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Recently it has been speculated that the Ward identities associated with the string dualities and the gauge
symmetries can be used as guiding principles to find all components of the scattering amplitude of n
supergravitons from a given component of the S matrix. In this paper, we apply the Ward identities
associated with the T duality and the gauge symmetries on the disk-level S-matrix element of one Ramond-
Ramond (RR) ðp − 3Þ form, one Neveu-Schwarz-Neveu-Schwarz (NSNS), and one Neveu-Schwarz (NS)
state to find the corresponding S-matrix elements of the RR ðp − 1Þ form, ðpþ 1Þ form, or the RR ðpþ 3Þ
form on the world volume of a Dp-brane. Moreover, we apply theseWard identities on the S-matrix element
of one RR ðp − 3Þ form and two NSNS states to find the corresponding S-matrix elements of the RR
ðp − 1Þ form, ðpþ 1Þ form, ðpþ 3Þ form, or the RR ðpþ 5Þ form.
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I. INTRODUCTION

Higher derivative couplings in superstring theory can be
captured from α0 expansion of the corresponding S-matrix
elements [1,2] and from exploring the dualities of the
superstring theory [3–16]. The dualities can be imple-
mented either on-shell or off-shell. At the on-shell level,
they appear in the S-matrix elements as S-dual and T-dual
Ward identities [17–21]. These identities establish con-
nections between different elements of the scattering
amplitude of n supergravitons. By calculating one element
explicitly in the world sheet conformal field theory, all
other elements of the S matrix may be found by the Ward
identities. At the off-shell level, on the other hand, the
dualities appear as symmetries of the effective action. By
calculating the couplings of one specific component of the
supergraviton at order α0n from the corresponding S-matrix
element, the couplings of all other components at this order
may be found by the dualities [22–28].
The effective actions of Dp-branes in superstring theory

at leading order of α0 are given by the Dirac-Born-Infeld
(DBI) and the Chern-Simons (CS) actions, which are
invariant under off-shell T duality. The first higher deriva-
tive correction to these actions is at order α02. The curvature
squared corrections to the DBI action has been found in
[29] from the α0 expansion of the disk-level S-matrix
element of two gravitons [30]. At the α02 order, the
S-matrix element of two massless closed-string states in
the superstring theory has only contact terms; e.g., for two
gravitons, they are the curvature-squared couplings in the
momentum space [29]. The T-dual and S-dual Ward
identities then dictate that the curvature couplings must
be invariant under linear T duality and S duality. The
consistency of the curvature couplings with the linear T

duality and S duality has been used in [22,25] to find the
on-shell couplings of two supergravitons on the world
volume of Dp-brane at order α02.
The curvature corrections to the CS action, on the other

hand, has been first found in [31–33] by requiring that the
chiral anomaly on the world volume of intersecting
D-branes (I-brane) cancels with the anomalous variation
of the CS action. These corrections also starts at order α02,
which is the curvature-squared times the RR potential, i.e.,
Cðp−3Þ ∧ R ∧ R. These couplings have been confirmed in
[34–36] by the α0 expansion of the disk-level S-matrix
element of two gravitons and one RR vertex operator. At
the α02 order, the S-matrix element has only contact terms,
which are the coupling Cðp−3Þ ∧ R ∧ R in the momentum
space. However, all other S-matrix elements of three
massless closed strings have both contact terms and
massless poles. As a result, the T-dual Ward identity does
not indicate that the curvature couplings must be invariant
under the linear T duality. On the other hand, it has been
observed in [37] that the CS action at order α02 has also
couplings between one NSNS and one RR n form where
n ¼ p − 1, pþ 1, pþ 3. We expect that the combination
of these couplings and the curvature-squared couplings
should be extendible to the off-shell nonlinear T duality
after including many other couplings at order α02. Some of
these Dp-brane couplings involving the RR ðp − 3Þ form
have been found in [38,39] from the α0 expansion of the
corresponding S-matrix elements.
The couplings involving the RR ðp − 3Þ form reveal that

it is a hard task to find all other couplings involving the RR
n form where n ¼ p − 1, pþ 1, pþ 3, from the off-shell
nonlinear T-duality requirement. Partial results for such
couplings, however, have been found in [23,24]. We are
interested in finding such couplings from the α0 expansion
of the corresponding S-matrix elements. We are going to
benefit from the on-shell linear T-duality requirement to
find the S-matrix elements from the S-matrix elements of

*komeilvelni@gmail.com
†garousi@um.ac.ir

PHYSICAL REVIEW D 89, 106002 (2014)

1550-7998=2014=89(10)=106002(24) 106002-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.89.106002
http://dx.doi.org/10.1103/PhysRevD.89.106002
http://dx.doi.org/10.1103/PhysRevD.89.106002
http://dx.doi.org/10.1103/PhysRevD.89.106002


the RR ðp − 3Þ form, which have been calculated explicitly
in [38,39]. The implicit assumption in the T-duality trans-
formation that fields must be independent of the Killing
coordinate causes in some cases that the T-dual Ward
identity not to be able to capture the new S-matrix elements
in all details. However, the Ward identity corresponding to
the gauge symmetries can be used to fix this problem [21].
The disk-level scattering amplitude of one massless RR

ðp − 3Þ form, one NSNS state, and one open-string NS
state has been calculated in [20,39]. The RR potential in
this amplitude carries either one or zero transverse indices.
Accordingly, it can be split into two parts. The amplitude
corresponding to the first part has one integral representing
the closed- and open-string channels. The amplitude
corresponding to the second part has three integrals that
satisfy one constraint equation. The T-dual Ward identity
connects the amplitude of the RR ðp − 3Þ form to the
amplitudes of the RR ðp − 1Þ form, ðpþ 1Þ form, and the
RR ðpþ 3Þ form which furnish a T-dual multiplet. The
T-dual multiplet corresponding to the first part has been
found in [21]. It has the following structure:

A1ðCðp−3Þ
i Þ → A2ðCðp−1Þ

ij Þ → A3ðCðpþ1Þ
ijk Þ → A4ðCðpþ3Þ

ijkl Þ;
(1)

where the number in the label of A refers to the number
of transverse indices of the RR potential. All other
indices of the RR potential contract with the world
volume form. The components A2, A3, A4 carry the
same integral that the first component A1 carries. In this
case, the T-dual Ward identity captures the new S-matrix
elements in full detail. This is confirmed by the fact that
each S-matrix element satisfies the Ward identities
corresponding to the NSNS and NS gauge transforma-
tions [21]. The multiplet does not satisfy the Ward
identity corresponding to the RR gauge transformation
because it contains only the first part of the RR ðp − 3Þ
form, which has one transverse index.
In this paper, we find, among other things, the T-dual

multiplets corresponding to the second part, which has the
RR ðp − 3Þ form with no transverse index. The result has
the following structure:

(2)

where the horizontal arrows show the linear T-duality
transformation and the vertical arrows show the NSNS
or the NS gauge transformations. In this case, the
amplitudes in the first line, which are connected by
the linear T-duality transformation, do not satisfy the
Ward identity associated with the NSNS or the NS
gauge transformations. The amplitudes in the second
line, which are connected by the T duality, are added to
make the whole amplitude to be invariant under the
NSNS and the NS gauge transformations. All the above
components carry the same three integrals that the first
component carries.
One may expect the sum of the multiplets (1) and (2)

to satisfy the Ward identity corresponding to the RR
gauge transformation. This is the case for the first
components, which are calculated explicitly. However,
as we show, the other components that are calculated
through the Ward identity corresponding to the T duality
and the NSNS gauge transformations do not satisfy this
condition. This indicates that there should be another
T-dual multiplet whose first component is A0ðCðp−1ÞÞ.
This component, which should be invariant under the
RR Ward identity, is connected to the Cðp−1Þ amplitudes
in (2) by the Ward identity corresponding to the NSNS
and the NS gauge transformations. Imposing this con-
dition, we are able to find this component. The
amplitude has two new integrals that satisfy one new
constraint equation. We also find the other amplitudes

that are connected to it by the Ward identity. The
multiplet has the following structure:

