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In this paper, an iterative scheme is proposed to find the roots of a nonlinear equation. It is
shown that this iterative method has fourth order convergence in the neighborhood of the
root. Based on this iterative scheme, we propose the main contribution of this paper as a
new high-order computational algorithm for finding an approximate inverse of a square
matrix. The analytical discussions show that this algorithm has fourth-order convergence
as well. Next, the iterative method will be extended by theoretical analysis to find the
pseudo-inverse (also known as the Moore–Penrose inverse) of a singular or rectangular
matrix. Numerical examples are also made on some practical problems to reveal the
efficiency of the new algorithm for computing a robust approximate inverse of a real (or
complex) matrix.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

In numerical analysis and engineering applications, it is frequently required to solve the large sparse linear system
Ax ¼ b; x; b 2 Rn; ð1Þ
where A 2 Rn�n, is a large sparse real matrix. The direct solvers for finding the solution of (1) are expensive because a large
amount of work and storage is required. Iterative methods which combine preconditioning techniques are among the most
efficient ways for solving (1). More precisely, iterative methods usually involve a second matrix that transforms the coeffi-
cient matrix into one with a more favorable spectrum. The transformation matrix is called a preconditioner. Without a
preconditioner, an iterative method may have a poor convergence or even fail to converge. If M is a nonsingular matrix that
approximates the inverse of A (M � A�1), then the transformed linear system AMy ¼ b, x ¼ My will have the same solution as
the system (1), but the convergence rate of iterative methods applied to the preconditioned system might be higher. This
system is preconditioned from the right, but left preconditioning is also possible, i.e., MAx ¼ Mb. Generally speaking, the
preconditioner M should be chosen so that AM or MA are a good approximation of the identity matrix [13]. However, it is
not easy to find this kind of preconditioner for the large sparse linear systems.

In 1933, Schulz in [15] presented an efficient and stable method for computing an approximate inverse of the square
matrices as follows:
Vlþ1 ¼ Vlð2I � AVlÞ; l ¼ 0;1;2; . . . ; ð2Þ

http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2013.08.086&domain=pdf
http://dx.doi.org/10.1016/j.amc.2013.08.086
mailto:toutouni@math.um.ac.ir
mailto:fazlollah.soleymani@gmail.com
http://dx.doi.org/10.1016/j.amc.2013.08.086
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


672 F. Toutounian, F. Soleymani / Applied Mathematics and Computation 224 (2013) 671–680
where I is an identity matrix with the same order as the matrix A, and V0 is an initial approximation for A�1. This iterative
scheme was applied to compute the approximate inverse preconditioners M for solving the linear system (1) in [10].

In 2006, Saberi Najafi and Shams Solary developed (2) for the block matrices in [14]. They also stated that the method
converges quadratically under the condition: kI � AV0k < 1, where k � k is any subordinate matrix norm.

In 2010, Li and Li [11] proposed
Vlþ1 ¼ Vlð3I � 3AVl þ ðAVlÞ2Þ; l ¼ 0;1;2; . . . ; ð3Þ
where I is the identity matrix. They proved that the iterative method (3) has third-order convergence and satisfies the
error inequality kelþ1k 6 kAk2kelk3, where el ¼ A�1 � Vl. In addition, the authors presented a family of formulas as
follows:
Vlþ1 ¼ Vl kI � kðk� 1Þ
2

AVl þ � � � þ ðAVlÞk�1
� �

; k ¼ 2;3; . . . : ð4Þ
They showed that under the condition kI � AV0k < 1, the iterative formula (4) is convergent to A�1 and the order of conver-
gence for this formula is k.

In 2011, based on the Chebyshev’s method [17], Li et al. [10] obtained the iterative process (3). Then, by using the mid-
point rule method, and the Homeier’s method, they also obtained the iterative processes
Vlþ1 ¼ I þ 1
4
ðI � VlAÞð3I � VlAÞ2

� �
Vl; l ¼ 0;1;2; . . . ; ð5Þ
and
Vlþ1 ¼ Vl I þ 1
2
ðI � AVlÞðI þ ð2I � AVlÞ2Þ

� �
; l ¼ 0;1;2; . . . ; ð6Þ
respectively, for computing an approximate inverse of a matrix A. They stated again that under the condition kI � AV0k < 1,
the iterative formulas (5) and (6) are at least cubic convergent to A�1.

