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Abstract. This talk is a survey article on the classification of
groups. The classification of prime power groups of order at most
p6 was done using the notion of isoclinism and invoking a fun-
damental instrument, namely the capability of groups. Since the
basic concepts of this classification i.e., isoclinism and capability
were generalized to any variety of groups, therefore this talk in-
tends to propound a basic question whether it is possible to define
some suitable varieties that could play the key role for classifying
some other families of groups.

1. Introduction

One of the most important problem in group theory is the classifi-
cation of groups. The problem which has been always studied along
with the age of group theory. There have been also various approaches
to face the problem. Among several different approaches, one of the
most classical notions is the concept of isomorphism between groups.
However, this notion is too strong in many cases. For this reason, P.
Hall in 1940 [5] introduced the notion of isoclinism between two groups
(which is weaker than isomorphism) and could classify some groups of
prime power order. Using his method, his student Easterfield [6] and
then M. Hall and J. Senior in 1964 [6] and later R. James in 1988 [8]
completed the classification of groups of order at most pn, where p is a
prime and n is at most 6.

We also know that the notion of isoclinism was generalized by P.
Hall [5] to isologism. Isologism is in fact isoclinism with respect to a
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certain variety of groups. If one takes the variety of all trivial groups,
one gets the notion of isomorphism back. The variety of all abelian
groups yields isoclinism.

On the other hand, we know that the main strong tool in the P.
Hall’s classification is the notion of capability and this notion also was
simultaneously generalized to varietal capability by J. Burns and G.
Ellis [3] and a joint paper of the author [9] in 1997.

Now, using all these facts in hand, we just intend to propound a
fundamental question; Is it possible to define some suitable varieties so
that invoking them the classification of some other families of groups
happens? Indeed, in the face of these facts, it seems that the classifi-
cation of some other suitable families of groups will not be so far! By
this sentence, we mean that it might probably exist some special kind
of varieties such that their obtained classes caused by isologim can be
considered as the first step of screening in the classification, though
they might be so broad. Although we do understand that as usual, the
stating such a problem is so easy while finding the answer may not!

2. Reality; The Classification of some Prime Power
Groups

There are different approaches that can be considered for the de-
scription of finite p-groups. We used the word “description” rather
than “classification” because we know that classifying p-groups is no-
toriously open and difficult. Some of the approaches are, for instance,
the order, the coclass and the class of nilpotency. But each of them has
some restrictions and difficulties in this way so that P. Hall in 1940 [5]
introduced the notion of isoclinism for the classification of all groups,
though he could classify only some prime power groups.

Definition 2.1. Two groups G1 and G2 are said to be isoclinic pro-
vided that there exist two isomorphisms α : G1/Z(G1) → G2/Z(G2)
and β : γ2(G1) → γ2(G2) such that if α(a1Z(G1)) = a2Z(G2) and
α(b1Z(G1)) = b2Z(G2), then β([a1, b1]) = [a2, b2]. This notion is writ-
ten by G1 ∼ G2.

In the P. Hall’s classification, regular group which was defined by
him, plays the key role. There are many equivalent ways to define
regular p-groups. One is that if a and b are any elements of the group,
then

(ab)pr
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. . . cp
r
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where ci are elements of the commutator subgroup of < a, b >. In fact,
a group is regular if the operation of taking pth powers interacts “well”
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with taking commutators. P. Hall [5] showed that in a regular p-group,
one can define “type invariants” which are similar to the invariant
factors for finite abelian groups. Though they do not completely de-
termine the groups the way the invariant factors do for abelian groups,
they are usually a very good first reduction towards the analysis. Note
that if p ≥ n, then a group of order pn is necessarily regular (more
generally, if the group is of class c and p > c, then the group is regular,
in particular, since a group of order pn is of class at most n−1, the ob-
servation just made follows). In fact, P. Hall mentioned in [4] that if we
fix n, then “most” groups of order pn are regular (since only those with
p < n may fail to be regular). This leads, classically, to a separation
of p-groups into those of “small class” (when the class is smaller than
p), and “the rest”. In other words, this means that when classifying
groups of order pn, the analysis usually breaks into two different cases:
when the group is regular (which includes all p ≥ n), and when the
group is irregular. The latter case leads to a case-by-case analysis for
small primes. This occurs, for example, in the classification of groups of
order p3 (in which odd primes and 2 should be considered separately).
Likewise Burnside’s work on group of order p4. Or similar to the work
of R. James [8] in the classification of groups of order p6 and E. A.
O’Brien and M. R. Vaughan-Lee [10] for p7. The latter separates p ≥ 7
with the groups of order 37 and 57. Note that the latest work uses Lie
rings and algebras as a starting point. There are algorithms that are
known to produce and check isomorphism types (see [10]).