(3)

The other components have the same integrals that the
first component has. The sum of the multiplets (1), (2),
and (3) satisfies the Ward identity corresponding to all
of the gauge symmetries and the T duality.
The disk-level S-matrix element of one RR ðp − 3Þ form

and two NSNS states has been calculated in [38–41]. The
RR potential in this amplitude carries two, one, or zero
transverse indices. Accordingly, it has three parts. The
amplitude for the first part has one integral. The amplitude
for the second part has five integrals that satisfy two
constraint equations, and the amplitude for the third part
has 14 integrals that satisfy eight constraint equations. The
T-dual Ward identity connects these three parts to the
amplitudes of the RR ðp − 1Þ form, ðpþ 1Þ form, ðpþ 3Þ
form, and the RR ðpþ 5Þ form. The T-dual multiplets
corresponding to the first part have been found in [21]. It
has the following structure:

A2ðCðp−3Þ
ij Þ → A3ðCðp−1Þ

ijk Þ → A4ðCðpþ1Þ
ijkl Þ → A5ðCðpþ3Þ

ijklm Þ
→ A6ðCðpþ5Þ

ijklmnÞ: (4)
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Each amplitude satisfies the Ward identity corresponding to the NSNS gauge transformation. They all contain one integral.
The T-dual multiplet corresponding to the second part, which has been found in [21], has the following structure:

(5)

where the T-dual multiplet in the second line is needed for the NSNS gauge symmetry. Each component contains the same
five integrals that the first component has. It has been speculated in [21] that there are three multiplets corresponding to the
third part. In this paper, we find these multiplets. We find they have the following structure:

(6)

The multiplets in the second and the third lines are needed
for the NSNS gauge symmetry. All of the above compo-
nents carry the same 14 integrals that the first component
carries. Here also one may expect the sum of the multiplets
(4), (5), and (6) to satisfy the Ward identity corresponding
to the RR gauge transformation. Even though the first
components, which are calculated explicitly, satisfy this
condition, the other components do not satisfy this con-
dition. This again indicates that there should be another
T-dual multiplet like (3) in which the first component is
invariant under the RR gauge transformation. In this case,
we find that it is hard to find this amplitude from the Ward
identities of the NSNS gauge transformations. This com-
ponent may be calculated explicitly in string theory in
which we are not interested in this paper.
The outline of the paper is as follows: We begin with

Sec. II, which is a review for the T-dual Ward identity. In
Sec. III, using the consistency of the S-matrix element of
one RR ðp − 3Þ form, one NSNS state, and one open-string
NS state that has been calculated in [39,20], with the Ward
identity corresponding to the T duality and the gauge
symmetries, we find the corresponding S-matrix elements
for all other RR potentials. In Sec. IV, we perform the same
calculations for the S-matrix element of one RR ðp − 3Þ
form and two NSNS states, which have been calculated in
[38,39]. The amplitudes in this section, however, do not
fully satisfy the Ward identity corresponding to the gauge
transformation because of our lack of knowledge of the
amplitude of the RR field strength FðpÞ with no transverse
index. In Sec. V, we briefly discuss our results.

II. T-DUAL WARD IDENTITY

It is known that the gauge symmetries of a given theory
appear in the S-matrix elements through the corresponding
Ward identities. That is, the S-matrix elements of the
theory should be invariant under the linearized gauge

transformations on the external states and should be
invariant under the full nonlinear gauge transformation
on the background fields. This idea has been speculated in
[17] to hold even for the duality transformations of the
theory. In particular, the S-matrix elements should be
invariant/covariant under linear T-duality transformation
of the external states and under nonlinear T-duality trans-
formation of the background fields.
The full set of nonlinear T-duality transformations for

massless RR and NSNS fields has been found in [4,7–10].
The nonlinear T-duality transformations of the RR field C
and the antisymmetric field B are such that the expression
C ¼ eBC transforms linearly under T duality [42]. When
the T-duality transformation acts along the Killing coor-
dinate y, the massless NSNS fields and C transform as

e2 ~ϕ ¼ e2ϕ

Gyy
; ~Gyy ¼

1

Gyy

~Gμy ¼
Bμy

Gyy
; ~Gμν ¼ Gμν −

GμyGνy − BμyBνy

Gyy

~Bμy ¼
Gμy

Gyy
; ~Bμν ¼ Bμν −

BμyGνy −GμyBνy

Gyy

~CðnÞμ���νy ¼ Cðn−1Þμ���ν ; ~CðnÞμ���ν ¼ Cðnþ1Þ
μ���νy ; (7)

whereμ,νdenote anycoordinatedirectionsother thany. In the
above transformation, themetric is given in the string frame. If
y is identified on a circle of radius R, i.e., y ∼ yþ 2πR, then
after T duality the radius becomes ~R ¼ α0=R. The string
coupling is also shifted as ~gs ¼ gs

ffiffiffiffi
α0

p
=R.

We would like to study the T-dual Ward identity of
scattering amplitudes, so we need the above transforma-
tions at the linear order. Assuming that the NSNS fields
are small, perturbations around the flat space, e.g.,
Gμν ¼ ημν þ hμν, the above transformations take the fol-
lowing linear form:
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~ϕ ¼ ϕ −
1

2
hyy; ~hyy ¼ −hyy; ~hμy ¼ Bμy; ~Bμy ¼ hμy; ~hμν ¼ hμν; ~Bμν ¼ Bμν

~CðnÞ
μ���νy ¼ Cðn−1Þ

μ���ν ; ~CðnÞ
μ���ν ¼ Cðnþ1Þ

μ���νy : (8)

The T-duality transformation of the gauge field on the
world volume of D-brane, when it is along the Killing
direction, is ~Ay ¼ ϕy where ϕy is the transverse scalar.
When the gauge field is not along the Killing direction, it is
invariant under the T duality.
The method for finding the couplings that are invariant

under the T duality is given in [22]. It can be used to find
the T-dual multiplet corresponding to a given scattering
amplitude, which satisfies the T-dual Ward identity. Let us
review this method here. Suppose we are implementing T
duality along a world volume direction y of a Dp-brane. We
first separate the world volume indices along and orthogo-
nal to y and then apply the T-duality transformations (8).
The orthogonal indices are the complete world volume
indices of the T-dual Dp−1-brane. However, y in the T-dual
theory, which is a normal bundle index, is not complete. On
the other hand, the normal bundle indices of the original
theory are not complete in the T-dual Dp−1-brane. They do
not include the y index. In a T-dual multiplet, the index y
must be combined with the incomplete normal bundle
indices to make them complete. If the scattering amplitudes
are not invariant under the T duality, one should then add
new amplitudes to them to have the complete indices after
the T-duality transformation. In this way, one can find the
T-dual multiplet, which satisfies the T-dual Ward identity.
The linear T-duality transformation of the RR potential

(8) reveals that the Dp-brane world volume couplings of the
RR n form, which have no transverse index, are not related
by the T duality to the couplings in which the RR n form
have one transverse index. The couplings in which the RR
n form have one transverse index are not related by the T
duality to the couplings in which the RR n form have two
transverse indices and so on. To clarify this, one may first
write n ¼ pþm. If T duality is implemented along a world
volume direction of a Dp-brane, then the RR ðpþmÞ form
with no transverse index transforms to the RR ðpþmþ 1Þ
form with one transverse index; however, at the same time,
the Dp-brane transforms to Dp−1-brane. As a result, the RR
n form with no transverse index does not transform to the
RR ðnÞ form with one transverse index. It transforms to RR
ðnþ 2Þ form with one transverse index. Therefore, to study
the T duality of the world volume amplitudes involving the
RR potential, it is convenient to classify the RR potential
according to its transverse indices.

