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Galerkin Finite Element discretization. We compare our numerical solution for flow
and thermal field with the solution of the DSMC and Generalized Hydrodynamic (GH)
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ﬁ‘%ﬁo:lj;nem technique techn@ques, as well as a recently developed s!ip/jump boundary condition, i.e., Paterson

Rarefied flow equation. Current results demonstrate the suitable accuracy of the employed boundary

Second order slip/jump boundary conditions for different set of test cases. Our numerical solutions are obtained with much
conditions less numerical costs compared to alternative boundary conditions.

Petrov-Galerkin method © 2014 Elsevier Ltd. All rights reserved.

Non-equilibrium flow
Micro/nanoflows

1. Introduction

During the last decades, the use of micro/nano electromechanical systems (MEMS/NEMS) has been significantly increased
in various industries [1]. The low-pressure gas flow or small length scale which is present in micro/nanofluidics devices
results in flow rarefication. Consequently, the departure from thermodynamic equilibrium due to the rarefication makes
the Navier-Stokes (NS) equations invalid. The degree of gas rarefication is determined by the Knudsen number, defined as
follows:

Kn = ~ (1)
L

where X and L are the mean free path and characteristic length of the geometry, respectively. With regard to the values of the
Knudsen number, the gas flows are classified as the continuum regime (Kn < 1073, slip flow regime (10~ < Kn < 1071),
transition regime (10! < Kn < 10), and free molecular flow (Kn > 10). The gas flow can be simulated using the Boltzmann
equation in all regimes while the NS equations can be used only in continuum regimes. Nevertheless, we can still simulate
the rarefied gas flow with the NS equations in the slip flow regime and slightly beyond provided that no-slip boundary
conditions are replaced with velocity slip and temperature jump boundary conditions. Alternatively, moment methods have
been widely employed for rarefied gas flows [2-4]. The benefit of moment methods is high accuracy and low computational
costs [5]. Recently, boundary conditions (BC) for the regularized 13 moments equations were also extended to derive second
order BCs for the NS equations [5].
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Eu [6] demonstrated that the high Mach number effects also contribute in non-equilibrium besides rarefication. He
introduced a combined parameter that considers both of the rarefaction and compressibility factors. This parameter is
defined as:

2
N; = knM,| =X, )
T

To consider the effects of flow rarefactions near the walls, a first-order accurate velocity slip boundary condition was derived
for the first time by Maxwell [7]:

2 U,
U, — U, = ( - G”) Kn= 3)
v

where o, and o7 represent the momentum and thermal accommodation coefficients, respectively. Similarly, Smoluchowski
proposed a first-order temperature jump condition with the following equation [8]:

2—or 2y Kn oT
T, — T, = ——. (4)
oT y+1) Pron

Generally, slip/jump boundary conditions can be classified according to their accuracy and limits of applicability. The first-
order slip boundary conditions can be expressed as in the following general form [9]:

ou
Us — Uy = GKn | — (5)
on /.

where C; represents first-order slip coefficient, i.e., C; = 2;;’” in Maxwell’s condition. Different values have been proposed
for this coefficient based on various analytical, numerical or experimental approaches. For example, see Loyalka et al. [10],
Bohukudumbi et al. [11], Karniadakis et al. [12] and Agrawal et al. [13].

When rarefication increases, more accurate boundary conditions are required. Similar to the aforementioned general

equation, the following equation can be considered for the second-order slip condition:

au , (0°U
Us — U, = CiKn % — GKn W (6)

where C; and G, are the first-order and second-order coefficients. Different magnitudes have been proposed for the following
coefficients based on the experimental or theoretical approaches. For example, see Refs. [ 14-18]. In addition to the following
equation, another type of slip/jump boundary condition, Langmuir type, has been presented considering the condensation
of gas molecules on the surface. Eu et al. [19] and Myong [20-22] developed this family of boundary conditions.