The above comments explains that how groups of order pn for all
primes p have been fully classified for n ≤ 7, first (most of the times)
by isoclinism and then up to isomorphism. Note, in particular, that
the number of isomorphism classes increases with p when n ≥ 5. One
may know that the Higman PORC conjecture (polynomial on residue
classes) is that, for each n, this number is a polynomial function of
p and of p (mod k) for a finite collection of values of k. Although a
family of examples constructed by M. D. Sautoy and M. R. Vaughan-
Lee [12] of order p10 show while not actually disproving the conjecture,
suggests that it is very unlikely indeed that it is true. We should remind
also that their construction depends on the geometry of elliptic curves.
It will probably illustrate that how describing all groups of order p10

would be complicated.
Let us comeback to the isoclinism. The notion of isoclinism defines

an equivalence relation on the class of all groups and has this trait that
some other properties of groups are invariant under isoclinism. For
instance, it is proved in [2] that, restricting ourselves to finite groups,
we have the following hierarchy of classes of groups, invariant under
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isoclinism: abelian < nilpotent < supersolvable < strongly monomial
< monomial < solvable. For charactering the families of isoclinism, P.
Hall [5] tried to find some properties which are invariant in each family.
Accordingly, any quantity depending on a variable group and which
is the same for any two groups of the same family is called a family
invariant. For instance, it is easy to see that the members of the derived
series and the central quotient groups are family invariants. It follows
that the groups belonging to the same family have the same derived
length and nilpotency class. Note that the commutator quotient group
and the center are not family invariants, as is the minimal number of
generators.

Now, the importance of central quotient groups for this classification
may be seen. Such groups are called capable. More precisely;

Definition 2.2. A group G is called capable if there exists a group E
such that G ∼= E

Z(E)
.

Among many different points on capability, there are two important
tools for recognition the capability of a group. One of them is a nec-
essary condition which was established by P. Hall [5]. He considered
a generating system J for a group G and defined ∆J = ∩x∈J < x >
and denoted the join of all subgroups ∆J , where J varies over all gen-
erating systems of G, by ∆(G) and gave a necessary condition for the
capability of G in such a way that a capable group G must satisfy
∆(G) = 1.

The other tool for characterizing the capability is a criterion that was
introduced by F. R. Beyl, U. Felgner and P. Schmid [1]. They showed
that every group G possesses a uniquely determined central subgroup
Z∗(G) which is minimal subject to being the image in G of the center
of some central extension of G. This Z∗(G) is characteristic in G and
is the image of the center of every stem cover of G.

Definition 2.3. The intersection of all subgroups of the form ψ(Z(E)),
where ψ : E → G is a surjective homomorphism with kerψ ⊆ Z(E), is
called the precise center subgroup of G and denoted by Z∗(G).

F. R. Beyl et al. [1] proved that Z∗(G) is the smallest central sub-
group of G whose factor group is capable. Now using this fact the
criterion for capability can be given as follows.

Theorem 2.4. (F. R. Beyl, U. Felgner and P. Schmid 1979 [1]) G is
capable if and only if Z∗(G) = 1.
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3. Dream; The Classification of Other Classes of Groups!

The works and attempts which were explained as the “Reality” in
Section 1 for the classification of some prime power groups evidence
that this way of classification might not be quite simple. In other
words, determining finite p-groups of order pn up to isomorphism, will
be so complicated while n becomes large and larger. This shows the
necessity of primary screening not only for p-groups, but also for other
families of groups.