III. TWO CLOSED- AND ONE
OPEN-STRING AMPLITUDES

The disk-level S-matrix element of one RR ðp − 3Þ
form, one NSNS state, and one-open string NS state has

been calculated in [20,39]. The amplitude is nonzero only
for the case that the NSNS polarization tensor is anti-
symmetric, the open string is the gauge field, and the RR
polarization tensor has one and zero transverse indices.
Accordingly, the amplitude has two parts that should be
studied under the T-dual Ward identity separately. The
first part is1

A1ðCðp−3Þ
i Þ ∼ Tpðε1Þia5���apϵa0���appi

3p
a4
3 ðεA3 Þa3a2pa0

2 εa12 Q;

(9)

where Q is the integral that represents the open- and
closed-string channels. In this amplitude, ε1, ε2, and ε3
are the polarization of the RR, the gauge field, and the B
field, respectively.
Using the totally antisymmetric property of the

Dp-brane world volume form ϵa0���ap , one can easily
rewrite the amplitude in terms of the B-field strength
and the gauge field strength. Using the fact that the
amplitude should satisfy the Ward identity corresponding
to the NSNS and NS gauge symmetries, one realizes that
the above coupling is the only possibility. So even
without using the string-theory calculation, one can find
the above amplitude. The string theory, however, gives
information about the integral Q as well. The explicit
form of this integral in terms of the Mandelstam variables
has been found in [39]. The T-dual Ward identity then
produces the following terms [21]:

A2ðCðp−1Þ
ij Þ ∼ Tpðε1Þija4���apϵa0���appi

3p
a3
3 ½2ðεS3Þa2jpa0

2 εa12

þ ðεA3 Þa1a2pa0
2 ϕj�Q

A3ðCðpþ1Þ
ijk Þ ∼ 1

2
Tpðε1Þijka3���apϵa0���appi

3p
a2
3 ½−2ðεA3 Þjkpa0

2 εa12

þ 4ðεS3Þa1jpa0
2 ϕk�Q

A4ðCðpþ3Þ
ijkl Þ ∼ Tpðε1Þijkla2���apϵa0���appi

3p
a1
3 pa0

2 ðεA3 ÞjkϕlQ:

(10)

On the other hand, the RR Ward identity connects the
amplitude (9) to the second part in which the RR ðp − 3Þ
form has no transverse index. In this section, we are

1Our conventions set α0 ¼ 2 in the string-theory amplitudes.
Our index convention is that the Greek letters ðμ; ν;…Þ are the
indices of the space-time coordinates, the Latin letters
ða; d; c;…Þ are the world-volume indices, and the letters
ði; j; k;…Þ are the normal bundle indices.

KOMEIL BABAEI VELNI AND MOHAMMAD R. GAROUSI PHYSICAL REVIEW D 89, 106002 (2014)

106002-4



going to find the T-dual multiplet corresponding to the
second part.

A. RR ðp − 3Þ form with no transverse index

The explicit calculation of the S-matrix element of the
RR ðp − 3Þ form with no transverse index gives the
following result [39,20]:

A0 ∼ −ðF1Þa0a1
�
ε2

a3pa2
3 ðp1 ·D · εA3 Þa4J1

þ ε2
a3pa2

3 ðp1 · εA3 Þa4J3 þ 2ε2
a3pa2

3 ðp2 · εA3 Þa4J2
−
1

4
ε2

a2p3 · V · p3ðεA3 Þa3a4ðJ1 þ J3Þ

þ 1

2
pa2
3 p3 · ε2ðεA3 Þa3a4ðJ1 − 2J2 þ J3Þ

�

− ðf1Þa0iε2a2pa1
3 p3iðϵA3 Þa3a4ðJ1 − J3Þ; (11)

where the RR field strength ðF1Þa0a1 ¼ pa0
1 ε1

a1 − pa1
1 ε1

a0

and the RR factor ðf1Þa0i ¼ −pi
1ε1

a0. The diagonal matrix
D is D ¼ V − N where V is the flat metric of the world
volume space and N is the flat metric of the transverse
space. There is an overall factor of T4ϵa0���a4 . For
simplicity, we have written the amplitude for p ¼ 4. It
can easily be extended to arbitrary p by contracting the
extra world volume indices with the RR potential. The
closed- and open-string channels appear in the integrals
J1, J2, J3. The explicit form of these integrals has been
found in [20].
Note that ðf1Þa0i in the last line of (11) is not the RR field

strength. In fact, the RR Ward identity connects the
amplitude (9) to the last term in (11), so there is the
following relation between Q, J1, J3:

Q ¼ J1 − J3; (12)

which can be verified using the explicit form of these
integrals. The last term in (11), however, breaks the NS
gauge symmetry. The RR gauge-invariant terms in the
first two lines are needed to make this term invariant
under the NS and the NSNS gauge transformations.
These constraints give the following relation between
the integrals:

2p1 · N · p3ðJ1 − J3Þ þ p3 · V · p3ðJ1 þ J3Þ
þ 2p2 · p3ðJ1 − 2J2 þ J3Þ ¼ 0: (13)

Therefore, there are two independent integrals in the
amplitude (11).
One can verify that the terms in the first two lines of

(14) are all possible independent contractions between
ðF1Þa0a1 , the B field, the gauge field, two momenta, and
ϵa0a1a2a3a4 . One may consider the terms ε2

a2p2 ·
p3ðεA3 Þa3a4 or ε2

a2p1 · N · p3ðεA3 Þa3a4 as well. However,

before fixing the integrals, these terms can be absorbed
into the fourth term in (11). Therefore, the string theory
calculates the coefficients of all independent terms such
that the amplitude satisfies various Ward identities. The
coefficients have information about the open- and closed-
string poles as well. As we see in the next subsections,
the T-dual Ward identity, which connects the above
amplitude to all other RR potential, does not produce
any new integrals.
To apply the T-dual Ward identity on the amplitude (11),

it is convenient to rewrite the amplitude in terms of the flat
metrics V, N. Using the relations D ¼ V − N and
η ¼ V þ N, one finds

A0 ∼ ðF1Þa0a1
�
ε2

a3pa2
3 ðp1 · N · εA3 Þa4Q

þ ε2
a3pa2

3 ðp2 · εA3 Þa4Q2 þ ε2
a3pa2

3 ðp3 · V · εA3 Þa4Q1

þ 1

4
ε2

a2p3 · V · p3ðεA3 Þa3a4Q1

−
1

2
pa2
3 p3 · ε2ðεA3 Þa3a4Q2

�

− ðf1Þa0iε2a2pa1
3 p3iðϵA3 Þa3a4Q; (14)

where

Q1 ¼ J1 þ J3; Q2 ¼ J1 − 2J2 þ J3: (15)

The identity (13) then becomes

2p1 · N · p3Qþ p3 · V · p3Q1 þ 2p2 · p3Q2 ¼ 0: (16)

One may write Q ¼ p3 · V · p3p2 · p3Q0, Q1 ¼ p1 · N·
p3p2 · p3Q0

1, and Q2¼p1 ·N ·p3p3 ·V ·p3Q0
2. Then the

above constraint can be solved to write the amplitude
(14) in terms of two integrals. However, we prefer to work
with the three integrals and the constraint (16).

