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Abstract. One kind of linear integral equation is the weakly singular integral equation; this kind of inte-
gral equation is unsolvable by using usual quadrature methods, such as the repeated trapezoid and repeated
Simpson quadrature methods. In this article, we intend to present a subtraction method, which is the same as
the modified quadrature methods; one can solve linear weakly singular integral equations of the second kind
through these methods. Some numerical examples illustrate the theoretical results. The numerical experiments
show the efficiency of our method.
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1 Introduction

The numerical solution of linear weakly singular integral equations has attracted the interest of the au-
thors (See [3—6, 9-11]). A general form of the linear weakly singular integral equation defined by the follow-

ing:
u(z) = f(x) +/ g(z, t)|x —t| " u(t)dt, 0 < a < 1, (1)
7}

where (2 is equal to (a,b) or (a,x) if Eq. (1) be a Fredholm or Volterra integral equation, respectively, and
g(x,t) is a bounded function on (2 .(Kernel in these equations is k(x,t) = g(z,t)|x — t|7%.)

One of the methods for solving this kind of equation is the modified quadrature method, which is ex-
plained in [7, 8, 14]. In this method, we weaken the singularity by subtraction as follows:

u(@) = £@) + [ alo.0le =t u(t)ar
— f@)+ /Q o, Dla — 1)~ u(t) — o(8))dt + u(x) /Q oo, D]z — | ~dt. @

Therefore, by using quadrature methods, one can solve weakly singular Volterra and Fredholm integral
equations by solving the following systems (3) and (4), respectively (for further information on quadrature
methods, see [1, 2, 7, 8, 13]).

u(zo) = f(20)
i—1

u(zi) = f(xi) + J;O wijg(wi, )| — 2|~ [u(zy) — u(w)] + Au(;) 3)
i—1
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where, A; = [ g(xi, t)]z; — t]~dt.

n
u(zi) = f(zi) + >0 wijg(@i, xj)|w — ;] [u(z;) — ulzi)] + Au(wi)
=0, j#i
. | 0
= flzi)+ X2 wijg(@i, zj)|z — 2| “ulz)) + wiu(z) , 0 =0,1,--- ,n,
Jj=0,5#i
where, A; = [7 g(x;, t)]x; — t|“dt.
In this article, we intend to demonstrate a new subtraction method similar to the above method. After-

wards, by using this process in the repeated trapezoid and repeated Simpson and block-by-block quadrature
methods, the weakly singular integral equations of the form Eq. (1) can be solved.

2 Theory of the method

For describing the theory of the new modified quadrature method, we consider two cases for Fredholm
and Volterra integral equations and explain the situation for each case. The general form of the linear weakly
singular Volterra integral equations is as follows:

u(z) = f(x) + /w gz, t)|z —t| %u(t)dt ,0 < o < 1. (5)
From Eq. (5), we get:

Yi Z5
(e = flai) + [ glas O~ u()d+ [ gl — o ulti, ©

Yi

where, x;s are points of a closed integration formula and a < y; < x;. Now we weaken the singularity in the
following way:

(wi) =f(e) + [ " g )l — t]u(t)dt + / " g )l — 70 [ult) — ulzs)] dt

Yi
T4
+ u(wz) / g(xz-, t)|xz — t’fadt. @)
Yi
Therefore, by choosing a < y; < x;, one can see a more general form of subtraction for weakening the
singularity.
For integral equations of Fredholm type, we have the following:

b
u(x;) =f(x;) —I—/ g(xi, t)|x; — t| " u(t)dt
=f(z;) + /yi g(xi, V)| — t|” Yu(t)dt + /zz g(xi, t)|z; — t|“u(t)dt

Yi
b
4 / o )| — £ u(t)dt
' Yi
=f(z;) + o)z — | %u(t)dt +
() /agm: Vs — ]~ u() /

2; b
+U(ffi)/ g(ffi,t)|ffi—t|_adt+/ g(@i, )]z — 1|~ u(t)dt, (®)

