a
b

Z t

0
uN;xðx; t0Þdt0 � ESN;tðuN;xðx; tÞÞ

� �
þ c

b

Z x

0
uN;tðx0; tÞdx0 � ESN;xðuN;tðx; tÞÞ

� �
þ d

b

Z t

0
uNðx; t0Þdt0 � ESN;tðuNðx; tÞÞ

� �
þ g

b

Z x

0
uNðx0; tÞdx0 � ESN;xðuNðx; tÞÞ

� �
þ h

b

Z x

0

Z t

0
uNðx0; t0Þdx0dt0 � ESN;x;tðuNðx; tÞÞ

� �
¼ Q Nðx; tÞ: ð25Þ
Now by subtracking (25) from (16) we have
uðx; tÞ � uNðx; tÞ þ
a
b

Z t

0
ux � uN;xð Þdt0 þ c

b

Z x

0
ut � uN;tð Þdx0 þ d

b

Z t

0
u� uNð Þdt0

þ g
b

Z x

0
u� uNð Þdx0 þ h

b

Z x

0

Z t

0
u� uNð Þdt0dx0 ¼ Qðx; tÞ � Q Nðx; tÞ þ JNðx; tÞ; ð26Þ
where
JNðx; tÞ ¼ � ð
a
b

ESN;tðuN;xðx; tÞÞ þ
c
b

ESN;xðuN;tðx; tÞÞ þ
d
b

ESN;tðuNðx; tÞÞ
�

þg
b

ESN;xðuNðx; tÞÞ þ
h
b

ESN;x;tðuNðx; tÞÞ
�
:

It should be noted that ðx; tÞ 2 ½0;1� � ½0;1�. Now by using Remark 2. one can write
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juðx; tÞ � uNðx; tÞj 6
jaj
jbj

Z t

0
juðx; t0Þ � uNðx; t0Þjdt0 þ jcjjbj

Z x

0
juðx0; tÞ � uNðx0; tÞjdx0

þ jdjjbj

Z t

0
juðx; t0Þ � uNðx; t0Þjdt0 þ jgjjbj

Z x

0
juðx0; tÞ � uNðx0; tÞjdx0

þ jhjjbj

Z x

0

Z t

0
juðx0; t0Þ � uNðx0; t0Þjdt0dx0 þ jQðx; tÞ � Q Nðx; tÞj þ jJNðx; tÞj þ 2 b̂CKNð2pÞ�N; ð27Þ
where b̂C is a positive constant independent of N. Now we can use Wendroff inequality [25,6,12] (or Gronwal inequality in
two dimensional functions) and hence
kuðx; tÞ � uNðx; tÞk1 6 eC kQðx; tÞ � Q Nðx; tÞk1 þ kJNðx; tÞk1ð Þ; ð28Þ
where eC is a positive constant independent of N. Lemma 4. implies that limN!1kQðx; tÞ � QNðx; tÞk1 ¼ 0, and also Lemma 5.
implies that limN!1kJNðx; tÞk1 ¼ 0. These complete the proof. h
5. Numerical experiments

In this section a numerical example is considered to demonstrate the efficiency and accuracy of the proposed method. In
this example, the linear algebraic systems are solved by using direct solvers in MATLAB 7:12:0 software with the Digits envi-
ronment variable assigned to be 20. However, one can use several iterative krylov subspace methods and determine the vec-
tor bU and hence the approximated solution Bðx; tÞbU is obtained. For more information about iterative krylov subspace
methods one can point out to the [24]. In this book, several iterative methods have been introduced for solving large sparse
linear systems. All calculations are run on a Pentium 4 PC laptop with 2:70 GHz of CPU and 2 GB of RAM. One of the basic
advantages of the proposed method is that, if the exact solution of the PDEs is a polynomial, one can find it by using sufficient
values of N. Moreover, the proposed scheme obtain high order accuracy for dealing with PDEs which have exact solutions in
the nonpolynomial forms. The readers can see the efficiency of the proposed method from the provided Figures and Table in
the following Example.