1. RR ðp − 1Þ form with one transverse index

In this section, we are going to apply the T-dual Ward
identity on the amplitude (14). We have reviewed the
method for applying the linear T duality on the scattering
amplitudes (the T-dual Ward identity) in Sec. II. We refer
the interested readers to [21] for more details on how to
apply it to the specific cases. Following [21], one finds
that the amplitude (14) is covariant under the linear T
duality when the isometric index y is carried by the RR
potential. However, when the y index is carried by the
NS or the NSNS polarizations, it is not invariant. Using
the same steps as we have done in [21], one finds that the
following amplitude has to be add to the amplitude (14)
to make it invariant under the linear T-duality
transformations:
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A1 ∼ ðf1Þa0a1 i
�
−
1

2
ðε2Þa3p3 · V · p3ðεS3Þa2iQ1 − pa2

3 p3 · V · ε2ðεS3Þa3iQ2 þ
1

4
ϕip3 · V · p3ðεA3 Þa2a3Q1

þ ðε2Þa3pa2
3 ðp1 · N · εS3ÞiQ − ϕipa2

3 ðp1 · N · εA3 Þa3Qþ ε2
a3pa2

3 ðp2 · V · εS3ÞiQ2 þ ε2
a3pa2

3 ðp3 · V · εS3ÞiQ1

− ϕipa2
3 ðp2 · V · εA3 Þa3Q2 − ϕipa2

3 ðp3 · V · εA3 Þa3Q1

�
− ðf1Þa0 ijpa1

3 p3
i½ϕjðεA3 Þa2a3 − 2ε2

a3ðεS3Þa2j�Q; (17)

where the RR factors ðf1Þa0a1i ¼ −2pa1
1 ε1

a0i and ðf1Þa0ij ¼
pj
1ε1

a0i − pi
1ε1

a0j. For simplicity, we have written the
amplitude for p ¼ 3. In the above amplitude, ϕ is
the polarization of the transverse scalar fields, and εS is
the polarization of the graviton. Note that each term has
either one transverse polarization that is the T duality of the
gauge field or one symmetric NSNS polarization that is
the T dual of the antisymmetric NSNS polarization in (14).
The above amplitude satisfies the Ward identity corre-
sponding to the antisymmetric NSNS and the NS gauge
symmetries. They are inherited from the amplitude (14).
The graviton term in the last line also satisfies the Ward
identity corresponding to the symmetric NSNS gauge
transformation. However, the other graviton terms do not
satisfy this Ward identity.
This indicates that the T-dual Ward identity could not

capture all terms of the scattering amplitude of the RR
ðp − 1Þ. In fact under the T duality, the RR potential
CðnÞ, which has no y index, transforms to ðCðnþ1ÞÞy,
which has one y index. On the other hand, if this y
index is contracted with a polarization of the NSNS or
the NS state in (14), the T duality then can capture it.
However, if the y index is contracted with the momen-
tum of the NSNS polarization tensor in (14), then the T
duality can not capture it because in the T-duality
transformation it is implicitly assumed that fields are
independent of the y coordinate. Therefore, the T-dual
Ward identity cannot capture the terms that have the RR

factor ðfðnþ1Þ
1 Þip3i. The terms in the second bracket in

(17) have already one p3i that contracted with the RR
factor. So it is impossible to have another p3j to contract
the RR factor. However, the terms in the first bracket
have no p3i, so it is possible to include terms that have
ðf1Þa0a1ip3i. These terms could not be captured by the
T-dual Ward identity.
To find such terms, we can consider all independent

terms made of one momentum, ε2, εS3 , or ϕ2, εA3 which carry
the indices ð� � �Þa2a3 . Each term should be invariant under
the linear T duality when the world volume indices a2 and
a3 are not the y index; e.g., ðε2 · V · εS3Þa3 − ðϕ2 · N · εA3 Þa3
is invariant under the linear T duality when a3 ≠ y.
Choosing all such terms that are seven terms, with
unknown coefficients and imposing the condition that they
should satisfy the Ward identity corresponding to the
NSNS and the NS gauge transformations, one finds the
following result:

A0
1 ∼ ðf1Þa0a1ip3i

�
−
1

2
pa2
3 ε2

a3 Tr½εS3 · V�Q1

þ pa2
3 Q2ððε2 · V · εS3Þa3 − ðϕ · N · εA3 Þa3Þ

þ 1

2
p3 · N · ϕðεA3 Þa2a3Q2 − ε2

a3ðp1 · N · εS3Þa2Q

− ε2
a3ðp2 · V · εS3Þa2Q2

�
: (18)

The combination of the above amplitude and amplitude
(17) satisfies the Ward identity corresponding to the NSNS
and the NS gauge transformation. They satisfy the T-dual
Ward identity when the y index is carried by RR potential.
Otherwise, they are not invariant under the linear T duality.
In the next subsection, we find the amplitudes that are
needed to make the amplitudes (17) and (18) invariant
under the T duality.

2. RR ðpþ 1Þ form with two transverse indices

The amplitude (17) makes the amplitude (14) to be
invariant under the linear T duality when the y index in the
amplitude (14) is carried by the NSNS and the NS
polarization tensors. However, the amplitude (17) is invari-
ant under the T duality only when the y index is carried by
the RR potential; otherwise, it is not invariant. To fix this
problem, we have to add the following amplitude to it:

A2 ∼ ðf1Þa0a1 ij
�
1

4
p3 · V · p3ðεa22 ðεA3 Þij þ 2ϕiðεS3Þa2jÞQ1

−
1

2
pa2
3 p3 · V · ε2ðεA3 ÞijQ2 þ ϕjpa2

3 ðp1 · N · εS3ÞiQ

þ ϕjpa2
3 ðp2 · V · εS3ÞiQ2 þ ϕjpa2

3 ðp3 · V · εS3ÞiQ1

�

− ðf1Þa0 ijkpa1
3 p3

i½ε2a2ðεA3 Þjk þ 2ϕjðεS3Þa2k�Q; (19)

where ðf1Þa0a1ij ¼ pa0
1 ε1

a1ij − pa1
1 ε1

a0ij and ðf1Þa0ijk ¼
−pk

1ε1
a0ij − pj

1ε1
a0ki − pi

1ε1
a0jk. For simplicity, we have

written the amplitude for p ¼ 2. Note that the RR factors
are not the RR field strengths. The above amplitude, which
has been found by imposing the T-dual Ward identity on the
amplitude (17), is not the full amplitude for the RR ðpþ 1Þ
form with two transverse indices because it is not invariant
under the NSNS and the NS gauge transformations.
However, the terms in the last line satisfy these Ward
identities so that the T-dual Ward identity could capture all
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terms that have the RR factor ðf1Þa0ijk. As in the previous
section, there should be some terms in the first bracket that
are proportional to ðf1Þa0a1ijp3j. These term are not
captured by the T duality.
One may either impose the Ward identity corresponding

to the NSNS and the NS gauge transformations to find the
gauge completion of the amplitude in the first bracket in
(19), as we have done in the previous section, or impose the
T-dual Ward identity to find the T-dual completion of the
amplitude (18) when the y index is carried by the NSNS
and the NS polarization tensors. In both cases, one finds the
following result:

A0
2 ∼ ðf1Þa0a1ijp3i

�
−
1

2
ðp3Þa2ϕj Tr½εS3 · V�Q1

þ p3 · N · ϕðεS3Þa2 jQ2 þ pa2
3 ððε2 · V · εA3 Þj

− ðϕ · N · εS3ÞjÞQ2 − ðϕjðp1 · N · εS3Þa2
− ε2

a2ðp1 · N · εA3 ÞjÞQ − ðϕjðp2 · V · εS3Þa2

− ε2
a2ðp2 · V · εA3 ÞjÞQ2

�
: (20)

The combination of the above amplitude and the amplitude
(19) satisfies the Ward identities corresponding to the
NSNS and the NS gauge transformations. Neither the
above amplitude nor the amplitude (19) are invariant under
linear T duality when the y index is carried by the NSNS
and the NS polarization tensors in these amplitudes. In the
next subsection, we find the T-dual completion of these
amplitudes.