Yi Zi

g(@i, t)]ai — ¢ [u(t) — ulxi)] dt

Zi

3

where, a < y; < x; and x; < z; < b.
As we described above, we present our idea for solving linear weakly singular integral equations in each
quadrature method for solving each type of equation, i.e. Volterra and Fredholm integral equations. We will
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explain how we choose y; and z; when we explain the above method. We use the following notation for

simplicity:
u; = u(x;),
k(z,t) = g(z,t)|z —t|™°,
kij = k(aﬁi,wj).
3 Solving linear weakly singular volterra integral equations
3.1 Solving linear weakly singular volterra integral equations
In this quadrature method, for the subtraction and calculation of u; for ¢ = 1,2, --- , n, we consider the
1; as follows:
To = a,
h = 1 — X, (10)
Yi = Ti—1, L= 1727"' y 1.
Therefore, we weaken the singularity in the following form:
1 Tl
ul :fl +/ k(xl,t)u(t)dt + / k(xl,t)u(t)dt
a$1 X1 o
=f1+ / k:(xl, t) [u(t) — ’LL1] dt + uq / k‘(:ﬂl, t)dt
a a
=f1 + Bkio(uo — u1) + u1 4y
=f1+ Bkiouo + (A1 — Lkio)ua, (11
where, Ay = [ k(x1,t)dt. Similarly, we obtain the following:
1 T2
Uug =f2 + / k(mg, t)u(t)dt + / k(l’g, t)u(t)dt
al'l x;ﬁg T2
=fo + / ]C(:L‘Q, t)u(t)dt + / k‘($2, t) [u(t) — Ug] dt + us / k(l‘g, t)dt
a T x1
=fo + Bloguo + Lkorur + Bkor(u1 — us) + usAs
=f2 + Bkoouo + hkarur + (A2 — Skor) ug, (12)
where Ay = f;f k(x4,t)dt. The integrals in above are approximated by trapezoid formula.
Hence, in general, we get:
Uup = fUa A
h = h , (13)
U; = fl + §ki0u0 +h E kijuj + (AZ — §ki7i—1) U; , 1 = 1,2, e, N,
j=1
where
;
Az‘ = / k‘(l‘i,t)dt,i: 1,2,“‘ , . (14)
Ti—1
3.2 Repeated simpson modified quadrature method for volterra integral equations
In this quadrature method, for subtracting and calculating u; for ¢ = 2,3, --- , 2n, we consider the y;’s

as follows:
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ZTo = a,
h = x1 — xo,
. Tri—3 1= 3 5 2n — 1 (15)
Yi = Ti—o 1 =2,4,---,2n
As a result, we obtain:
9 2
=fo+ / k(zo,t)u(t)dt + / k(xa, t)u(t)dt
ax2 x9 o
:f2 +/ k(ZCQ,t) [u(t) —UQ] dt+U2/ k(.l‘g,t)dt
a a
=f2 + Bkoouo + Lhorus + (Az — Skoo — Lk us, (16)
where, Ay = [ k(x2, t)dt.
Similarly,
3 x3
us =f3 —|—/ k‘(:c;g,t)u(t)dt+/ k(zs, t)u(t)dt
axs T3 o
:f3 + / k(fL‘g, t) [u(t) — U3] dt + us / k(xg, t)dt
a a
=f3+ Lksouo + Lkgiur + Lhaous + (A3 — Lkso — Lhgy — Lksy) us, (17)
where, A3 = fax3 k(xs3,t)dt. The integrals approximated by Simpson’s 3/8 formula.
2 T4
Uy =f4 +/ k(l’4, ) ( )dt-i—/ k($4,t)’u,(t)dt
x§:4 T4
=f1 —I-/ k(xq, t)u(t)dt + k(xa,t) [u(t) — uq) dt + U4/ k(xq,t)dt
T2 2
=f1+ Bkaouo + Pharur + Lkasus + Lhagus + (As — Bhag — Lkaz) ug, (18)
where A4 = f;c; k(x4,t)dt and the integrals are approximated by Simpson’s formula.
Accordingly, we can write:
( ug = fOu
Uy = ’&‘27
i—1
ug; = fo; + % > (koi2j—ougj—o + 4kai2j1u2j—1 + k2i2iu2;)
j=1
+ B hgipi-ougi—o + ko gi1uzi—1 + (Ao — Bhoigi-o — Bhoigio1) ugi,i = 1,2,-+,n, (19
i—1
U211 = foit1+ 3 Z (k2it1,2j—2u2j—2 + 4koir1 25— 1u2i—1 + k2it1,2jU25)
‘77
+ §k2z+1,21—2u21—2 + §k2z+1,2z—1u21—1 + §k21+1,2zu2z
+ (Azisr — Lhoit12i2 — Bhoiy12i-1 — Bhoip1,2i) uzip1 i =1,2,--+ ,n— 1,
where
Aoy = [T k(zos,t)dt ,i=1,2,--- ,n,
2t fm2i3622¢+5 2 ) . (20)
A2i+1 = L2 ]{7(33‘27;+1,t)dt , 1 = 1, 2, e, N — 1.
In addition, the 72 can be obtained from the following system:
QTL() = f($0);
an = () + Lh(®F, wo)io + [Al - %k(%vl’o)] aa, Q1)
ﬂg = f(l'l) + %k(l‘l,xo)ﬁo + %k(ml, 7:13045961 )ﬁl + |:1212 — %k‘(l’l, .r()) — %k(ml, ng“) 7:627,
where
Al = fa IO+$1 t)dt (22)
Ay = [T k(w1,t
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3.3 Block-by-block modified quadrature method for volterra integral equations
In this quadrature method, we consider:

Trog = a,

h:.rl—.l‘(],
{xi_l i:1,3,---,2n—1 (23)

Yi = .