On the other hand, we should not forget that whatever, for instance,
R. James [8] did was heavily indebted to the work of P. Hall [5] on
isoclinism. That is why, we believe that as isoclinism could help us
as the first step of classification of prime power groups of order pn for
small n, paying attention to its generalization may be helpful as the
first step of classification of some other classes of groups! Therefore
in this section, we remind all the notions and the tools in Section 1
which were generalized to any variety of groups. In fact, the primary
definitions and the preliminary statements which provide the context
of determining of the equivalence classes in isoclinism were generalized
in two steps. First, the “isoclinism” and “capability” were transformed
to “c-isoclinism” and “c−capability and then they were generalized to
“isologism” and “varietal capability”, respectively. In the following,
the general case is provided.

Definition 3.1. Let V be a variety of groups defined by the set of laws
V . Two groups G and H are V- isologic if there exist isomorphisms

α :
G

V ∗(G)
→ H

V ∗(H)
and β : V (G) → V (H),

such that β(v(g1, g2, . . . , gn)) = v(h1, h2, . . . , hn), where gi ∈ G, hi ∈
α(giV

∗(G)) for each 1 ≤ i ≤ n. In this case, we write G ∼V H. The pair
(α, β) is said to be a V-isologism between G and H.

Likewise the isoclinism, for each variety V, isologism gives an equiv-
alence relation on the class of all groups. The larger variety implies the
weaker equivalence relation. If V is the variety of all abelian groups,
V-isologism coincides with isoclinism. The groups in a variety V fall
into one single equivalence class, they are actually V-isologic to the
trivial group. (For more information about V-isologism see [7]).

On the other hand, it is observed from the definition of isologism that
the marginal factor group can play an important role in this system of
classification. Such a group is called varietal capable with respect to
the variety V, or briefly V-capable [9].
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Definition 3.2. Let V be a variety of groups defined by the set of laws
V . A group G is said to be V-capable , if there exists a group E such
that G ∼= E/V ∗(E) .

Some properties of varietal capability are given in [9]. Specially,
finding a criterion for recognition of varietal capability is illustrated in
[9]. More precisely, it is shown that every group G possesses a uniquely
determined subgroup (V ∗)∗(G) of the marginal subgroup V ∗(G) , which
is minimal subject to being the image in G of the marginal subgroup of
some V-marginal extension of G. In fact, if ψ : E → G is a surjective
homomorphism with kerψ ⊆ V ∗(E), then (V ∗)∗(G) is defined to be
the intersection of all subgroups of the form ψ(V ∗(E)).

If V is the variety of abelian groups then the subgroup (V ∗)∗(G) is
Z∗(G) and the V-capability coincides with the usual capability. If one
takes V to be the variety of nilpotent groups of class at most c, c ≥ 1,
then one gets (V ∗)∗(G) to be Z∗

c (G) as J. Burns and G. Ellis introduced
in [3] and the V-capability will be their c-capability.

(V ∗)∗(G) is characteristic and it is also proved in [9] that (V ∗)∗(G)
is the smallest subgroup contained in the marginal subgroup of G for
which the factor group G/(V ∗)∗(G) is V-capable. In other words;

Theorem 3.3. (M. R. R. Moghaddam and S. Kayvanfar [9]) G is
V-capable if and only if (V ∗)∗(G) = 1.

The above comments explain that for a classification of a family of
groups, the notion of isologism might be helpful as a primary screen-
ing. The most important tool that can be considered for characterizing
the families of isologism is the V-capable group. On the other hand,
there are a few statements for recognition the varietal capability (for in-
stances, see [3] and [9]) invoking them one can find out the V-capability
of some groups. There is also another helpful tool for recognizing the
V-capability; the Baer invariant of groups, which has been calculated
for many varieties. Invoking the Baer invariant, the varietal capability
of some types of groups has been characterized for some special kind
of varieties (for example see [11]).

All these facts motivate us to think more to the dream of classifica-
tion of groups by varietal isologism via the varietal capability.
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