3. RR ðpþ 3Þ form with three transverse indices

The symmetric NSNS and the gauge field polarization
tensors in the first and last line of the amplitude (19) carry
the world volume index a2. So when the world volume
index y is carried by these tensors, the amplitude does not
satisfy the T-dual Ward identity. So we must add the
following amplitude to make it consistent with T-dual Ward
identity:

A3 ∼ ðf1Þa0a1ijk
�
1

4
ϕkp3 · V · p3ðεA3 ÞijQ1

�

− ðf1Þa0ijkl½ϕlp
a1
3 p3iðεA3 ÞjkQ�; (21)

where ðf1Þa0a1ijk ¼−2pa1
1 ε1

a0ijk and ðf1Þa0ijkl ¼ pl
1ε1

a0ijk−
pk
1ε1

a0ikl þpj
1ε1

a0ikl −pi
1ε1

a0jkl. For simplicity, we have
written the amplitude for p ¼ 1. Similarly, we have to
add the following amplitude to (20) to make it invariant
under the linear T duality:

A0
3 ∼

1

2
ðf1Þa0a1ijkp3i½p3 · N · ϕðεA3 ÞjkQ2

− 2ϕjðp1 · N · εA3 ÞkQ − 2ϕjðp2 · V · εA3 ÞkQ2�: (22)

The combination of the above two amplitudes satisfies the
Ward identity corresponding to the antisymmetric NSNS
gauge transformation. The antisymmetric NSNS polariza-
tion tensor in these amplitudes does not carry any world
volume index. So the above amplitudes are invariant under
linear T duality. So there is no need for the amplitude

A4ðCðpþ5Þ
ijkl Þ to be added. In fact, noting that the open-string

momentum must be along the world volume directions, one
can verify that it is impossible to have contraction between

ϵa0���ap , one C
ðpþ5Þ
ijkl , three momenta, one NSNS, and one NS

polarization tensors.
Therefore, the amplitudes that we have found so far, i.e.,

(23)

satisfy the Ward identity corresponding to the T duality,
the NSNS, and the NS gauge transformations. However,
they do not satisfy the Ward identity corresponding to
the RR gauge transformation. In the next section, we
find some other amplitudes by imposing the constraint
that the amplitudes must satisfy the RR Ward identity
as well.

B. RR Ward identity

In this section, we are going to add the appropriate
amplitudes to the amplitudes that have been found in the
previous section to make them satisfy the Ward identity
corresponding to the RR gauge transformations as well as
the T duality and the NSNS and the NS gauge trans-
formations. The RR Ward identity allows us to write the
amplitudes in terms of the RR field strengths. The combi-

nation of the amplitudes A1ðCðp−3Þ
i Þ in (14) and A0ðCðp−3ÞÞ

in (9) satisfies the RR Ward identity because they are the
amplitudes that have been calculated explicitly in string
theory [20,39]. The terms in the first three lines of (14) are
in terms of the RR field strength Fa0a1

1 . The combination of
the terms in the last line of (14) and (9) can also be written
in terms of the RR field strength Fa0i

1 ¼ pa0
1 εi1 − pi

1ε
a0
1 .

Using the T-dual Ward identity, we have found the
amplitudes for the RR potential ðp − 1Þ form, which has
two and one transverse indices. One can verify that it is
impossible to have the amplitude for the RR ðp − 1Þ form,
which carries more that two transverse indices. However,
there are possibilities for having amplitude for the
RR ðp − 1Þ form, which carries zero transverse index.
This amplitude can be found by imposing the RR Ward
identity on the amplitudes that we have found in the
previous section. The combination of the terms in the last
line of (17) and the terms in the first line of (10) satisfies the
RRWard identity. They can be written as in the last line of
(17) but with the RR field strength ðF1Þa0ij ¼ pa0

1 εij1 þ
pj
1ε

a0i
1 þ pi

1ε
ja0 instead of ðf1Þa0ij.
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However, the other terms in (17) and the terms in (18)
do not not satisfy the RR Ward identity because the RR
factor ðf1Þa0a1i is not the full RR field strength. So the
obvious extension of these amplitudes to the RR
invariant amplitudes is to extend this factor to the
RR field strength ðF1Þa0a1i¼pa0

1 εa1i1 −pa1
1 εa0i1 þpi

1ε
a0a1
1 .

However, the new amplitude resulting from the last
term in ðF1Þa0a1i would not be invariant under the NSNS
and the NS gauge transformations. To remedy this
failure, one has to still add another amplitude that
should be proportional to the RR field strength

ðF1Þa0a1a2 and should make the above terms invariant
under the NSNS and the NS gauge transformations. We
consider all independent terms ð� � �Þa3 containing two
momenta and the NSNS and the NS polarization tensors
which are invariant under the linear T duality when the
world volume index a3 is not the y index. Fixing the
coefficients of these terms by combining them with
the above nongauge-invariant terms and requiring that
they should satisfy the Ward identity corresponding
to the NSNS and the NS gauge transformations, one
finds the following result:

A0 ∼ ðF1Þa0a1a2
�
1

3
εa32

�
3p2 · V · εS3 · V · p2Q3 þ p1 · N · εS3 · N · p1Qþ p1 · N · εS3 · V · p3Q1 þ 3p2 · V · εS3 · V · p3Q4

þ 2p1 · N · εS3 · V · p2Q2 −
1

2
ðp1 · N · p3Q1 þ 3p2 · p3Q4ÞTr½εS3 · V�

�

−
1

3
p3 · V · ε2

�
ðp1 · N · εS3Þa3Q2 þ 3ðp2 · V · εS3Þa3Q3 þ

3

2
pa3
3 Tr½εS3 · V�Q4

�
−
1

3
p3 · N · ϕððp1 · N · εA3 Þa3Q2

þ 3ðp2 · V · εA3 Þa3Q3 þ 3ðp3 · V · εA3 Þa3Q4Þ −
1

2
p3 · V · p3ððε2 · V · εS3Þa3 − ðϕ · N · εA3 Þa3ÞQ4

þ pa3
3

�
ðp2 · V · εS3 · V · ε2 þ p2 · V · εA3 · N · ϕÞQ3 þ ðp3 · V · εS3 · V · ε2 þ p3 · V · εA3 · N · ϕÞQ4

þ 1

3
ðp1 · N · εS3 · V · ε2 þ p1 · N · εA3 · N · ϕÞQ2

��
; (24)

where the new integrals Q;3, Q;4 satisfy the following
relation:

3p3 · V · p3Q4 þ 6p2 · p3Q3 þ 2p1 · N · p3Q2 ¼ 0:

(25)

The above constraint cannot be used to find the integralsQ3,
Q4. Unlike the Ward identities corresponding to the T
duality and the NSNS/NS gauge transformations, which do
not produce new integrals, the Ward identities correspond-
ing to the RR and the NSNS/NS gauge transformations

produce new integrals Q3, Q4. In order to study the above
amplitude at low energy, one has to perform the explicit
string-theory calculation to find these integrals. In this
paper, we are not interested in the explicit form of these
integrals.
The amplitude (24) satisfies the T-dual Ward identity

when the y index is carried by the RR field strength;
however, when a3 is the y index, it is not invariant under the
linear T duality. To make (24) invariant under the linear T
duality, one has to include the following amplitude:

A1 ∼ ðf1Þa0a1a2 i
�
1

3
ϕi

�
3p2 · V · εS3 · V · p2Q3 þ p1 · N · εS3 · N · p1Qþ p1 · N · εS3 · V · p3Q1

þ 2p1 · N · εS3 · V · p2Q2 þ 3p2 · V · εS3 · V · p3Q4 −
1

2
ðp1 · N · p3Q1 þ 3p2 · p3Q4ÞTr½εS3 · V�

�

−
1

3
p3 · V · ε2ððp1 · N · εA3 ÞiQ2 þ 3ðp2 · V · εA3 ÞiQ3Þ −

1

2
p3 · V · p3ððε2 · V · εA3 Þi − ðϕ · N · εS3ÞiÞQ4

−
1

3
p3 · N · ϕððp1 · N · εS3ÞiQ2 þ 3ðp3 · V · εS3ÞiQ4 þ 3ðp2 · V · εS3ÞiÞQ3

�
; (26)

where ðf1Þa0a1a2i ¼ pa0
1 εa1a2i1 þ pa2

1 εa0a1i1 þ pa1
1 εa2a0i1 . The world volume form does not contract with the NSNS or the NS

polarization tensors, so the above amplitude satisfies the T-dual Ward identity. However, it does not satisfy theWard identity
corresponding to the NSNS or the NS gauge transformations. So there are some missing terms that are not captured by the
T-dual Ward identity. The missing terms are the following:
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A0
1 ∼ ðf1Þa0a1a2ip3i