Motivated by the research in this field and also inspired by the recent works and computational algorithms found in [3],
we first present a new fourth-order iterative scheme to solve the nonlinear equation f ðxÞ ¼ 0. Then, by using this iterative
scheme, we obtain a sequence of approximations fVlg for calculating the inverse of a matrix A. We show that under some
conditions, this sequence is at least fourth-order convergent to A�1. Furthermore, the new method will be extended to find
the generalized inverse of a rectangular matrix (the Moore–Penrose inverse) via theoretical analysis.

The rest of this paper is organized as follows. Section 2 is devoted to present a new iterative scheme for the solution of
nonlinear functions. In Section 3, based on this iterative scheme, we obtain a new fourth-order computational algorithm for
finding an approximate inverse of a square matrix. The convergence analysis is carried out to establish the order of conver-
gence. Discussions on finding the pseudo-inverse using the new iterative method will be carried out in Section 4. In Section 5,
some numerical examples are given to show the performance of the presented method compared with some known second
and third order methods and also to illustrate the application of the new method in preconditioning of partial differential
equations (PDEs). Section 5 gives further new finding for obtaining the local convergence orders numerically. Finally, we of-
fer some concluding remarks in Section 6.
2. An iterative method for finding the solution of f ðxÞ ¼ 0

In this section, we assume that f ðxÞ has a simple root at a and x0 is an initial guess sufficiently close to a. For solving the
equation f ðxÞ ¼ 0, we suggest the three-step method
yl ¼ xl � f 0ðxlÞ�1f ðxlÞ;
zl ¼ xl � 2�1f ðxlÞðf 0ðxlÞ�1 þ f 0ðylÞ

�1Þ;
xlþ1 ¼ zl � ðf ½zl; xl�Þ�1f ðzlÞ; l ¼ 0;1;2; . . . ;

8><
>: ð7Þ
where f ½zl; xl� ¼ ðzl � xlÞ�1ðf ðzlÞ � f ðxlÞÞ is the two-point divided difference. This three-step iterative method is based on
the two-step cubically iterative method of Homeier (the relation (28) in [7]) and secant method. In fact, for
increasing the convergence order of Homeier’s method from three to four, we have performed a secant approach at the third
step of (7).

Note that we used this new iterative method in contrast to the existing iterative fourth-order methods in the literature
[17], since only some particular nonlinear solvers have the ability to be extended for matrix inversion. To be more precise,
the extensive recent findings of various orders are not always applicable for matrix inversion and this makes them interest-
ing only from theoretical point of view, while the new method has also the ability to be used for matrix inversion and thus it
is interesting from the theoretical and the application point of view.

The convergence analysis of this method is studied in the following theorem.
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Theorem 2.1. Let a 2 D be a simple zero of a sufficiently differentiable function f : D # R! R for an open interval D, which
contains x0 as an initial approximation of a. If x0 is sufficiently close to a, then the three-step method defined by (7), has fourth-
order convergence.
Proof. Let a be a simple zero of f. Since f is sufficiently differentiable, by expanding f ðxlÞ and f 0ðxlÞ about a, we get
f ðxlÞ ¼ f 0ðaÞ½el þ c2e2
l þ c3e3

