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A topological approach to the nilpotent multipliers
of a free product
Abstract: In this paper, using the topological interpretation of the Baer invariant VM(G) of a group G with
respect to an arbitrary varietyV, we extend a result of Burns and Ellis [1] on the second nilpotentmultiplier of
a free product of twogroups to the c-nilpotentmultipliers for all c ≥ 1. In particular,we show thatM(c)(G∗H) ≅
M(c)(G) ⊕ M(c)(H) when G and H are �nite groups with some conditions or when G and H are two perfect
groups.
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1 Introduction
Let G ≅ F/R be a free presentation of a group G, and V be a variety of groups de�ned by a set of laws V. Then
the Baer invariant of G with respect to V, denoted by VM(G), is de�ned to be

VM(G) ≅
R ∩ V(F)
[RV∗F]

,

where V(F) is the verbal subgroup of F and

[RV∗F] = ⟨v(f1, . . . , fi−1, fir, fi+1, . . . , fn)(v(f1, . . . , fn))
−1 | r ∈ R, fi ∈ F, 1 ≤ i ≤ n, v ∈ V, n ∈ ℕ⟩.

Note that the Baer invariant of G is always abelian and independent of the presentation of G (see [10]).
In particular, if V is the variety of abelian groups, then the Baer invariant of G is the well-known notion,
the Schur multiplier of G, which is isomorphic to the second homology group H2(G, ℤ) of G (see [9]). If V is
the variety of nilpotent groups of class at most c ≥ 1, then the Baer invariant of the group G is called the
c-nilpotent multiplier of G which is denoted byM(c)(G), and will be

M(c)(G) =
R ∩ ãc+1(F)
[R, cF]

,

where ãc+1(F) is the (c + 1)-st term of the lower central series of F and [R, 1F] = [R, F], [R, cF] = [[R, c−1F], F],
inductively.

Burns and Ellis in [1], using simplicial homotopy theory, introduced a topological interpretation for the
c-nilpotent multiplier of G and gave an interesting formula for the second nilpotent multiplier of the free
product of two groups as follows:

M(2)(G ∗ H) ≅ M(2)(G) ⊕ M(2)(H) ⊕ (M(G) ⊗ Hab) ⊕ (Gab ⊗M(H)) ⊕ Tor(Gab, Hab). (1)

In [3], Franco extended the above topological interpretation to theBaer invariant of a groupGwith respect
to any varietyV. In this paper, �rst, we give a topological proof to show that the Baer invariant functorVM(G)
commutes with the direct limits of a directed system of groups. Second, we intend to extend the formula
(1) to the c-nilpotent multiplier of the free product of two groups for all c ≥ 1. In particular, we show that
M(c)(G ∗ H) ≅ M(c)(G) ⊕ M(c)(H), whenever one of the following conditions holds:
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(i) G andH are �nite abelian groups with coprime order.
(ii) G andH are �nite groups with (|G|, |Hab|) = (|Gab|, |H|) = 1.
(iii) G andH are two �nite groups with (|Gab|, |Hab|) = (|M(G)|, |Hab|) = (|Gab|, |M(H)|) = 1.
(iv) G andH are two perfect groups.

2 Preliminaries and the notation
In this section, we recall some basic notations and properties of simplicial groups which will be needed in
the sequel. We refer the reader to [2] or [4] for further details.

De�nition 2.1. A simplicial setKð is a sequence of setsK0, K1, K2, . . . togetherwithmapsdi : Kn → Kn−1 (faces)
and si : Kn → Kn+1 (degeneracies) for each 0 ≤ i ≤ n, with the following conditions:

djdi = di−1dj for j < i, sjsi = si+1sj for j ≤ i, djsi =
{{{
{{{
{

si−1dj for j < i,
identity for j = i, i + 1,
sidj−1 for j > i + 1.

A simplicial map f : Kð → L ð means a sequence of functions fn : Kn → Ln, such that f ∘ di = di ∘ f, i.e. the
following diagram commutes:

Kn+1

fn+1
��

Kn
si

oo

fn
��

di
// Kn−1

fn−1
��

Kn+1 Kn
si

oo
di

// Kn−1.