�
1

3
ðp1 · N · εA3 · V · ε2

þ p1 · N · εS3 · N · ϕÞQ2 þ
1

2
p3 · N · ϕTr½εS3 · V�Q4

þ ðp2 · V · εA3 · V · ε2 þ p2 · V · εS3 · N · ϕÞQ3

�
:

(27)

The combination of the above amplitude and (26)
is invariant under the NSNS and the NS gauge
transformations.
Since the RR factor ðf1Þa0a1a2i is not the RR field

strength, the amplitude A1 þ A0
1 does not satisfy the RR

Ward identity. It can be easily extended to satisfy this Ward
identity by extending the RR factor to the RR field strength
ðF1Þa0a1a2i. The new terms in this amplitude, the terms
proportional to ðF1Þa0a1a2i − ðf1Þa0a1a2i, should satisfy the
Ward identity corresponding to the NSNS and the NS
gauge transformations.
We now study the RRWard identity of the amplitudes in

Sec. III. A. 2. The combination of the terms in the last line
of (19) and in the second line of (10) satisfies the RRWard
identity. They can be written as the last line in (19) in which
the RR factor is replaced by the RR field strength ðF1Þa0ijk.
The terms in the first three lines of (19) and the terms in
(20), however, do not satisfy the RRWard identity because
the RR factor in these amplitudes, ðf1Þa0a1ij, is not the RR
field strength. They can easily be extended to the
RR invariant amplitudes by extending the RR factor to
the RR field strength ðF1Þa0a1ij. The new terms in this
amplitude, the terms proportional to ðF1Þa0a1ij − ðf1Þa0a1ij,
should satisfy the Ward identity corresponding to the
NSNS and the NS gauge transformations. In the next
section, we show that when the NSNS state is antisym-
metric, the amplitude at order α02, which has only contact
terms, can be written in terms of field strengths.
The RRWard identity of the amplitudes in Sec. III. A. 3

is as follows: The combination of terms in the last line of
(21) and in the third line of (10) satisfies the RR Ward
identity. They can be written as the last line in (21) in which
the RR factor is replaced by the RR field strength ðF1Þa0ijkl.
The terms in the first line of (21) and the terms in (22),
however, do not satisfy the RR Ward identity because the
RR factor in these amplitudes, ðf1Þa0a1ijk, is not the RR
field strength. They can easily be extended to the
RR invariant amplitudes by extending the RR factor to
the RR field strength ðF1Þa0a1ijk. The new terms, the terms
proportional to ðF1Þa0a1ijk − ðf1Þa0a1ijk, should satisfy the
Ward identity corresponding to the NSNS and the NS
gauge transformations.
Therefore, the amplitudes that are invariant under the

linear T duality and all of the gauge transformations can be
written as three multiplets in terms of the RR field strength.
The first multiplet is the following:

A1ðFðp−2Þ
i Þ → A2ðFðpÞ

ij Þ → A3ðFðpþ2Þ
ijk Þ → A4ðFðpþ4Þ

ijkl Þ;
(28)

where A1, A2, A3, and A4 are the terms in the last lines of
(14), (17), (19), and (21), respectively, in which the RR
factor f1 is replaced by the RR field strength F1. The other
multiplet is

(29)

where A0 appears in the first bracket in (14). The ampli-
tudes A1, A2, and A3 appear in the first brackets in (17),
(19), and (21), respectively, in which the RR factor f1 is
replaced by the RR field strength F1. The amplitudes A0

1,
A0
2, and A0

3 are the amplitudes in (18), (20), and (22),
respectively, in which the RR factor f1 is replaced by the
RR field strength F1. The last multiplet is

(30)

where A0 appears in (24). The amplitudes A1 and A0
1 are the

same as the amplitudes (26) and (27), respectively, in which
the RR factor f1 is replaced by the RR field strength F1.

C. Low-energy couplings

The S-matrix elements that we have found in the
previous sections can be analyzed at low energy to extract
the appropriate couplings in field theory at order α02. To
this end, we need the α0 expansion of the integrals that
appear in the amplitudes. The α0 expansion of the integrals
J1, J2, J3 has been found in [20]. Using the relation
p1 ·D · p1 þ 4p1 · p2 ¼ p3 ·D · p3, one finds

J1 ¼ −
1

p1:p3

−
4

p3:D:p3

þ 2

3
π2p1:p3 þ

1

6
π2p3:D:p3

−
8π2ðp2:p3Þ2
3p3:D:p3

þ � � �

J2 ¼ −
1

p1:p3

−
4

p3:D:p3

þ 2

3
π2p1:p3 −

1

6
π2p1:D:p1

þ 1

3
π2p3:D:p3 −

8π2ðp2:p3Þ2
3p3:D:p3

þ � � �

J3 ¼ −
3

p1:p3

−
4

p3:D:p3

þ 2

3
π2p1:p3 þ

1

2
π2p3:D:p3

−
8π2ðp2:p3Þ2
3p3:D:p3

þ � � � ; (31)

where the dots refer to the terms with more than two
momenta. They are related to the couplings at order Oðα03Þ
in which we are not interested.

RAMOND-RAMOND S-MATRIX ELEMENTS FROM THE … PHYSICAL REVIEW D 89, 106002 (2014)

106002-9



It is interesting to note that the massless closed-string
pole 1=p1 · p3 appears only at the leading order, which
resultediii from the fact that there is neither the higher
derivative couplings between three closed strings in the
bulk nor the higher derivative couplings between one
closed and one open string on the D-brane world volume.
The above expansions can be used to find the low energy
expansion of the integrals Q, Q1, Q2, which appear in
the S-matrix elements in multiplets (28) and (29). The
massless poles at the leading order should be reproduced
by the supergravity couplings in the bulk and the DBI
and CS couplings on the D-brane. The next to leading
order terms have massless open-string pole and contact
terms. The contact terms do not produce, in general, the
couplings of field theory at order α02. One has to first
calculate the massless pole in field theory, which is
produced by the couplings of one closed- and two open-
string states at order α02 [43,44] and by the couplings of
one closed- and one open-string states, which are given

by the DBI and CS actions. Then one should subtract it
from the above massless pole. This subtraction may
cancel some of the contact terms as well. The leftover
contact terms then produce new couplings at order α02
between one RR, one NSNS, and one NS state in the
field theory.
We are interested in this paper in finding the couplings

of one Fðpþ2Þ with two transverse indices, one B field,
and one gauge boson. There is no coupling between one
RR ðpþ 1Þ form and two gauge bosons [44], so we
expect that the amplitude in the string theory side has no
massless open string pole. The string theory amplitude is
given by the sum of (19) and (20) in which the RR
factors are replaced by the RR field strength and the
NSNS polarization is antisymmetric. Using the expansion
(31), one can easily verify that it has no massless open
string pole, as expected. The amplitude at order α02 then
has only contact terms. These contact terms are the
following:

Acðα02Þ ∼
π2

3
ðF1Þa0a1 ij½4p2:p3pi

3p
a2
3 ðε2:V:εA3 Þj þ 2p3:V:p3pi

3p
a2
3 ðε2:V:εA3 Þj − 2p3:V:p3ε2

a2pi
3ðp1:N:εA3 Þj

þ 4p2:p3ε2
a2pi

3ðp2:V:εA3 Þj þ 2p3:V:p3ε2
a2pi

3ðp2:V:εA3 Þj − p2:p3p3:V:p3ε2
a2ðεA3 Þij

þ p1:N:p3p3:V:p3ε2
a2ðεA3 Þij − 2p2:p3p3:V:ε2p

a2
3 ðεA3 Þij − p3:V:ε2p3:V:p3p

a2
3 ðεA3 Þij − 2ðp2:p3Þ2ε2a2ðεA3 Þij�

þ 2π2

3
ðF1Þa0 ijkp3:V:p3ε2

a2pi
3p

a1
3 ðεA3 Þjk: (32)

They satisfy the Ward identity corresponding to the gauge
transformations.
The above amplitude is in terms of the RR field

strength. Since they are contact terms, one should be
able to rewrite them in terms of the field strengths H ¼
dB and F ¼ dA as well. To this end, we first write pa1