l þ c4e4
l þ c5e5

l þ Oðe6
l Þ�; ð8Þ
and
f 0ðxlÞ ¼ f 0ðaÞ½1þ 2c2el þ 3c3e2
l þ 4c4e3

l þ 5c5e4
l þ Oðe5

l Þ�; ð9Þ
where el ¼ xl � a and ck ¼ ð1
k!
Þ f ðkÞðaÞ

f 0 ðaÞ ; k P 2. Now, from (8) and (9), we have
f ðxlÞ
f 0ðxlÞ

¼ el � c2e2
l þ 2ðc2

2 � c3Þe3
l þ �4c3

2 þ 7c2c3 � 3c4
� �

e4
l þ Oðe5

l Þ: ð10Þ
By substituting (10) into yl of (7), we obtain
yl ¼ aþ c2e2
l þ �2c2

2 þ 2c3
� �

e3
l � �4c3

2 þ 7c2c3 � 3c4
� �

e4
l þ Oðe5

l Þ: ð11Þ
By expanding f 0ðylÞ about a and using (11), we have
f 0ðylÞ ¼ f 0ðaÞ þ 2c2
2f 0ðaÞe2

l þ 4c2ð�c2
2 þ c3Þf 0ðaÞe3

l þ c2f 0ðaÞð8c3
2 � 11c2c3 þ 6c4Þe4

l þ Oðe5
l Þ: ð12Þ
From (8), (10), and (12), we get
f ðxlÞ
f 0ðxlÞ

þ f ðxlÞ
f 0ðylÞ

¼ 2el � c3e3
l þ �2c3

2 þ 3c2c3 � 2c4
� �

e4
l þ Oðe5

l Þ: ð13Þ
Now, the use of (7) and (13) implies that
zl ¼ aþ c3e3
l

2
þ c3

2 �
3c2c3

2
þ c4

� �
e4

l þ Oðe5
l Þ: ð14Þ
Again, by expanding f ðzlÞ about a and using (14), we have
f ðzlÞ ¼ f 0ðaÞ 1
2

c3e3
l þ c3

2 �
3c2c3

2
þ c4

� �
e4

l

� �
þ Oðe5

l Þ: ð15Þ
From (8) and (15), we get
f ðzlÞ
f ½zl; xl�

¼ c3e3
l

2
þ c3

2 � 2c2c3 þ c4
� �

e4
l þ Oðe5

l Þ: ð16Þ
Finally, using (7), (14) and (15), we obtain
elþ1 ¼
1
2

c2c3e4
l þ Oðe5

l Þ: ð17Þ
Therefore, the iteration (7) has fourth-order convergence. h
3. A method for matrix inversion

In this section, we propose a high-order computational method for matrix inversion. If we apply (7) to the matrix equa-
tion FðVÞ :¼ V�1 � A ¼ 0, then we obtain the following efficient iterative process
Vlþ1 ¼
1
2

Vl 9I � AVl 16I � AVl 14I � AVl 6I � AVlð Þð Þð Þ½ �; l ¼ 0;1;2; . . . ; ð18Þ
where V0 is an initial approximation for A�1 and I is the identity matrix with the same dimension as the matrix A.
We show that the sequence of iterates fVlgl¼1

l¼0 converges to A�1 with fourth-order provided that kI � AV0k < 1, where k � k
is any subordinate matrix norm.

Theorem 3.1. Let A ¼ ½aij� be a nonsingular real (complex) matrix. If the initial approximation V0 satisfies
kE0k ¼ kI � AV0k < 1; ð19Þ
then, the iterative method (18) converges to A�1 and the order of this method is at least four.
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Proof. Let El ¼ I � AVl, then
Elþ1 ¼ I � AVlþ1 ¼ I � A
1
2

Vlð9I � AVlð16I � AVlð14I � AVlð6I � AVlÞÞÞÞ
� �

¼ I � 1
2

AVlð9I � 16AVl þ 14ðAVlÞ2 � 6ðAVlÞ3 þ ðAVlÞ4Þ ¼
1
2
ðI � AVlÞ4ð2I � AVlÞ
h i

¼ 1
2
ðI � AVlÞ4ðI þ ðI � AVlÞÞ
h i

¼ 1
2
½E4

l þ E5
l �: ð20Þ
So, for any subordinate matrix norm, we have
kElþ1k ¼
1
2
kE4

l þ E5
l k 6

1
2
kElk4 þ kElk5
� 	

: ð21Þ
This equation and the assumption kE0k < 1 imply that
kE1k 6
1
2
kE0k4 þ kE0k5
� 	

