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Abstract. Let $ be a representation of the homogeneous space
G/H, where G be a locally compact group and H be a com-
pact subgroup of G. For an admissible wavelet ζ for $ and ψ ∈
Lp(G/H), 1 ≤ p ≤ ∞, we determine a class of bounded compact
operators in which each member is related to continuous wavelet
transforms on homogeneous space and it is called localization op-
erator.

1. Introduction

Among all linear operators on Hilbert spaces, the compact ones are
the simplest and most imitate the more familar linear algebra of finite
dimentional operator theory.
A set in a topological space is called pre-compact if its closure is com-
pact. A linear operator T from a pre-Hilbert space H1 to a Hilbert
space H2 is compact if it maps the unit ball in H1 to a pre-compact
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set in H2.
Now, we recall remarkable points of the Radon measures on homoge-
neous spaces. Let G be a locally compact group and H be a closed
subgroup of G. Consider G/H as a homogeneous space on which G
acts from the left and µ as a Radon measure on it. For g ∈ G and Borel
subset E of G/H, we define the translation µg of µ by µg(E) = µ(gE).
A measure µ is said to be G-invariant if µg = µ, for all g ∈ G.
Definition 1.1. A measure µ is said to be strongly quasi invariant
provided that a continuous function λ : G × G/H → (0,∞) exists
which satisfies

dµg(kH) = λ(g, kH)dµ(kH),

for all g, k ∈ G.
If the functions λ(g, .) reduce to constants, then µ is called relatively

invariant under G. A rho-function for the pair (G,H) is defined to be
a continuous function ρ : G→ (0,∞) which satisfies

ρ(gh) =
∆H(h)

∆G(h)
ρ(g) (g ∈ G, h ∈ H),

where ∆G,∆H are the modular functions on G and H, respectively.

Proposition 1.2. [3] Any pair (G,H) admits a rho-function and for
each rho-function ρ there is a strongly quasi invariant measure µ on
G/H such that

dµg
dµ

(kH) =
ρ(gk)

ρ(k)
(g, k ∈ G).

For the reader’s convenience, we recall from [2] the basic concepts
in the theory of unitary representations of homogeneous spaces. A
continuous unitary representation of a homogeneous space G/H is a
map $ from G/H into the group U(H), all unitary operators on some
nonzero Hilbert space H, for which the function gH 7→< $(gH)x, y >
is continuous , for each x, y ∈ H and

$(gkH) = $(gH)$(kH), $(g−1H) = $(gH)∗,

for each g, k ∈ G. (In the sequel we always mean by a representation,
a continuous unitary representation).

Definition 1.3. A nonzero element ζ ∈ H is called an admissible
wavelet if ‖ζ‖ = 1 and

∫

G/H

ρ(e)

ρ(g)
| < ζ,$(gH)ζ > |2dµ(gH) <∞, (1.1)
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where µ is a relatively invariant measure on G/H which arises from a
rho function ρ. In this case, we define the wavelet constant cζ as

cζ :=

∫

G/H

ρ(e)

ρ(g)
| < ζ,$(gH)ζ > |2dµ(gH). (1.2)

In this paper we show that for an admissible wavelet ζ, the localiza-
tion operator Lψ,ζ where ψ ∈ Lp(G/H, µ), 1 ≤ p ≤ ∞, is compact.

2. Main results

Consider G/H as a homogeneous space associated with a relatively
invariant measure µ which arises from a rho-function ρ. LetH be a sep-
arable Hilbert space, $ be a square integrable representation of G/H
on H and ζ be an admissible wavelet for $. We introduce the localiza-
tion operator Lψ,ζ which is related to the continuous wavelet transform
on G/H. To this end, we define a continuous wavelet transform on
homogeneous space G/H.

Definition 2.1. Let $ be a representation of G/H on a Hilbert space
H and ζ be an admissible wavelet for $. We define the continuous
wavelet transform associated to the admissible wavelet ζ as the linear
operator Wζ : H → L2(G/H) defined by

(Wζx)(gH) =
1
√
cζ
(
ρ(e)

ρ(g)
)1/2 < x,$(gH)ζ >,

for all x ∈ H, g ∈ G where cζ is the wavelet constant associated to ζ
as in (1.2).

Now, we define the localization operator on homogeneous spaces as
follows.

Definition 2.2. LetH be a Hilbert space and $ be a square integrable
representation of G/H on H with an admissible wavelet ζ. Define the
linear operator Lψ,ζ on H as:

< Lψ,ζx, y >=< ψ.Wζx,Wζy >L2(G/H), (2.1)

for all ψ ∈ Lp(G/H) and x, y ∈ H, where cζ is the wavelet constant
defined as (1.2). We call Lψ,ζ the localization operator.

First, we prove boundedness of localization operator Lψ,ζ defined in
2.1.

Theorem 2.3. Let ψ ∈ Lp(G/H), for 1 ≤ p ≤ ∞. Then there exists
a unique bounded linear operator Lψ,ζ on Hilbert space H such that
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‖Lψ,ζ‖ ≤ (
ρ(e)

cζ
)1/p‖ψ‖p. (2.2)

where ‖ψ‖p is defined with respect to a G-invariant measure and Lψ,ζ
is given by (2.1) for all x ∈ H and all simple functions ψ on G/H for
which µ({gH ∈ G/H; ψ(gH) 6= 0}) <∞.

The following theorem explain that the localization operator is com-
pact.

Theorem 2.4. Let ψ ∈ Lp(G/H), for 1 ≤ p ≤ ∞. Then localization
operator Lψ,ζ on Hilbert space H is a compact.

We conclude with an example concerning localization operators on
some homogeneous spaces.

Example 2.5. ConsiderG = SO(2)×τR
2 andH = L2(S1) ' L2[−π, π].

In this setting any R ∈ SO(2) and s ∈ S1 are given explicitly by

R =

(

cosθ sinθ
−sinθ cosθ

)

s =

(

sinγ
cosγ

)

.

The representation $ of G/H, in whichH = {(0, 0, p2) ∈ G}, is defined
as

$(θ, p1)ψ(γ) = eip1sinγψ(γ − θ),

for all (θ, p1) ∈ G/H,ψ ∈ L2(S1). For an admissible wavelet ψ ∈
L2(S1) and F ∈ Lp(G/H), 1 ≤ p ≤ ∞, the localization operator LF,ψ
on L2(S1) is given by

< LF,ψf, g >=
1

cψ

∫ 2π

0

∫

∞

−∞

F (θ, p1) < f, ψθ,p1 >< ψθ,p1 , g > dθdp1,

where ψθ,p1(γ) = eip1sinγψ(γ − θ).
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