3

in the last line in terms of −pa1
2 − pa1

1 . The term in the
last line corresponding to −pa1

2 can easily be written in
terms of the field strengths. The term in the last line
corresponding to −pa1

1 can be combined with the terms
in the first bracket to write them in terms of the field
strengths. After some algebra, one can write the above
amplitude as

Acðα02Þ ∼
π2

3
ðF1Þa0a1 ijp1:V:p1ðF 2:V:H3Þa2ij

−
π2

9
ðF1Þa0 ijkp3:V:p3F

a1a2
2 Hijk

3 : (33)

It is interesting that the complicated amplitude (32) in
terms of the polarization tensors has such a simple form
in terms of the corresponding field strengths.
By transforming the above contact terms in the momen-

tum space to the coordinate space, one finds the following
α02 couplings on the world volume of the Dp-brane:

S ⊃ π2α02Tp

Z
dpþ1xϵa0���ap

×

�
1

2!3!ðp − 1Þ!F
ðpþ2Þ
a2���apikjH

ijk;a
að2πα0F a0a1Þ

þ 1

2!p!
Fðpþ2Þ
a1���apij;a

aHbijð2πα0F a0bÞ
�
; (34)

where the RR field strength is FðnÞ ¼ dCðn−1Þ. The first
term has been found in [21] by analyzing the amplitude for
the RR ðpþ 1Þ form with three transverse indices. The
other coupling is a new coupling that should be added to the
Dp-brane action at order α02.
Extending the above couplings to be covariant under the

coordinate transformations and invariant under the RR and
NSNS gauge transformations, one finds the following
nonlinear couplings at order α02:

S ⊃ π2α02Tp

Z
dpþ1xϵa0���ap

×

�
1

2!3!ðp − 1Þ!
~Fðpþ2Þ
a2���apikjH

ijk;a
a
~Ba0a1

þ 1

4

1

2!p!
~Fðpþ2Þ
a1���apij;a

aHbij ~Ba0b

�
; (35)
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where the nonlinear RR field strength and the NSNS gauge
invariant ~B are

~FðnÞ ¼ dCðn−1Þ þH ∧ Cðn−3Þ; ~B ¼ Bþ 2πα0F : (36)

The action (35) predicts, among other things, the couplings
with structure Cðpþ1ÞHB. These couplings can be con-
firmed by the S-matrix elements of one RR and two NSNS
states, which we find them in the next section.
There should be another term in the action (35) in which

the RR field strength is ~Fðpþ2Þ
a0���api. This term is resulted from

the low energy expansion of amplitudes (26) and (27). The
explicit form of the integralsQ3,Q4, which appear in these
amplitude, can be found by the string-theory calculation of
the amplitudes (26) and (27) in which we are not interested
in this paper.

IV. THREE CLOSED-STRING AMPLITUDES

The disk-level S-matrix element of one RR ðp − 3Þ form
and two NSNS states has been calculated in [34,38–41].
The amplitude is nonzero when the RR polarization has
two, one, and zero transverse indices. The T-dual multiplets
corresponding to the first two cases have been found in
[21]. They satisfy the Ward identity corresponding to the T
duality and the NSNS gauge transformations. However,
since the RR ðp − 3Þ form with no transverse index was not

considered in this study, the multiplets found in [21] are not
invariant under the RR gauge transformations. In this
section, we are going to consider the RR ðp − 3Þ form
with no transverse index. The requirement that this ampli-
tude should satisfy theWard identity corresponding to the T
duality and the NSNS gauge transformation allows us to
find various S-matrix elements of one RR and two NSNS
states.

A. RR ðp − 3Þ form with no transverse index

When the RR ðp − 3Þ form has no transverse index, the
amplitude isnonzero for thecase that theNSNSpolarizations
are both antisymmetric or symmetric [34,38,39]. The ampli-
tude canbewritten as twoparts.Onepart is in termsof theRR
field strength ðF1Þa0a1 ¼ pa0

1 εa11 − pa1
1 εa01 , and the other part

is in terms of the RR factor ðf1Þia0 ¼ pi
1ε

a0
1 ,

A0 ¼ A0ðF1Þ þA0ðf1Þ: (37)

The subscript 0 refers to the number of transverse indices of
the RR potential. For simplicity, we consider the case
that p ¼ 4.
The second part in (37) which is nonzero when both

NSNS states are antisymmetric, includes the following
terms [38] (see Eq. (34) in [38]2):

A0ðf1Þ ∼
1

2
ðf1Þa4i

�
1

2
p3 · V · εa22 εa1a33 ðpi

2p
a0
2 I3 þ pi

3p
a0
3 I2Þ þ

1

2
p3 · N · εa22 εa1a33 ðpi

3p
a0
2 I3 þ pi

2p
a0
3 I2Þ

− 2pi
3p

a0
3 p2 · V · εa22 εa1a33 I7 þ pi

3p
a0
3 p1 · N · εa22 εa1a33 I1 þ ð2 ↔ 3Þ

þ 1

4
εa0a12 εa2a33

�
pi
2p3 · V · p3I4 þ

1

2
pi
3p2 · V · p3I2 −

1

2
pi
3p2 · N · p3I3

��
: (38)

Our notation for the first ð2 ↔ 3Þ in the above amplitude
and in all other amplitudes in this paper is that the
expressions from the beginning up to that point, including
the overall factor, should be interchanged under 2 ↔ 3. In
above equation, I1, I2, I3, I4, and I7 are the integrals that
represent the open- and closed-string channels. The explicit
form of these integrals is given in [38,40]. They satisfy the
relation [40]

− 2p1 · N · p2I1 þ 2p2 · V · p2I7 þ p2 · N · p3I3

− p2 · V · p3I2 ¼ 0; (39)

and similar relation under the interchange of ð2 ↔ 3Þ. The
symmetries of the integrals under the interchange of
ð2 ↔ 3Þ are such that I is invariant, I2 ↔ I3, and

I4 ↔ I7. Using the above relations, one finds that the
amplitude (38) satisfies the Ward identity corresponding to
the antisymmetric NSNS gauge transformation [40]. If one
adds to (38) the amplitude of the RR ðp − 3Þ form with one
transverse index, then the RR factor in the amplitude (38) is
extended to the RR field strength ðF1Þa4i ; the amplitude
A0ðCÞ is extended to A1ðFiÞ where the subscript 1 in the
latter amplitude refers to the number of the transverse index
of the RR field strength. As a result, it would satisfy the RR
Ward identity. The amplitude of the RR ðp − 3Þ form with
one transverse index has also some terms that are combined
with the amplitude of the RR ðp − 3Þ form with two
transverse indices to become RR invariant [21]. The
amplitudes in terms of the RR field strength, however,
do not satisfy the NSNSWard identity unless one considers
the first part in (37).
The first part of (37) which is nonzero when the

NSNS states are both symmetric or antisymmetric, is given
as [38]

2Note that there is a typo in the last line of Eq. (34): the overall
factor 2 should be 1=4.
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A0 ∼ −
1

4
ðF1Þa0a4

�
2pa1

3 ð−p2 · N · p3ðεS2 · N · εS3Þa2a3 þ p2 · V · p3ðεS2 · V · εS3Þa2a3 þ ðp3 · N · εS2Þa2ðp2 · N · εS3Þa3

− ðp3 · V · εS2Þa2ðp2 · V · εS3Þa3ÞJ − 2p2 · V · εa22 εa1a33 p3 · V · p3J 3 þ pa1
3 ðp2 · N · p3ðε2 · V · ε3Þa2a3