Similar to topological spaces, the homotopy of two simplicialmaps between simplicial sets and the homotopy
groups of simplicial sets are de�ned. The category of simplicial sets and topological spaces can be related by
two functors as follows:
∙ The geometric realization, |−|, is a functor from the category of simplicial sets to the category of CW com-

plexes.
∙ The singular simplicial, S∗(−), is a functor from the category of topological spaces to the category of sim-

plicial sets.
A simplicial set Kð is called a simplicial group if each Ki is a group and all faces and degeneracies are

homomorphisms.
There is a basic property of simplicial groups which is due to Moore [14], its homotopy groups ð∗(Gð) can

be obtained as the homology of a certain chain complex (NGð, à).

De�nition 2.2. If Gð is a simplicial group, then the Moore complex (NGð, à) of Gð is the (nonabelian) chain
complex de�ned by (NG)n = ⋂n−1i=0 ker di with àn : NGn → NGn−1 which is a restriction of dn.

A simplicial group Gð is said to be free if each Gn is a free group and degeneracy homomorphisms si send the
free basis of Gn into the free basis for Gn+1.

De�nition 2.3. For a reduced simplicial setKð (i.e.K0 = ∗), letGKð be the simplicial group de�ned by (GK)n
which is the free group generated by Kn+1\s0(Kn), and the face and degeneracy operators are group homo-
morphisms such that

dGK0 k = (d1k)(d0k)
−1, dGKi k = di+1k, sGKi k = si+1k

for i > 0 and k ∈ Kn+1. We can consider the above notion as a functor from reduced simplicial sets to free
simplicial groups which is called Kan’s functor.

De�nition 2.4. A free simplicial resolution of G consists of a free simplicial group Kð with ð0(Kð) = G and
ðn(Kð) = 0 for all n ≥ 1.
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Theorem 2.5. Let Kð and L ð be free simplicial resolutions of G, then for every n ≥ 0, ðn(T(Kð)) ≅ ðn(T(L ð)),
where T is a functor in the category of groups with T(e) = e (for more details see [7]).

Let us recall some results that will be needed in the sequel.

Theorem 2.6. (i) [2, Proposition 2.2] For every simplicial groupGð, the homotopy group ðn(Gð) is abelian even
for n = 1.

(ii) [2, Lemma 3.2] Every epimorphism between simplicial groups is a �bration.
(iii) [2, Theorem 3.7] Let Gð be a simplicial group, then ð∗(Gð) ≅ H∗(NGð).
(iv) [2, Theorem 3.16] For every simplicial setKð,GKð ≃ Ω|Kð| whereΩX is the loop space ofX.
(v) [2, Proposition 5.6] Let Gð andHð be simplicial Abelian groups, thenHn(N(Gð ⊗Hð)) ≅ Hn(N(Gð) ⊗ N(Hð)).

3 Topological approach to Baer invariants
LetX = K(G, 1) be the Eilenberg–MacLane space of G. Then Burns and Ellis [1, Proposition 4.1] presented an
isomorphism M(c)(G) ≅ ð1(Kð/ãc+1(Kð)), where Kð is the free simplicial group obtained from X by applying
Kan’s functor to the reduced singular simplicial set of X. Burns and Ellis’ interpretation for c = 1 is M(G) ≅
ð1(Kð/ã2(Kð)). Moreover, Kan [8] proved that ð∗(GL ð/ã2(GL ð)) ≅ H∗+1(L ð), where G is Kan’s functor. Hence,
we have Hopf’s formulaH2(G) ≅ R ∩ F/[R, F] = M(G), where G = F/R is a free presentation of G.

Using the above notions and similar to Burns and Ellis’ interpretation we can give a topological interpre-
tation for the Baer invariant of a group G with respect to any variety V. We recall that the following theorem
was proved categorically by Franco in [3, Theorem 7].

Theorem 3.1. LetKð be a free simplicial resolution of G and V be a variety of groups de�ned by a set of laws V.
Then the following isomorphisms hold:

ð1(Kð/V(Kð)) ≅ VM(G), ð0(Kð/V(Kð)) ≅ G/V(G).