Numerical example. As a typical numerical example, we consider the following second order linear PDE
uxx � 3uxt þ utt ¼ 3expð�tÞcosðxÞ;
subject to the time initial conditions
uðx;0Þ ¼ sinðxÞ;
utðx;0Þ ¼ �sinðxÞ;
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Table 1
Absolute values of the error jeNðx; tÞj (=juðx; tÞ � uNðx; tÞj) at the selected points of numerical example

ðx; tÞ N ¼ 8 N ¼ 10 N ¼ 12 N ¼ 14 N ¼ 16 N ¼ 18

ð0;0Þ 4:500e� 010 2:060e� 010 2:900e� 013 1:310e� 013 6:700e� 016 8:200e� 017
ð0:1;0:1Þ 6:560e� 008 2:192e� 009 4:201e� 011 1:405e� 012 2:665e� 014 7:510e� 016
ð0:2;0:2Þ 6:135e� 008 2:556e� 009 3:944e� 011 1:640e� 012 2:531e� 014 9:070e� 016
ð0:3;0:3Þ 2:030e� 009 9:950e� 010 1:370e� 012 6:370e� 013 2:440e� 015 2:640e� 016
ð0:4;0:4Þ 5:748e� 008 1:469e� 009 3:699e� 011 9:430e� 013 2:576e� 014 7:700e� 016
ð0:5;0:5Þ 6:627e� 008 3:178e� 009 4:255e� 011 2:040e� 012 2:753e� 014 1:503e� 015
ð0:6;0:6Þ 1:514e� 008 2:959e� 009 9:590e� 012 1:900e� 012 4:880e� 015 1:451e� 015
ð0:7;0:7Þ 5:665e� 008 9:250e� 010 3:633e� 011 5:930e� 013 2:354e� 014 5:150e� 016
ð0:8;0:8Þ 9:087e� 008 1:591e� 009 5:816e� 011 1:019e� 012 4:441e� 014 4:800e� 016
ð0:9;0:9Þ 5:613e� 008 2:947e� 009 3:623e� 011 1:892e� 012 2:132e� 014 1:023e� 015
ð1:0;1:0Þ 3:232e� 008 2:331e� 009 1:566e� 011 1:483e� 012 1:221e� 014 7:690e� 016
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uð0; tÞ ¼ 0;
uxð0; tÞ ¼ expð�tÞ:




The exact solution of this PDE is uðx; tÞ ¼ expð�tÞsinðxÞ. Integrating from the above PDE with respect to x and t and imposing
the initial conditions yield
Z t

0
uxðx; t0Þdt0 �

Z t

0
uxð0; t0Þdt0 � 3 uðx; tÞ � sinðxÞ½ �

þ
Z x

0
utðx0; tÞdx0 �

Z x

0
utðx0;0Þdx0

	 

¼ 3

Z x

0

Z t

0
expð�tÞcosðx0Þdx0dt0:
In other words
Z t

0
uxðx; t0Þdt0 � 3uðx; tÞ þ

Z x

0
utðx0; tÞdx0 ¼ Qðx; tÞ;
where
Qðx; tÞ ¼
Z t

0
expð�t0Þdt0 � 3sinðxÞ �

Z x

0
sinðx0Þdx0 þ 3

Z x

0

Z t

0
expð�tÞcosðx0Þdx0dt0:
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Fig. 5. Coefficients matrix (W ðNþ1Þ2�ðNþ1Þ2 ) sparsity of the linear system (29) for N ¼ 20
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Eq. (21) implies that
bPM � 3IðNþ1Þ2 þ P bM� �eU ¼ Q ; ð29Þ
where the vector eU should be determined after solving the above system of linear algebraic equations.
We solve the above system by taking N ¼ 4; 6; 8; 10; 12; 14; 16 and 18. The error histories.
eNðx; tÞ=uðx; tÞ � uNðx; tÞ for N ¼ 4 and 6 are depicted in Figs. 3 and 4. Moreover, absolute values of the error function

jeNðx; tÞj=juðx; tÞ � uNðx; tÞj at the points ðx; tÞ ¼ ð i
10 ;

i
10Þ where i ¼ 0;1; . . . ;10 are provided in Table 1 by taking

N ¼ 8; 10; 12; 14; 16 and 18. From this table one can see high order of accuracy of the presented method. The sparsity
of the coefficients matrix W ðNþ1Þ2�ðNþ1Þ2 ¼ bPM � 3IðNþ1Þ2 þ P bM for N ¼ 20 are depicted in Fig. 5.

6. Conclusions

This paper presents a new matrix approach by using double truncated Bernoulli series for solving second order linear
PDEs subject to the given initial conditions. The technique is based upon integrating from the considered PDEs and then
transforming them to the associated Volterra integro differential equations. After this main step, Bernoulli operational matri-
ces of differentiation and integration together with the completeness of Bernoulli polynomials can be used for reducing
equations to the corresponding systems of algebraic equations. A rigorous error analysis in the infinity norm is given pro-
vided that the known functions and the exact solution are sufficiently smooth and bounded. It should be noted that this
is the first operational matrix approach for which the high accuracy can be justified both theoretically and numerically. A
numerical example is provided to confirm high order accuracy of the proposed method. However we examine here one-
dimensional problems only, it is straightforward to extend the method to more dimensions.
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