2. Karniadakis boundary condition

Karniadakis et al.[12] derived a second-order accurate slip/jump boundary condition based on the kinetic theory of gases.
They calculated mean tangential velocity of the gas molecules and temperature jump boundary conditions as follows [12]:

Us = % [U)\ + (1 - Gv) u + O'vuw] (7)
(@-on 2y 2y 2—op)
TS‘( Pr (y+1>T*+"TTw>/(“T+ E ) (®)

where the subscripts A and w denote value of the variables calculated at a distance proportional to the mean-free-path away
from the surface and at the surface, respectively. Karniadakis et al. [12] showed that the Taylor expansion of Eq. (7) results
in a second order BC in terms of Kn number; therefore, this BC is called the second order in the current paper.

Karniadakis et al. [12] reported that the best agreement with the DSMC solution for micro-channel geometry was
obtained if u; and T, were calculated at a distance equal to one mean free path away from the wall. In the current work,
a sensitivity analysis was performed for employment of Egs. (7)-(8) for external flow geometries. We observed that best
agreement with the DSMC solutions for velocity and temperature field is obtained if we calculate u; and T, at distances equal
to A and 22, respectively. o, and oy are the tangential momentum and energy accommodation coefficients. In addition, all
of the variables are non-dimensionalized with the reference quantities in the freestream.

Contrary to most other common slip/jump boundary conditions, these boundary conditions are independent of
calculating any velocity or temperature derivatives at the surface. Karniadakis et al. [ 12] noted that explicit implementation
of boundary conditions which needs to calculate velocity or temperature gradients at the surface may result in unstable
results. This reason along with high computational cost and numerical difficulties that come from calculating the higher
order gradients encourage the researcher to focus on non-gradient slip/jump boundary conditions. In the current work, for
the first time, we extend the applicability of Egs. (7)-(8) for simulation of high speed external rarefied micro/nano flows.
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Previous applications of these equations were limited to low speed internal flows [12,23]. We show that suitable accuracy
of the above equations justifies the use of these equations for high speed non-equilibrium flows.
We used an explicit implementation of the above slip/jump boundary conditions as follows:

un+1 [u + (1 —o0y) U + oy ]" (9)

w1 [(@—o01) 2y 2y 2-op\7]"
" _[( Pr <y+1)T*+“TTw>/("T+<y+1) Pr )] (10)

Therefore, flow parameters needed in Egs. (9) and (10) are known from the last iteration.

3. Finite element formulation

A Petrov-Galerkin finite element method is used to solve the compressible NS equations. This method is based on intro-
ducing and using an artificial diffusion which is applied locally along the streamlines. Simplicity, stability and high accuracy
of this method are determinative factors for its usage [24]. The algorithm is implemented using bilinear quadrilateral ele-
ments. The NS equations can be written in the dimensionless forms as follows:

ap
§+u Vo+pV-u=0

ou 1 (1)
— 4+ u-Vu =V-1
p<3t ) yMZ,

oE
p<§+u‘VE>+(y—1)V'(Pu)

14 (V - 1) 2 2
=——V. VE — M.V (u-u)|+ —1M_V-(t-u
Pr x Rew M[ 2yoo()y()/)oo()
where Rey, and M, are respectively the Reynolds and Mach numbers defined at the reference conditions. t is the dimen-
sionless deviatoric stress tensor.
The Petrov-Galerkin weak formulations of governing equations are written as:

a0 8,0 a0 ou Jdv
JoAeqtve i v voe (G ) om = )
au ou au 1 9 (pe) n |[dw (40u 20dv dw (du dv
Jo oo+ (v, *”a—y)““ymgo e Lo G amy) T (s ) oo
—/a)L[(ﬁ%—gav)nx—l-(a—u—l-a—v)ny}dfzo (13)
r Res 30x 30y ay  ox
av ov av 1 9 (pe) w [dw (ou dv dw (40v 29u
J o+ (o ax“@)*‘“ymgo TaR e kol GRS RS T Ei it | K
—/wi[<a—u+a—v>nx+(fa—v—z%>ny]dr=0 (14)
r Res ay  0x 30y 30x

de ae ae u Jdv
/g{wngrvep(a +v5)+w(y—1)(p)< @)
toy(y -1 ﬂu [ |:<8u) + (a_v> - <%8—v>} + (@)2 + (8_11)2 +2 (3—"8—’))]
ox ay dx dy ay ax ay 0x

n y 8w8e+8a) de 40 / y de L O de Al =0 (15)
PrReooM dx dx  Jy ady Fw PrReoo'u ax b 8y -

where 2 is open-connected domain, I” is the boundary, n is the normal unit vector and v,, vy, ve, and v, that appeared in
continuity, momentums and energy equations are Petrov-Galerkin weighting functions used in connective terms only. w is
the standard Galerkin weighting function which is equal to shape functions. Calculation of these parameters is described in
detail in Ref. [24].