Ti—92 i:2,4,---,2n
Doing the subtraction process similar to that of the Simpson method used in Section 3.2, (for further
information on block-by-block methods see [7, 8, 14]) consequently, we obtain the following system of the
equations:
up = f07

i1
_ h h
ug; = foi + 3 D (koigjouzjo + 4kaioj 1uzj1 + kojoju2j) + Fhai2i2u2i—2
j=1

ahy h 4h -
+ Wk gi—1ugi—1 + (A2 — Skoigi—2 — koigi—1) ugi, i =1,2,--+ ,n, (24)
i
h 5h
ugit1 = foiv1 + 5 > (koiy1,2j2uoj—2 + 4koiy12j 1uzj—1 + Koig1,25u2;) + 15 k2i1,2iU2
=1
5h h h ,
L + (Ag2it1 — 25 koit1,2i + 15koi1,2i42) U2it1 — 15k2it12i42U2it2, 4 =0,1,--+ ,n—1

where

T2i—2

Agiv1 = [ k(i1 t)dt ,i=0,1,--- ,n—1.

T2

Aoy = [M* k(zo;,t)dt ,i=1,2,--- ,n,
{2 Joz, i) 05)

4 Solving linear weakly singular fredholm integral equations

In this section similar to that of Volterra integral equations, we present the trapezoid and Simpson modi-
fied quadrature methods for solving linear weakly singular Fredholm integral equations.

4.1 Repeated trapezoid modified quadrature method for fredholm integral equations

In this quadrature method, for solving weakly singular Fredholm integral equations, we choose y; and z;
as follows:

To = a,
h:xl—xo,
a t=0
yl_{ LTi—1 Z:1727 y (26)
P Tit+1 Z:0717 7n_1
7 b i=n

Thus, the u;, s can be calculated in the following way:

T b
Uug :f0+/ k(:ﬁo,t)u(t)dt-l-/ k(ﬂ?o,t)u(t)dt

z1

1 T b
—fo+ [ koo, ) u(t) — uoldt +uo [ (w00t + [ koo, yule)as
a a z1
=fo+ (Ao — Bkor) uo + hkorur + hkgoua + - - + hkig n—1 + Skopun, (27)

where Ag = [ k(xo,t)dt.
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b

up =f1+ /1C2 k(xy,t)u(t)dt —l—/ k(x1,t)u(t)dt

2

T2 2 b
=fi +/ k(z1,t) [u(t) — ui] dt + uq / k(xy,t)dt +/ k(zq,t)u(t)dt

z2

=f1 + Bkiouo + (A1 — Lk1o — Bk1o) ur + hkigus + -+ + bk n—1 + Lhinun, (28)

where Ag = [ k(xo,t)dt.

b

ul :fl + /12 k(ml,t)u(t)dt +/ k(xl,t)u(t)dt

2

T2 T2 b
=f1 +/ k(z1,t) [u(t) — ui] dt + uy / k(xy,t)dt —l—/ k(zq,t)u(t)dt

z2

=f1 + Bkiouo + (A1 — Lk1o — Zk1o) ur + hkigus + - -+ + bkt o1 + 2hinun, (29)

where, A; = fam k(xq,t)dt.

b
k:(:vg,t)u(t)dt+/ k(xa, t)u(t)dt

3

xr1 T3
u9 :fz + / ]f(.%'g, t)u(t)dt + /
a 1

3 3

b
k(xo,t) [u(t) — ug] dt + UQ/ k(xo,t)dt +/ k(xo, t)u(t)dt

T T3

—fot / " i , u(t)dt + /

=f2 + Bkoouo + hkarut + (Az — Skoy — Bkos) ug + hkogug + - -+ + hkop1tn—1 + Zkopuy, (30)

1

where 25
Ay = / (o, ).