Proof. Let G ≅ F/R be a free presentation of G. Then for the simplicial group Kð obtained by applying
Kan’s functor to the reduced of S∗(X), we have |Kð| ≃ ΩX using Theorem 2.6 (iv). Therefore, (Kð)0 = F and
(Kð)1 = R ⋊ F and d10(r, f) = f and d11(r, f) = rf (see [1, Proposition 4.1]). Hence, (Kð/V(Kð))0 = F/V(F),
(Kð/V(Kð))1 = R/[RV∗F] ⋊ F/V(F) and ̄d10 and ̄d11 are induced by d01 and d11, respectively. We consider the
Moore chain complexesN(Kð/V(Kð)) andN(V(Kð)). By Theorem 2.6 (iii) we have ð0(Kð/V(Kð)) ≅ G/V(G) and
ð0(V(Kð)) ≅ V(F)/[RV∗F]. By Theorem 2.6 (ii) the following exact sequence of simplicial groups is a �bration:

0 → V(Kð) → Kð →
Kð

V(Kð)
→ 0.

Thus it induces the long exact sequence in homotopy groups as follows:

⋅ ⋅ ⋅ → ð1(Kð) → ð1(
Kð

V(Kð)
) → ð0(V(Kð))

ð0(⊆)→ ð0(Kð) → ð0(
Kð

V(Kð)
) → 0.

Also ð1(Kð) ≅ ð1(ΩX) ≅ ð2(X) = 0 and, similarly, ð0(Kð) ≅ ð1(X) ≅ G. Hence, ð1(Kð/V(Kð)) ≅ ker(ð0(⊆)) ≅
V(F) ∩ R/[RV∗F]. By Theorem 2.6 (iv), Kð is a free simplicial resolution of G, therefore by Theorem 2.5 the
result holds.

Using the above topological interpretation of Baer invariants,we intend to study, by the topological approach,
the behavior of Baer invariants with direct limits. First, we need to �nd the behavior of homotopy groups of
simplicial groups with respect to the direct limit.

Theorem 3.2. Let {jGð, ÿ
j
i | i, j ∈ J} be a direct system of simplicial groups {jGð} indexed by a directed set J.

Then
ðn(limÚÚ→j∈J

jGð) ≅ limÚÚ→j∈J ðn(
jGð).
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Proof. Let jdki :
jGk →

jGk−1 and jski :
jGk →

jGk+1 be faces and degeneracies for 0 ≤ i ≤ k. Recall that the
direct limit of simplicial groups can be considered as a simplicial group as

(limÚÚ→j∈J
jGð)n = limÚÚ→j∈J (

jGð)n, dni = limÚÚ→j∈J(
jdni ), sni = limÚÚ→j∈J(

jsni ).

We have the commutative diagram

limÚÚ→j∈J (
jGð)n+1 limÚÚ→j∈J(

jGð)n
limÚ→j∈J
(jsni )

oo

limÚ→j∈J
(jdni )
// limÚÚ→j∈J (

jGð)n−1

kGn+1

(kè)n+1

OO

kGn
ksni

oo

(kè)n

OO

kdni
// kGn−1

(kè)n−1

OO

lGn+1

(ÿkl )n+1

OO

lGn
lsni

oo

(ÿkl )n

OO

ldni
// lGn−1.

(ÿkl )n−1

OO

Consider the Moore chain complexN(limÚÚ→j∈J
jGð) as follows:

⋅ ⋅ ⋅
limÚ→

jd33
ÚÚÚÚÚ→ ker limÚÚ→j∈J

jd20 ∩ ker limÚÚ→j∈J
jd21
limÚ→

jd22
ÚÚÚÚÚ→ ker limÚÚ→j∈J

jd10
limÚ→

jd11
ÚÚÚÚÚ→ limÚÚ→j∈J (

jGð)0.

Since the direct limit of a directed system preserves exact sequences and

limÚÚ→j∈J(ker
jdik) ∩ limÚÚ→j∈J(ker

jdik� ) = limÚÚ→j∈J(ker
jdik ∩ ker

jdik�),

we obtain the chain complex

⋅ ⋅ ⋅
limÚ→

jd33
ÚÚÚÚÚ→ limÚÚ→j∈J(ker

jd20 ∩ ker
jd21)

limÚ→
jd22

ÚÚÚÚÚ→ limÚÚ→j∈J ker
jd10
limÚ→

jd11
ÚÚÚÚÚ→ limÚÚ→j∈J (

jGð)0.

Hence,
N(limÚÚ→j∈J

jGð) ≅ limÚÚ→j∈JN(jGð)

when J is a directed set. Also, thehomology functor preserves thedirect limits of directed systemsof simplicial
groups. Therefore, using Theorem 2.6 (ii), we have

ðn(limÚÚ→j∈J
jGð) ≅ Hn(N(limÚÚ→j∈J

jGð)) ≅ limÚÚ→j∈JHn(N(jGð)) ≅ limÚÚ→j∈J ðn(
jGð).