The weighting functions are calculated using the following equations [25]:

+ — h aw +v ow (16)
V) = W
p 20 \“ox By
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n h uaw n ow (17)
w=wt+oy— |(u— +v—
! “au ax ay
where
a, = coth (ﬁ) - = (18)
2 Yu
and
pRe Uh
"= ———— (19)
M (1 + 3(u2+vz)>
n h uaw n Jw (20)
Vpy=w+a,— |U— +v—
2U 0x ay
where
, 2
a, = coth <V—> S — (21)
2 Yo
and
pResUh
"=——— (22)
H (1 + 3(u2+v2)>
L h uaw n Jw (23)
Ve = — — 4+ v—
e =W %o\ " ox dy
where
2
@, = coth (ﬁ) _ = (24)
2 Ye
and
pPrRes,Uh
Yo=—"— (25)
ny

h is the element length associated with the mesh and direction of u [25].
We used a quadrilateral bilinear element, where the distributions of dependent variables in the interior of the elements
are computed from the following equations:

p(x,t) = ZNi(X)Pi(f)
i—1

ux,t) = ZNi(x)ui(t)
iz1

v(x, t) = ZNi(X)vi(t)
p

e(x,t) = Z N'(x)e;(t)
i=1

where ¥;(t) = p(t), u(t), v(t), e(t) is the value of variable v in ith node in time t. To obtain u; and T, once the mean-
free-path was smaller than the element size, we applied a linear interpolation between the values of variables in the node
located on the wall and the upper node.

Variations of the viscosity with the temperature are considered as follows:

T\ 15/ T MKT e
M = MUref \ =— , Mref =

Tref 2nd%, (5 —2w) (7 —2w)

ref

For argon gas molecules, Trer = 273 K, d = 4/17 x 1071° (m), w = 0.81, ptrer = 2.117 x 1077 [26].
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Fig. 1. Flat plate geometry and imposed boundary conditions.
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Fig. 2. Grid independency test.
4. Numerical results
4.1. Test 1: Mach = 4.38, Kn = 0.0013 flow over the flat plate [26]

In order to evaluate the accuracy of the Karniadakis et al. [ 12] slip/jump boundary conditions for high speed rarefied flows,
three test cases have been considered over a wide range of flow non-equilibrium conditions. Firstly, we consider a supersonic
flow of argon over a nano-scale flat plate [27]. The freestream flow conditions are T, = 300 K and po, = 4.14 x 10’ Pa. The
plate has a length of 100 nm and is held at a constant temperature of T,, = 500 K. The inlet Mach and Knudsen numbers are
respectively 4.38 and 0.0013 based on the freestream conditions and plate length, respectively. The value of Eu’s parameter
at the free stream conditions is Ns = 0.00582. In order to obtain a correct velocity distribution at the inlet of the plate, the
inflow boundary is placed at a distance of 10% of the plate length from the leading edge. The height of the computational
domain is 75 nm. Fig. 1 shows the geometry and boundary conditions. Since we assumed that molecules are reflected from
the wall diffusively, both of the accommodation coefficients are set equal to one.

To obtain a grid independent solution, three different sets of grids, i.e., 110 x 75,220 x 150 and 330 x 225, using bilinear
quadrilateral elements were used. An expansion coefficient of 1.016 was used to increase the cell spacing in both axial and
vertical directions. As Fig. 2 shows, all three grids provide almost identical solutions for tangential velocity and temperature
at x = 90 nm. Therefore, we chose the grid with 110 x 75 cells which required less computational cost.