1

Therefore, by continuing this procedure, we obtain:

n—1
up = fo+h Y kojuj + (Ao — Lkor) uo + Lkontin,
i=1

n—1
up = fi+ bkiouo +h Y Kijuj 4+ (A — Bl — BRii) w
j=Tj#i G1)
+ B, i =1,2,-- 0 — 1,

n—1

Up = fn + %kn,ouo +h Z knjuj + (An - %kn,n—l) Unp,
j=1

\

where
Ag = fa“ k(zo,t)dt,

Ai:fzij_ll k(.’lﬁ'“t)dt,Z:l,Q, 777,—1, (32)

Z5

An = [ Kz, t)dt.

4.2 Repeated simpson modified quadrature method for fredholm integral equations

In this quadrature method, we choose ¥; and z; in a such way that:

o — a,
hZZEl—ZL‘O,

a 1=10 Tit1 t=1,3,---,2n—1 (33)
Y = Ti—1 i:1,3,---,2n—1 , Ri = Ti42 ’L'ZO,Z,-'-,Q’I”L—Q

Ti—2 1=2,4,---,2n b 1=2n
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As aresult, the u;s calculated as follows:

b

w0 =fo + / " (o, u(t)dt + / (o, t)u(t)dt

x9 ’ T2 b
=fo+ / k(afo, t) [’U,(t) — uo] dt + ug / k(l‘o, t)dt + / k(l’o, t)u(t)dt

=fo+ (Ao — Lkor — Lkoo) uo + Lkorur + Lkoous + - + Lkoon—1u2n—1 + Bkoonton, (34)

where, Ag = [ k(wo,t)dt.

) b
(5% :f1 +/ k(a:l,t)u(t)dt +/ k(xl,t)u(t)dt
b

=f + /:]c2 k:(xl,t) [u(t) — U1] dt + u /z2 k(xl,t)dt + / ki(l‘l,t)u(t)dt

2
=f1+ Lkiouo + (A1 — Bkio — Bkio) wy + Zkoous + Lhogus + -+ + Lky on—1Uzn—1 + 2k1 2nUzn,
(35)

where, Ay = [ k(x1,t)dt.

b

Uug :f2 + /‘M k‘(%g,t)u(t)dt +/ k(%‘g,t)u(t)dt

4
b

=fo + /:]c4 k(l‘z, t) [u(t) — UQ] dt + us /14 k($2, t)u(t)dt + / k(xg, t)u(t)dt

4
=f2 + koouo + Lkarur + (A — koo — Lkoy — Lkog — Bhos) up + Lkogug + Lkoguy

+ .o+ %k272n_1U2n_1 + %k272nu2n7 (36)

where, AQ = fax4 ]{3({[)2, t)dt.
Hence, in general, we can write:

( n
h h ah h
ug = fo+ % (kogj—2uzj—2 + 4ko2j—1uzj—1 + ko2juzj) — %koouo + (Ao — ko1 — %koz) uo,
Jj=1
h n
u2ir1 = foir1 + 3 D, (Koiy1,2j2u2j2 + 4kait12j 1u2j 1 + koiy1,25u2j)
i=1
4h h h :
— Pkoig12i1u2i41 + (A2ip1 — Shoiv1,2i — Bk2it1,2i42) U2ig1,i=0,1,-+- ,n—1,
n
h 2h
ug; = foi + 5 > (koigjouzjo + 4kaizj 1uzj1 + kojojua;) — % ko 2iuz;
i=1
h 4h 4h h ,
+ (Agi — Bkaigi—2 — Fkoini1 — Stk2i2ir1 — Skoigize) ugi i =1,2,--+ ;n—1,
n

h h
Uzn = fon + 5 D (Kan2j—2uzj—2 + 4kon2j 1u2j—1 + Kon2jU;) — 5 k2n 2nUon
j=1

h ah
+ (Aon — Skonon—2 — Fkonon—1) ton,

(37)
where,
Ay = fj; k(zo,t)dt,
Agi = [722 k(g t)dt i =1,2,--+ ,n— 1, %)
A2i+1 = f;22;+2 k(SCQH_l, t)dt ,1 = 0, 1, R 1,

Agn = fm" k((L‘Qn,t)dt.

T2n—2

The above integrals are approximated by Simpson’s formula.
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5 Numerical examples

In this section, we clearly illustrate the repeated trapezoid modified quadrature methods that explained
in Sections 3.1 and 4.1 considering the following two examples. We solve these examples by using MATLAB
v6.5.

Example 1. Consider the following linear weakly singular Volterra integral equation:

u(z) = ﬁ%—%ﬂx—fg L

r—t

u(t)dt ,0 <z < 2. (39)
We intend to solve this integral equation by using the repeated trapezoid modified quadrature method

that we used for Volterra integral equations and that explained in Section 3.1. The result listed in the following
table. The exact solution to this equation is u(z) = /.