6 kE0k4
< 1: ð22Þ
Now, if we use the principle of mathematical induction and suppose that
kElk 6 kEl�1k4
< 1; ð23Þ
then, from (21), we have
kElþ1k 6
1
2
kElk4 þ kElk5
� 	

6 kElk4
: ð24Þ
Since kE0k < 1, then from (24), we have that
kElþ1k 6 kElk4
6 � � � 6 kE0k4lþ1

! 0; as l!1: ð25Þ
Namely, I � AVl ! 0, as l!1, and
Vl ! A�1
; as l!1: ð26Þ
Now, we prove that the order of convergence for the sequence fVlgl¼1
l¼0 is at least four. Let el denote the error matrix

el ¼ A�1 � Vl, then Ael ¼ I � AVl ¼ El. This together with (20) implies that
Aelþ1 ¼
1
2
ðAelÞ4 þ ðAelÞ5
h i

: ð27Þ
Therefore, it follows immediately that
elþ1 ¼
1
2

elðAelÞ3 þ elðAelÞ4
h i

: ð28Þ
By taking any subordinate norm, we obtain
kelþ1k 6
1
2
kAk3 þ kAk4kelk
h i� �

kelk4
: ð29Þ
Consequently, it has been proved that the iterative formula (18) converges to A�1 and the order of this method is at least
four. h

Next, we give a property about the scheme (18). This property shows that Vlðl > 0Þ of (18), under a certain condition, may
be applied to not only the left preconditioned linear system VlAx ¼ Vlb but also to the right preconditioned linear system
AVly ¼ b, where x ¼ Vly.

Theorem 3.2. Let A ¼ ½aij� be a nonsingular real (complex) matrix. If AV0 ¼ V0A is valid, then for the sequence of fVlgl¼1
l¼0 of (18),

we have that
AVl ¼ VlA; ð30Þ
holds, for all l ¼ 1;2; . . .
Proof. First, since AV0 ¼ V0A, from (18), we have
AV1 ¼
1
2

AV0 9I � AV0ð16I � AV0ð14I � AV0ð6I � AV0ÞÞÞð Þ ¼ 1
2

V0A 9I � V0Að16I � V0Að14I � V0Að6I � V0AÞÞÞð Þ
� �

¼ 1
2

V0 9I � AV0ð16I � AV0ð14I � AV0ð6I � AV0ÞÞÞð Þ
� �

A ¼ V1A:
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That is, when l ¼ 1, the Eq. (30) holds. Now, we use the mathematical induction to prove the Eq. (30). Suppose that
AVl ¼ VlA is true, then a straightforward calculation using (18) shows that, for all l P 1, we have
AVlþ1 ¼ A
1
2

Vl

�
9I � AVlð16I � AVlð14I � AVlð6I � AVlÞÞÞ

�� �
¼ 1

2
VlA
�

9I � VlAð16I � VlAð14I � VlAð6I � VlAÞÞÞ
�� �

¼ 1
2

Vl

�
9I � AVlð16I � AVlð14I � AVlð6I � AVlÞÞÞ

�� �
A ¼ Vlþ1A:
The proof is now complete. h
3.1. The choice for the initial value V0

As it is well known, the choices for the initial value V0 on the iterative processes (2), (6) and (18) are very important to
preserve the convergence. There exist many different choices for the initial value V0 in the literature. Some of the suitable
choices of V0 are as follows:

(I) Pan and Schreiber [12] assumed that the approximations Vl share singular vectors with AT , and both the largest (rmax)
and the smallest singular values (rmin) of A are available, then for a general matrix A, one can choose
V0 ¼
2AT

r2
min þ r2

max

: ð31Þ
It is not difficult to show that for this choice, we have kI � AV0k2 < 1.