Remark 3.3. Note that homotopy groups do not commute with the direct limits of topological spaces in gen-
eral and hence Theorem 3.2 does not hold in the category of topological spaces. To prove this, Goodwillie [5]
gives the following interesting example.

Let S1 = {(x, y) ∈ ℝ2 | x2 + y2 = 1} be the unit circle. Let An = {(x, y) ∈ ℝ2 | x2 + y2 = 1, x ≤ 1 − 1/n} be
a sequence of closed arcs in S1 such that An is in the interior of An+1 and such that the union U of all the An
is the complement of a point in S1. LetXn be S1/An. The direct limit of the diagram of circlesX1 → X2 → ⋅ ⋅ ⋅
is S1/U, a two-point space in which only one of the points is closed. Or if one prefers to form the colimit in
the category of Hausdor� or T1 spaces, then the colimit is a point. Either way, ð1 does not commute with the
direct limit.

Note that homotopy groups preserve the direct limit of �ltered based spaces (for more details see [12,
p. 75]).

Now we are in the position to give a topological proof for the following theorem which was proved alge-
braically in [13].

Theorem 3.4. Let {Gi, ÿ
j
i | i ∈ I} be a directed system of groups. Then

limÚÚ→i∈I VM(Gi) ≅ VM(limÚÚ→i∈I(Gi)).
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Proof. LetKið be a free simplicial group corresponding to Gi. By [13, Lemma 3.2], limÚÚ→i∈IKið is a free simplicial
group and Theorem 3.2 implies that limÚÚ→i∈IKið is a free simplicial resolution corresponding to limÚÚ→i∈I Gi. Hence,
we have

VM(limÚÚ→i∈I(Gi)) ≅ ð1(
limÚÚ→Kið

V(limÚÚ→Kið)
) ≅ ð1 limÚÚ→(

Kið
V(Kið)

) ≅ limÚÚ→ð1(
Kið

V(Kið)
) ≅ limÚÚ→i∈I VM(Gi).

4 Main results
In this section, by considering the variety of nilpotent groups, we intend to compute the nilpotent multipliers
of the free product of two groups.

Proposition 4.1. Let F = K ∗ L be the free product of two free groups K and L and let ÿ : F → K × L be the
natural epimorphism. Then for all c ≥ 1, there exists the short exact sequence

0 → ker ÿ̄c →
F

ãc+1(F)
ÿ̄cÚÚ→

K
ãc+1(K)

×
L

ãc+1(L)
→ 0,

where ker ÿ̄c ≅
[K,L]F
[K,L,c−1F]F

which satis�es the exact sequence

0 →
[K, L, c−2F]

F

[K, L, c−1F]F
→ ker ÿ̄c →

[K, L]F

[K, L, c−2F]F
→ 0.

Moreover, we have the isomorphism

[K, L, c−2F]
F

[K, L, c−1F]F
≅ ⊕ ∑

for some i + j = c
Kab ⊗ ⋅ ⋅ ⋅ ⊗ Kab⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
i times

⊗ Lab ⊗ ⋅ ⋅ ⋅ ⊗ Lab⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
j times

.

Proof. Clearly, the natural epimorphism ÿ : F → K × L induces an epimorphism

ÿ̄c : F /ãc+1(F) → K/ãc+1(K) × L/ãc+1(L)

given by
ÿ̄c(øãc+1(F)) = (ø1ãc+1(K), ø2ãc+1(L))

for all c ≥ 1, where ÿ(ø) = (ø1, ø2). Therefore, we have

ker ÿ̄c ≅
[K, L]Fãc+1(F)

ãc+1(F)
≅

[K, L]F

[K, L]F ∩ ãc+1(F)
≅

[K, L]F

[K, L, c−1F]F
.

Hence, there exists the exact sequence

0 →
[K, L, c−2F]

F

[K, L, c−1F]F
→ ker ÿ̄c →

[K, L]F

[K, L, c−2F]F
→ 0.