The convergence criterion is:

||Xn+1 —Xn ”
X"l

The convergence is achieved if the maximum of the relative error, defined by Eq. (15), of the dependent variables falls below
the threshold value of 10~8. We compare our results with the DSMC solution obtained using the dsmcFoam solver available
in the OpenFOAM package [28].

(28)
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Fig. 3. Tangential velocity profile along the surface of the nano-scale flat plate (M = 5.48, Kn = 0.0013, N5y = 0.00582).
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Fig. 4. Temperature profile along the surface of the nano-scale flat plate (M = 5.48, Kn = 0.0013, N5 = 0.00582).

Figs. 3 and 4 compare present results for the velocity and temperature distributions along the surface of the plate with
the DSMC solution, respectively. Considering the surface velocity, Karniadakis’s BCs results are almost coincident with the
DSMC data over the whole plate including the shock and boundary layer regions. However, temperature jump deviates from
the DSMC data in regions close to the leading edge, but this difference decreases when flow moves away from the beginning
of the plate. This difference can perhaps be explained by the fact that DSMC particles returning to the inlet boundary could
detect the shock formation while in the NS equations, the flow does not observe the plate until it reaches the plate tip [29].

Figs. 5-6 illustrate tangential velocity and temperature profiles at x = 80 nm. It is observed that there is reasonably
good agreement between the current approach and DSMC. The mean absolute percentage error between the DSMC and NS
solution for T and V are around 5.2% and 2.9%, respectively.

4.2. Test 2: Mach = 12.7, Kn = 0.00418 flow over the flat plate [29]

The second problem considered is the high speed hypersonic argon flow over a flat plate at Mach 12.7 and Knudsen
number 0.00418. Eu’s parameter for this problem at the free stream condition is Ns = 0.0547. Free-stream flow conditions
are Too = 64.5K, Uy, = 1893.7 (m/s), ps = 3.73Paand T,, = 292 K. The mesh used for this case is the same as the
previous test case. We compared our results with the DSMC data and Patterson BC’s results reported in Ref. [29]. Greenshields
and Reese [29] derived Patterson equations based on Grad’s moment method. They showed that the results using Patterson’s
temperature jump BC compare quite well with the DSMC and are consistently better than those using the Smoluchowski
temperature jump BC. Fig. 7 presents a comparison of the velocity distribution along the surface of the plate obtained by the
DSMC as well as the NS equations using different BC’s such as the Maxwell, Paterson and Karniadakis et al. model. As can
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Fig. 5. Tangential velocity profile at x = 80 nm from the plate tip (M = 5.48, Kn = 0.00129, N; = 0.00582).
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Fig. 6. Temperature profile at x = 80 nm from the plate tip (M = 5.48, Kn = 0.00129, N5 = 0.00582).

Table 1

Mean absolute percentage error for velocity slip over the whole surface.
BC Present work Patterson Maxwell
MAPE 34.23% 84.14% 89.457%

be deduced from this figure, Karniadakis et al.’s BC predicts the closest results to the DSMC data and performs considerably
better than the Paterson model, which coincides with the Maxwell model for this test case.

Fig. 8 shows a comparison of the temperature distribution along the surface of the plate. As observed in this figure, the
solution of the present model coincides with Patterson’s BCs, and both boundary conditions give better results for the surface
temperature than the Smoluchowski condition. Similar to Fig. 4, CFD and DSMC solutions are different at the beginning of the
flat plate while they approach each other as flow goes further along the plate. The mean absolute percentage error (MAPE)
for velocity slip and temperature jump over the whole surface is reported in Tables 1-2.

n

1
MAPE = — Z

t=1

X — X
DSMC NS (29)

Xpsmc

where n is the number of cells and X is the quantity of interest.

Additionally, profiles of the temperature and tangential velocity at x = 25 mm are presented in Figs. 9-10, respectively.
From Fig. 9, we observe that almost all BC models predict a higher value of slip on the plate in comparison with the DSMC
solutions while they agree with the DSMC solution from slightly above the plate until y < 1 mm. Deviation between DSMC
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Fig. 7. Velocity profile along the surface of the flat plate (M = 12.7, Kn = 0.00418, N5 = 0.0547).
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Fig. 8. Temperature profile along the surface of the flat plate (M = 12.7, Kn = 0.00418, N5 = 0.0547).