(II) Ben-Israel and Greville [2] proposed an initial approximate inverse of any nonsingular matrix by the formula
V0 ¼ aA�; ð32Þ
where 0 < a < 2
jjAjj22

and A� is the conjugate transpose matrix of A. They also proved that kI � V0Ak < 1.

(III) Grosz [6] suggested the diagonal matrix
V0 ¼ diagð1=a11;1=a22; . . . ;1=annÞ; ð33Þ
as the initial approximation, where aii is the ith diagonal entry of A. For this choice, when A is strictly diagonal dom-
inant, we have kI � V0Ak1 < 1.

(IV) Pan and Schreiber [12] proposed the choice
V0 ¼
AT

kAk1kAk1
; ð34Þ
for an n� n nonsingular matrix A, where T stands for transpose, kAk1 ¼maxjðRn
i¼1jaijjÞ and kAk1 ¼ maxiðRn

j¼1jaijjÞ. This
choice yields kI � AV0k2 6 1� 1=ðnj2Þ, where j ¼ rmax=rmin. Moreover, Codevico et al. in [5] for an n� n symmetric
positive definite matrix A, by choosing
V0 ¼ I=kAkF ; ð35Þ
they obtained the bound kI � AV0k2 6 1� 1=ð
ffiffiffi
n
p

jÞ.
(V) We can also choose V0 ¼ aI, where I is the identity matrix, and a 2 R is a fixed number such that max16i6nj1� akij < 1,

where ki; i ¼ 1; . . . ;n are eigenvalues of A.

4. Moore–Penrose inverse

The Moore–Penrose inverse of a matrix A 2 Cm�k, denoted by Ay 2 Ck�m, is a matrix X satisfying the following four Penrose
equations
AXA ¼ A; XAX ¼ X; ðAXÞ� ¼ AX; ðXAÞ� ¼ XA; ð36Þ
where A� is the conjugate transpose of A. It is well known that for any matrix A 2 Cm�k, its Moore–Penrose inverse exists. For
computing the Moore–Penrose inverse of a matrix, various numerical solution methods were developed, e.g., [2], [3], and
[16]. In this section, we will show that the scheme (18), with the starting value (32), can be used to compute the Moore–
Penrose inverse of a matrix and it converges with fourth-order convergence.

Lemma 4.1. For the sequence fVlgl¼1
l¼0 generated by the iterative Schulz-type method (18) and V0 ¼ aA�, for any l P 0, it holds

that
ðAVlÞ� ¼ AVl; ðVlAÞ� ¼ VlA; VlAAy ¼ Vl; AyAVl ¼ Vl: ð37Þ
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Proof. By using the fact that Vlþ1 ¼ 1
2 Vl 9I � 16AVl þ 14ðAVlÞ2 � 6ðAVlÞ3 þ ðAVlÞ4
� 	

, the proof is similar to the proof of Lemma
2.1 in [3]. h
Lemma 4.2. For A 2 Cm�n with the singular values r1 > r2 > � � �rr > 0, and the initial approximation V0 ¼ aA� with
0 < a < 2=r2

1, it holds that
kAðV0 � AyÞk < 1: ð38Þ
Proof. The proof is similar to that given in Theorem 2.1 in [3].
Theorem 4.3. For A 2 Cm�n, with the singular values r1 > r2 > . . .rr > 0, the sequence fVlgl¼1
l¼0 generated by (18) and using the

initial approximation V0 ¼ aA�, converges to the Moore–Penrose inverse Ay in fourth-order provided that 0 < a < 2=r2
1.
Proof. Set El ¼ Vl � Ay, and El ¼ I � AVl, then, using (20), we have
AElþ1 ¼ AVlþ1 � AAy ¼ AVlþ1 � I þ I � AAy ¼ �Elþ1 þ I � AAy ¼ �1
2
½E4

l þ E5
l � þ I � AAy

¼ þ1
2
½�E4

l þ ðI � AAyÞ� þ ½�E5
l þ ðI � AAyÞ�

� 	
: ð39Þ
On the other hand, from the definitions of the Moore–Penrose inverse Ay, we have
ðI � AAyÞk ¼ I � AAy; k ¼ 1;2; . . . ; ðI � AAyÞAEl ¼ 0:
The use of these relations implies that
�E4
l þ ðI � AAyÞ ¼ �ðI � AVlÞ4 þ ðI � AAyÞ ¼ �ðI � AAy þ AAy � AVlÞ