Moreover, let K and L be free groups on {x1, . . . , xm} and {xm+1, . . . , xm+n}, respectively. Then by a theorem
of Hall [6, Theorem 11.2.4] which says that ãc(F)/ãc+1(F) is a free abelian group with the basis of all basic
commutators of the weight c on {x1, . . . , xm+n}, it is easy to show that [K, L, c−2F]

F/[K, L, c−1F]
F is a free abelian

group with the basis B̄ = {b[K, L, c−1F]
F | b ∈ B}, where B = B1 − B2 − B3 in which B1, B2, B3 are the set of

all basic commutators of the weight c on {x1, . . . , xm, . . . , xm+n}, {x1, . . . , xm} and {xm+1, . . . , xm+n}, respectively.
Now by the universal property of free abelian groups and tensor products, we have the isomorphism

[K, L, c−2F]
F

[K, L, c−1F]F
≅ ⊕ ∑

for some i + j = c
Kab ⊗ ⋅ ⋅ ⋅ ⊗ Kab⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
i times

⊗ Lab ⊗ ⋅ ⋅ ⋅ ⊗ Lab⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
j times

.

Note that the number of copies in the above direct sum is the number of all basic commutators of the weight
c onK and L.

Authenticated | bmashf@um.ac.ir author's copy
Download Date | 3/1/14 8:06 AM



94 | B.Mashayekhy et al., A topological approach to the nilpotent multipliers of a free product

Theorem 4.2. Let G andH be two groups with

Gab ⊗ Hab = M(1)(G) ⊗ Hab = M(1)(H) ⊗ Gab = Tor(Gab, Hab) = 0.

Then the following isomorphism holds for all c ≥ 1:

M(c)(G ∗ H) ≅ M(c)(G) ⊕ M(c)(H).

Proof. For c = 1, by a well-known result on the Schur multiplier of the free product (see [9, Theorem 2.6.8]),
we have the isomorphism

M(1)(G ∗ H) ≅ M(1)(G) ⊕ M(1)(H).

Nowwe discuss in more detail Burns and Ellis’ method in [1, Proposition 2.13], and extend the method to any
c ≥ 2. LetKð and L ð be the free simplicial groups corresponding toX = K(G, 1) and Y = K(H, 1), respectively.
By the van Kampen theorem we have X ∨ Y ≅ K(G ∗ H, 1) so that the free simplicial group Fð obtained by
applying Kan’s functor to the reduced singular simplicial set of X ∨ Y is equal to Kð ∗ L ð. Therefore, we have
M(c)(G ∗ H) ≅ ð1(Fð/ãc+1(Fð)). By Proposition 4.1, consider the following short exact sequence of simplicial
groups:

0 → (ker ÿ̄c)ð →
Fð

ãc+1(Fð)
ÿ̄cÚÚ→

Kð
ãc+1(Kð)

×
L ð

ãc+1(L ð)
→ 0,

where (ker ÿ̄c)ð is a simplicial group de�ned by ((ker ÿ̄c)ð)n = ker(ÿ̄c)n. Theorem 2.6 (ii) implies the long exact
sequence

⋅ ⋅ ⋅ → ð2((ker ÿ̄c)ð) → ð2(
Fð

ãc+1(Fð)
)
ð2(ÿ̄c)ÚÚÚÚÚ→ ð2(

Kð
ãc+1(Kð)

) ⊕ ð2(
L ð

ãc+1(L ð)
)

→ ð1((ker ÿ̄c)ð) → ð1(
Fð

ãc+1(Fð)
)
ð1(ÿ̄c)ÚÚÚÚÚ→ ð1(

Kð
ãc+1(Kð)

) ⊕ ð1(
L ð

ãc+1(L ð)
) → ⋅ ⋅ ⋅ .

Let áKn : ðn(Fð/ãc+1(Fð)) → ðn(Kð/ãc+1(Kð)) and áLn : ðn(Fð/ãc+1(Fð)) → ðn(L ð/ãc+1(L ð)) be homomorphisms
induced by continuous maps fromX ∨ Y toX and Y, respectively. Since ðn(Kð/ãc+1(Kð)) ⊕ ðn(L ð/ãc+1(L ð)) is a
coproduct in the category of abelian groups, there exists a unique homomorphism

÷n : ðn(Kð/ãc+1(Kð)) ⊕ ðn(L ð/ãc+1(L ð)) → ðn(Fð/ãc+1(Fð))

such that áKðn ∘ ÷n = pKðn and áL ðn ∘ ÷n = pL ðn , where pL ðn and pKðn are projection maps. Therefore, ÷n ∘ ðn(ÿ̄c) = id
and, consequently,

ð1(ker ÿ̄c) ⊕ ð1(Kð/ãc+1(Kð)) ⊕ ð1(L ð/ãc+1(L ð)) ≅ ð1(Fð/ãc+1(Fð)).