Table 2

Mean absolute percentage error for temperature jump over the whole surface.
BC Present work Patterson Smoluchowski
MAPE 8.80% 13.97% 19.6%

and BC’s increases until flow arrives around at y = 5 mm. From Fig. 10, we observe that Karniadakis et al.’s BC predicts
temperature at the surface 7% less than DSMC, and almost equal to the Patterson BC. It is observed that DSMC data reaches
a peak, where the value of temperature is about 1100 K, at 1.2 mm away from the wall surface. In this region, the closest
solution to the DSMC data belongs to Smoluchowski, Karniadakis, and Patterson BCs, respectively. From y > 3 mm, Paterson
solution becomes closer to the DSMC data while around y = 6.8, Karniadakis and Smoluchowski models agree better
with the DSMC data. Overall, the mean absolute percentage errors for Paterson, Karniadakis and Smoluchowski models
are respectively 14.49%, 16.68% and 19.5%.

4.3. Test 3: Mach = 5.48, Kn = 0.05 flow over the cylinder [30]

The third problem considered in this work is the hypersonic argon flow past a cylinder at Mach 5.48 and Knudsen number
(based on radius of cylinder) 0.05. Eu’s parameter at freestream conditions is Ns = 0.2823. The freestream flow temperature
is T, = 26.6 K. Also, the surface temperature of the circular cylinder is fixed at 293 K. Fig. 11 shows computational
domain and relevant boundary conditions employed for our numerical simulation. A structured grid with 240 x 150 nodes
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that corresponds to 36,000 bilinear quadrilateral elements is used. Our results are compared with the DSMC data [30,31],
Generalized Hydrodynamic model results [32], and results computed using the nonlinear Boltzmann equations [33]. In
Fig. 12, distributions of the normalized density, velocity and pressure (with respect to the freestream flow conditions) along
the stagnation line are plotted. The distance is normalized using mean free path of the free stream flow.

It is observed that the Karniadakis BC gives reasonably good prediction for flow properties especially close to the surface
of the cylinder, i.e., although there is some difference between CFD results and other approaches in the shock wave region,
post-shock properties of the current simulation agree with the DSMC and Boltzmann solutions. This observation is in
agreement with the finding reported in Ref. [34]. Fig. 13 shows the contour of density and pressure from the current work
(bottom side) and from Ref. [33] (upper side). As expected, NS equations predict a thinner shock wave compared to the
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DSMC solution while post-shock contour levels, especially in the rear portion of the cylinder, show suitable agreement with
the DSMC.

The mean absolute percentage error (MAPE) for density and pressure over the whole surface of the cylinder is reported
in Table 3.

-l n
MAPE = - Z

t=1

XBoltzmann - XNS (30)

XBoltzmann

5. Conclusions

In the current work we extended the application of a second order slip/jump boundary conditions originally derived by
Karniadakis et al. for low speed internal flows to simulate high speed rarefied flows over typical external geometries. We
developed an explicit finite element solver based on the Petrov-Galerkin method and solved rarefied flow over a flat plate
and a cylinder. We compared our results with the solutions of alternative BC models including Maxwell/Smoluchowski and
Paterson equations. Our results show that the solution of the Karniadakis model for slip velocity of the flat plate is quite close
to the DSMC solution while its temperature jump prediction is as accurate as the Paterson model. For cylinder geometry, we
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Table 3
Mean absolute percentage error for density and pressure
over the whole surface of the cylinder.

Contour Density Pressure

MAPE 12.49% 16.66%

observed that the Karniadakis model predicts post-shock properties suitably while its prediction for pressure and density
contours behind the cylinder relatively agrees with the solution of the Boltzmann equation. Since the use of Karniadakis
BC’s does not require computation of higher order flow gradients, the numerical solver using this model is quite stable and
requires less computational time.
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