4 þ ðI � AAyÞ ¼ ðI � AAy � AElÞ
4 þ ðI � AAyÞ

¼ � ðI � AAyÞ4 � 4ðI � AAyÞ3AEl þ 6ðI � AAyÞ2ðAElÞ2 � 4ðI � AAyÞðAElÞ3 þ ðAElÞ4
h i

þ ðI � AAyÞ

¼ � ðI � AAyÞ � 4ðI � AAyÞAEl þ 6ðI � AAyÞðAElÞ2 � 4ðI � AAyÞðAElÞ3 þ ðAElÞ4
h i

þ ðI � AAyÞ

¼ �ðAElÞ4: ð40Þ
Similarly, we can show that
�E5
l þ ðI � AAyÞ ¼ ðAElÞ5: ð41Þ
Thus, we have
AElþ1 ¼
1
2
�ðAElÞ4 þ ðAElÞ5
h i

: ð42Þ
So, for any matrix norm k � k, we obtain
kAElþ1k 6
1
2
½kAElk4 þ kAElk5�: ð43Þ
By using Lemma 4.2 which implies that kAE0k < 1, and a similar reasoning as in (22)–(25), one can obtain
kAElþ1k 6
1
2
kAElk4 þ kAElk5
h i

6 kAElk4
6 kAk4kElk4

: ð44Þ
Finally, using the properties of the Moore–Penrose inverse Ay and Lemma 4.1, it would be now easy to find the error
inequality of the new scheme (18) as follows:
kVlþ1 � Ayk ¼ kAyAVlþ1 � AyAAyk 6 kAykkAVlþ1 � AAyk ¼ kAykkAElþ1k 6 kAykkAk4kElk4
: ð45Þ
Thus, kVl � Ayk ! 0, i.e., the sequence (18) converges to the Moore–Penrose inverse in fourth-order as l! þ1. This ends the
proof. h
Remark 1. As Chen in [4] and Alpert et al. in [1] mentioned, the iterative Schulz-type methods are fruitful for large sparse
matrices having sparse (generalized) inverses, by employing a threshold to keep the sparsity of the output matrices; or
when, an approximate inverse of rather low accuracy in the sparse form is needed.
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5. Numerical experiments

In this section, we will make some numerical experiments on our proposed method (18) and give some numerical com-
parison with methods (2), (3) and the fourth-order method extracted from (4). All tests were carried out in double precision
with a Matlab code, while the computer specifications are Microsoft Windows XP Intel(R), Pentium(R) 4, CPU 3.20 GHz, with
4 GB of RAM.

Example 1 ([11]). Let A ¼ randð200;200Þ;a ¼ 1
kAk2

2
, and V0 ¼ aA�. The stop criterion is kI � VlAk < 10�8 and the maximum

number of iterations allowed set to 200. We used 50 matrices of the size 200� 200 with random entries. The CPU times and
the number of iterations required for convergence are compared in Figs. 1 and 2, respectively. In these figures, x-axis
represents the random matrices and y-axis represents the computing time in Fig. 1 and the number of iterations required for
convergence in Fig. 2. From the Figs. 1 and 2, we see that, the method (18) is more efficient than the methods (2) and (3),
while it has a similar convergence behavior to (4).
Example 2 ([9,10]). Let us consider the linear system Ax ¼ b, where the matrix A arises from the five-point discretization of
the following second order elliptic partial differential equation:
� @

@x
a
@u
@x

� �
� @

@y
b
@u
@x

� �
þ @

@x
ðcuÞ þ @

@y
ðduÞ þ fu ¼ 0; ð46Þ
with aðx; yÞ > 0, bðx; yÞ > 0, cðx; yÞ, dðx; yÞ, and f ðx; yÞ defined on a unit square region X ¼ ð0;1Þ � ð0;1Þ, and Dirichlet bound-
ary condition uðx; yÞ ¼ 0 on @X are used, where @X denotes the boundary of X.