Table 1. The solution to Eq. (39) by using trapezoid modified quadrature method

Nodes Exact Solution Approximate Solution Error

0 0 0 0

0.1 0.3162277660 0.3210296603 0.004801894
0.2 0.4472135955 0.4475586571 0.000345062
0.3 0.5477225575 0.5464449624 —0.001277595
0.4 0.6324555320 0.6303044526 —0.002151079
0.5 0.7071067812 0.7043987834 —0.002707998
0.6 0.7745966692 0.7714977196 —0.003098950
0.7 0.8366600265 0.8332689639 —0.003391063
0.8 0.8944271910 0.8908080916 —0.003619099
0.9  0.9486832980 0.9448803069 —0.003802991
1 1 0.9960449558 —0.003955044
1.1 1.0488088482 1.0447255507 —0.004083298
1.2 1.0954451150 1.0912518733 —0.004193242
1.3 1.1401754251 1.1358866608 —0.004288764
1.4 1.1832159566 1.1788432555 —0.004372701
1.5 1.2247448714 1.2202976983 —0.004447173
1.6 1.2649110641 1.2603972631 —0.004513801
1.7 1.3038404810 1.2992666349 —0.004573846
1.8 1.3416407865 1.3370124800 —0.004628306
1.9 1.3784048752 1.3737268930 —0.004677982
2.0 1.4142135624 1.4094900387 —0.004723524

Example 2. Consider the following linear weakly singular Fredholm integral equation:
1
u(w)—x—i—/ In|z—t|u(t)dt,0 <z <1. (40)
0

We would solve this equation by using the repeated trapezoid modified quadrature method, which explained, in
Section 4.1 for n = 8,16, 32, 64. The numerical solutions at points z = 0, é, %, cee % given in the following
table:
6 Conclusion

Usually, the weakly singular integral equations by using the quadrature methods such as the repeated
trapezoid and the repeated Simpson quadrature methods are unsolvable, but the modified quadrature methods

that explained in this paper can solve these kinds of integral equations. The method explained in Section 2 is
better than the one explained in Section 1 because of the following reasons:
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Table 2. The solution to Eq. (20) by using trapezoid modified quadrature method

Nodes n=2~8 n =16 n =32 n = 64 Error for
0 —0.063548 —0.064812 —0.065060 —0.065047 —0.000013
0.125 0.008864 0.008332 0.008208 0.008188  0.000020
0.25 0.067351  0.066180 0.065731 0.065543  0.000188
0.375 0.123611 0.121476  0.120552 0.120128  0.000424
0.5 0.183109 0.179469 0.177827 0.177054  0.000773
0.625 0.251528 0.245377 0.242570 0.241236  0.001334
0.75 0.338353  0.327431 0.322466  0.320109  0.002357
0.875 0.467942 0.444938 0.434770 0.430005 0.004765
1 0.608145 0.621313  0.629216 0.633750 —0.004534

1. For calculating A; in each quadrature method we explained, we approximate the integral on an interval of
the length h,2h, 3h or 4h, but in the first method, we must approximate the integrals on an interval of the
length (a, b) or (a, x). This increases the error of approximation in the first method.

2. For calculating the values of weights w;;s in the first method, we must calculate w;; = (A; — > i Wi ki)
that contains (¢ + 1) statements in Volterra integral equations and (n + 1) statements in Fredholm integral
equations (see systems (3) and (4)). However, the principal advantage of our method is that we only need
to calculate at most five statements. For instance, in the repeated Simpson modified quadrature method, for
solving weakly singular Fredholm integral equations explained in Section 4.2, the weights w;;s calculated as
follows:

h
woo = Ao — 5 (4ko1 + ko2),
h .

wo; 2 = Agi — 5 (ki 2i—2 + 4k2i2i-1 + 4k2i 2001 + k2i2i0) 1 =1,2,--- ,n—1,

. = Ao —ﬁ(k‘- ko , i =0.1,--- -1
W254-1,2i+1 2i+1 3 \W2i+1,2¢ + R2i+1,2i+2 ), 1 ) I )

h

Won,2n = A2n — 3 (k2n2n—2 + 4kan2n—1).

(41)

In the other methods that we explained before in Sections 3.1, 3.2, 3.3 and 4.1, the number of statements
for calculating wy; is less than the above and is independent of the values of n. Hence, number of calculation
in our methods is less than the number of calculation in methods given in Egs. (3) and (4).
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