By Proposition 4.1, we have the following exact sequence of simplicial groups:

0 →
[Kð, L ð, c−2Fð]

Fð

[Kð, L ð, c−1Fð]Fð
→ (ker ÿ̄c)ð →

[Kð, L ð]
Fð

[Kð, L ð, c−2Fð]Fð
→ 0.

Theorem 2.6 (ii) implies the following long exact sequence of homotopy groupswhich in low dimension takes
the form

⋅ ⋅ ⋅ → ð1(
[Kð, L ð, c−2Fð]

Fð

[Kð, L ð, c−1Fð]Fð
) → ð1(ker ÿ̄c)ð → ð1(ker ÿ̄c−1)ð → ⋅ ⋅ ⋅ .

By induction on c, weprove thatð1(ker ÿ̄c)ð = 0. For c = 2, Burns andEllis [1, Lemma4.2] proved that (ker ÿ̄2)ð ≅
Kabð ⊗ Labð . Hence,

ð1(ker ÿ̄2)ð ≅ H1(N(Kabð ⊗ Labð ))

≅ H1(N(Kabð ) ⊗ N(Labð ))

≅ H1(N(Kabð )) ⊗ H0(N(Labð )) ⊕ H0(N(Kabð )) ⊗ H1(N(Labð )) ⊕ Tor(H0(N(Kabð )), H0(N(Labð )))

≅ M(1)(G) ⊗ Hab ⊕M(1)(H) ⊗ Gab ⊕ Tor(Gab, Hab).
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Similarly, we can prove that
ð0(K
ab
ð ⊗ Labð ) ≅ Gab ⊗ Hab.

Now let ð1(ker ÿ̄c−1)ð = 0. We are going to show that ð1(ker ÿ̄c)ð = 0. Since

[Kð, L ð, c−2Fð]
Fð

[Kð, L ð, c−1Fð]Fð
≅ ⊕ ∑

for some i + j = c
Kabð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
i times

⊗ Labð ⊗ ⋅ ⋅ ⋅ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
j times

,

it is enough to compute
ð1(K
ab
ð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
i times

⊗ Labð ⊗ ⋅ ⋅ ⋅ ⊗ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
j times

).

Since i, j ̸= 0, we have

ð1(K
ab
ð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
i times

⊗ Labð ⊗ ⋅ ⋅ ⋅ ⊗ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
j times

) ≅ ð1(K
ab
ð ⊗ Labð ) ⊗ ð0(K

ab
ð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(i − 1) times

⊗ Labð ⊗ ⋅ ⋅ ⋅ ⊗ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(j − 1) times

)

⊕ ð0(K
ab
ð ⊗ Labð ) ⊗ ð1(K

ab
ð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(i − 1) times

⊗ Labð ⊗ ⋅ ⋅ ⋅ ⊗ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(j − 1) times

)

⊕ Tor(ð0(K
ab
ð ⊗ Labð ), ð0(K

ab
ð ⊗ ⋅ ⋅ ⋅ ⊗ Kabð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(i − 1) times

⊗ Labð ⊗ ⋅ ⋅ ⋅ ⊗ Labð⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(j − 1) times

)).

By hypothesis, we have ð1(Kabð ⊗ Labð ) = ð0(K
ab
ð ⊗ Labð ) = 0. Hence, ð1(ker ÿ̄c)ð = 0.

Corollary 4.3. Let G andH be two groups. Then, for all c ≥ 1, we have the isomorphism

M(c)(G ∗ H) ≅ M(c)(G) ⊕ M(c)(H)

if one of the following conditions holds:
(i) G andH are two abelian groups with coprime orders.
(ii) G andH are two �nite groups with (|G|, |Hab|) = (|Gab|, |H|) = 1.
(iii) G andH are two �nite groups with

(|Gab|, |Hab|) = (|M(G)|, |Hab|) = (|Gab|, |M(H)|) = 1.

(iv) G andH are two perfect groups.

Note that parts (i)–(iii) of the above corollary are vast generalizations of a result of the �rst author (see [11,
Theorem 2.5]).
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