Now, we consider the Eq. (46) with aðx; yÞ ¼ bðx; yÞ ¼ 1, cðx; yÞ ¼ cosðx=6Þ, dðx; yÞ ¼ sinðy=6Þ and f ðx; yÞ ¼ 1. And we use
four uniform meshes of hx ¼ hy ¼ 1=11, hx ¼ hy ¼ 1=21, hx ¼ hy ¼ 1=31 and hx ¼ hy ¼ 1=41, which lead to four matrices of
orders n ¼ 100� 100, n ¼ 400� 400, n ¼ 900� 900 and n ¼ 1600� 1600, where hx and hy refer to the mesh sizes in the x-
direction and y-direction, respectively.

We used the right preconditioned GMRES method for solving the linear system Ax ¼ b. In all of our runs, we used the zero
vector as an initial approximate solution, and right-hand side vector b is chosen such that b ¼ Að1;1; . . . ;1ÞT . The stopping
criterion
krkk2=kr0k2 6 10�8; ð47Þ
was used, where rk ¼ b� Axk is the kth iterated residual of the linear system to be solved. In this example, we focus our
attention on comparison between the preconditioners V1, V2 using Eq. (18) and V1;V2 using Eq. (3) and Eq. (4), when
V0 ¼ diagð1=a11;1=a22; . . . ;1=annÞ. Table 1 presents the computation time in seconds (Time) and the number of iterations
of preconditioned GMRES algorithm (IT) required for satisfying (47). ‘‘V1-(3)-Order-3, V2-(3)-order-3’’, ‘‘V1-(4)-Order-4,
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Fig. 1. Comparison of consuming time in seconds for 50 different random matrices (Example 1).
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Fig. 2. Comparison of the number of iterations for 50 different random matrices (Example 1).

Table 1
The computational time(s) and the number of iterations of preconditioned GMRES algorithm for Example 2.

Algorithms/system orders 100 400 900 1600

IT Time IT Time IT Time IT Time

V1-(3)-Order-3 18 0.0138 35 0.0373 51 0.1031 67 0.3997
V2-(3)-Order-3 10 0.0053 20 0.0289 29 0.0918 38 0.2304
V1-(4)-Order-4 12 0.0051 22 0.0182 32 0.0536 42 0.1811
V2-(4)-Order-4 6 0.0124 11 0.0666 16 0.1990 21 1.0840
V1-(18)-Order-4 11 0.0045 21 0.0181 30 0.0521 40 0.1783
V2-(18)-Order-4 5 0.0142 10 0.1801 14 0.5930 19 1.4057
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V2-(4)-order-4’’, and ‘‘V1-(18)-Order-4, V2-(18)-order-4’’, denote the preconditioned GMRES algorithm with the precondi-
tioners V1;V2 using Eqs. (3), (4), and (18), respectively. The results of Table 1 show that, the convergence behavior of V1-
(18)-Order-4 and V1-(4)-Order-4 algorithms (the preconditioned GMRES algorithm with the preconditioner V1 using new
scheme (18) and the fourth-order method extracted from (4)), in terms of the elapsed CPU time are better than that of
the GMRES with other preconditioners. These results show that the new scheme furnishes an effective algorithm for com-
puting an approximate inverse of a matrix as a preconditioner for the Krylov subspace methods.

In fact, the preconditioner obtained by the iterative Schulz-type methods will be denser per iteration. Hence, the first
approximate inverse for preconditioning is the best choice in order to reduce the condition number. This is confirmed in
Table 1 and shows that the best preconditioner can be obtained by only one iterate of the new method (18). The best answers
in terms of (total) CPU times are bolded in Table 1.

One might say that there is a little difference between (4) and (18), so why do we need the new method (18)? To answer
this, we clearly mention that the iterative scheme (4) needs to compute matrix powers per cycle, while the new method has
been written in its Horner form. To be more precise, we remind that the computation matrix powers for larger matrices
produce some round-off errors which might make the iterative scheme to be asymptotically unstable while this does not
happen when the iteration has been used in the Horner form (just like (18)).
Example 3. In this test, we compare the iterative methods (2)–(4) and (18) for finding the generalized inverse as discussed
in Section 4. We assume that V0 ¼ aA� with a ¼ 1

kAk2
2
, is the initial matrix, and the stop criterion is
maxfkAVlA� AkF ; kVlAVl � VlkF ; kðAVlÞ� � AVlkF ; kðVlAÞ� � VlAkFg < 10�8;



Table 2
Average values of the iterations and time for computing Moore–Penrose inverse for different methods.

Methods (2) (3) (4) (18)

Dimensions: 100� 110
Average number of iterations 21.6 14.0 10.2 10.2
Average elapsed times 0.209 0.146 0.137 0.137

Dimensions: 200� 210
Average number of iterations 24.6 15.8 11.8 11.8
Average elapsed times 1.128 0.834 0.793 0.796

Dimensions: 300� 310
Average number of iterations 26. 16.4 12.4 12.2
Average elapsed times 3.475 2.537 2.441 2.462

Dimensions: 400� 500
Average number of iterations 21.4 14.0 10.4 10.0
Average elapsed times 7.45 5.515 4.902 4.931

Table 3
Average values of the order of convergence for different methods.

Methods (2) (3) (4) (18)

Average approximated order of convergence (AOC) 2.01 3.02 4.02 4.10
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where k � kF , denotes the Frobenius-norm of a matrix, while the maximum number of iterations allowed set to 100. Toward
this aim, for different sizes of matrices, whose elements are randomly taken from ½0;1�, we have performed five tests and
compared the average values of the iterations and the elapsed times in seconds. The results are listed in Table 2. The
fourth-order method (18) and (4) are better than the low order methods (2) and (3).

In addition, for every method and the test random matrices with the size 100� 110, by using (see [8,18])
AOC ¼
ln kVlþ1�VlkF

kVl�Vl�1kF

� 	

ln kVl�Vl�1kF
kVl�1�Vl�2kF

� 	 ; ð48Þ
and 40 digits floating point, we have computed the approximated order of convergence p. The estimated order of conver-
gence that appears in Table 3 is the maximum of the last four finite values of quotient (48), when the iterations converge
to the desired solution.

From Table 2, we observe that the iterative method (18) and (4) have a higher efficiency than the other methods in terms
of the number of iterations and the elapsed time required for convergence. Furthermore, from Table 3, we can observe that
the approximated order of convergence of the iterative methods (2)–(4) are roughly 2, 3, 4, respectively, and the
approximated order of convergence of the iterative method (18) is greater than 4, as we indicated in the proof of
Theorem 4.3.
6. Conclusion

In this paper, we have proposed a new iterative scheme for computing the roots of an algebraic equation f ðxÞ ¼ 0. We
have proved that this method has fourth local convergence. Based on this scheme, we have also presented a new fourth-or-
der computational algorithm to compute an approximate inverse of a square matrix, which contained the main contribution
of this paper.

The theoretical proofs and numerical experiments have showed that this iterative method is of fourth-order and effective.
Furthermore, this approximate inverse can be used as a preconditioner for solving linear systems by using the precondi-
tioned Krylov subspace methods. We observed that this preconditioner is reliable and effective for reducing the number
of iterations and the computational time required for convergence.

We have also extensively discussed the extension of the new method for computing the Moore–Penrose inverse. Finally,
we have also provided further findings, which are useful in high precision computing environment in order to check and
observe the computational order of convergence for different Schulz-type iterative inverse-finders.

The extension of the new iterative scheme for generalized outer inverse Að2ÞT;S could be considered as a future work in this
trend of research.
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