− p2 · V · p3ðε2 · N · ε3Þa2a3 − εa2a33 p3 · V · ε2 · N · p3ÞJ

þ
�
p3 · V · ε2 · V · p2J 1 −

1

2
p3 · V · ε2 · N · p1I3 þ p2 · V · ε2 · N · p3J 2 − p3 · V · ε2 · N · p3J 5

þ 1

2
p3 · N · ε2 · N · p1I2

�
pa1
3 εa2a33 − pa1

3 p1 · N · εa22 p2 · V · εa33 I3 − pa1
3 p1 · N · εa22 p1 · N · εa33 I1

þ pa1
3 p1 · N · εa22 p2 · N · εa33 I2 þ 2pa1

3 p3 · V · εa22 p2 · N · εa33 J 5 þ 4pa1
3 p1 · N · εa22 p3 · V · εa33 I4

− 2pa1
3 p2 · V · εa22 p2 · N · εa33 J 2 þ 2pa1

3 p2 · V · εa22 p2 · V · εa33 J 1 − 4pa1
3 p2 · V · εa22 p3 · V · εa33 J 3

þ 1

2
p3 · N · εa22 εa1a33 ðJ 15p2 · N · p3 − ð2J − J 16Þp2 · V · p3Þ þ p1 · N · εa22 εa1a33 p3 · V · p3I4

þ 1

4
p3 · V · εa22 εa1a33 ð2p2 · V · p2J 1 þ 2p3 · V · p3J 4 − 4p2 · N · p3J Þ

�
þ ð2 ↔ 3Þ; (40)

where J 15 ¼ J 13 − J 14 and J 16 ¼ J 13 þ J 14. In above
amplitude, J , J 1, J 2, J 3, J 4, J 5, J 12, J 13, and J 14 are
some integrals in which the explicit forms are given in [38].
The symmetries of the integrals under the interchange of
ð2 ↔ 3Þ are such that J , J 3, J 13, J 14 are invariant,
J 1 ↔ J 4, J 2 ↔ J 12, and J 5 ↔ −J 5. The terms in the
first two lines, which are proportional to the integral J , are
the amplitude for the symmetric NSNS polarization ten-
sors. This part satisfies the Ward identity corresponding to

the NSNS gauge transformation. In fact, the low energy
limit of this part at order α02 produces only contact terms
that are the couplings Cðp−3Þ ∧ R ∧ R in the momentum
space [34,38]. The other terms are the amplitude for the
antisymmetric NSNS polarization tensors. The combina-
tion of these terms and the terms considered in the previous
paragraph satisfies the Ward identity corresponding to the
NSNS gauge transformation provided that the integrals
satisfy the relations

−2I2p1 · N · p2 þ J 15p2 · N · p3 þ 2J 2p2 · V · p2 þ ð−4J þ J 16 − 2J 5Þp2 · V · p3 ¼ 0

2I3p1 · N · p2 − 2J 1p2 · V · p2 þ J 15p2 · V · p3 þ ðJ 16 þ 2J 5Þp2 · N · p3 ¼ 0

−2I4p1 · N · p2 þ J 12p2 · N · p3 þ 2J 3p2 · V · p2 − J 4p2 · V · p3 ¼ 0 (41)

and similar relations under the interchange of ð2 ↔ 3Þ. One
may use these relations and the relation in (39) to eliminate
eight integrals and then one left with six independent
integrals. We prefer to work with the 14 integrals and the
eight constraints.
The amplitude (37) does not satisfy the T-dual Ward

identity. When the y index is carried by the RR polarization
tensor, the amplitude is invariant under the linear T duality.
However, when the y index is one of the indices of the
NSNS polarization tensors, one finds that the amplitude
(37) is not invariant under the T duality. The invariance
requires the amplitude for the RR ðp − 1Þ form with one or
two transverse indices. In the next subsection, we are going
to find such amplitudes by constraining the amplitude to
satisfy the T-dual Ward identity, as we have done for the
case of two closed- and one open-string amplitude in the
previous section.

B. RR ðp − 1Þ form
The amplitude for the RR ðp − 1Þ form is nonzero when

the RR potential has three, two, one, and zero transverse
indices. When the RR potential has one transverse index,
the amplitude can be found by applying the T-dual Ward
identity on the amplitude (37) in which the RR potential has
zero transverse index. The T-dual completion of the
amplitude (37) can be written as

A1 ¼ A1ðf1Þ þA1ðf1Þ; (42)

where A1ðf1Þ is the T-dual completion of the amplitude
A0ðf1Þ in (38) and A1ðf1Þ is the T-dual completion of the
amplitude A0ðF1Þ in (40). The subscript 1 refers to the
number of the transverse index of the RR potential.
The T-dual Ward identity on the amplitude (38) requires
the following amplitude for A1ðf1Þ:
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A1 ∼
1

4
ðf1Þija3 ½ððp2 · V · εS3ÞiðεA2 Þa1a2 − 2ðp3 · V · εA2 Þa2ðεS3Þa1iÞðpj

2p
a0
2 I3 þ pj

3p
a0
3 I2Þ

þ ððp2 · N · εS3ÞiðεA2 Þa1a2 − 2ðp3 · N · εA2 Þa2ðεS3Þa1iÞðpj
3p

a0
2 I3 þ pj

2p
a0
3 I2Þ

− 4ðpj
2p

a0
2 ðp3 · V · εS3ÞiðεA2 Þa1a2I4 − 2pj

3p
a0
3 ðp2 · V · εA2 Þa2ðεS3Þa1iI7Þ

þ 2ðpj
2p

a0
2 ðp1 · N · εS3ÞiðεA2 Þa1a2 − 2pj

3p
a0
3 ðp1 · N · εA2 Þa2ðεS3Þa1iÞI1 þ ð2 ↔ 3Þ

− ððεS3Þa0iðεA2 Þa1a2 þ ð2 ↔ 3ÞÞð2pj
2p3 · V · p3I4 þ pj

3ðp2 · V · p3I2 − p2 · N · p3I3ÞÞ�; (43)

where the second ð2 ↔ 3Þ is only for the term in the
parentheses. The RR factor ðf1Þija3¼p1iε1j

a3−p1jε1i
a3.

The above amplitude does not satisfy the Ward identity
corresponding to the NSNS and the RR gauge trans-
formations.
The asymmetry under the NSNS transformation indi-

cates that the T-dual Ward identity could not capture terms
of the scattering amplitude of the RR ðp − 1Þ form, which

have ðf1Þija3p2i or ðf1Þija3p3i. Since all terms in (38) have
either p2i or p3i, one finds that the missing terms should
have the factor ðf1Þija3p2ip3j. Considering all such terms
that have one momentum and the two NSNS polarization
tensors, with unknown coefficients and imposing the
condition that when they combine with the amplitude
(43) they should satisfy the NSNS Ward identity, one finds
the following result:

A0
1 ∼

1

4
pi
2p

j
3ðf1Þija3 ½2pa0

3 I4ðεA2 Þa1a2 Tr½εS3 · V� þ I2ðp2 · N · εS3Þa2ðεA2 Þa0a1 − I3ðp2 · V · εS3Þa2ðεA2 Þa0a1 − ð2 ↔ 3Þ
− 2I1ðp1 · N · εS3Þa2ðεA2 Þa0a1 þ 2pa0

3 GðεA2 · V · εS3Þa1a2I3 þ 2pa0
3 GðεA3 · V · εS2Þa1a2I2�; (44)

where the operator G, which appears in the above amplitude
and in the subsequent amplitudes, is defined as

GðεAn · V · εSmÞμν → ðεAn · V · εSmÞμν − ðεSn · N · εAmÞμν
GðεSn · V · εAmÞμν → ðεSn · V · εAmÞμν − ðεAn · N · εSmÞμν
GðεAn · N · εSmÞμν → ðεAn · N · εSmÞμν − ðεSn · V · εAmÞμν
GðεSn · N · εAmÞμν → ðεSn · N · εAmÞμν − ðεAn · V · εSmÞμν; (45)

where n, m are the particle labels of the polarization
tensors. The right-hand side expressions are invariant under
the linear T duality when μ, ν ≠ y. One may multiply each
term with a momentum, e.g.,

Gðp3 · εA2 · V · εS3Þμ ¼ ðp3 · εA2 · V · εS3Þμ − ðp3 · εS2 · N · εA3 Þμ:
(46)

The result is still invariant under the linear T duality.

The combination of the amplitudes (43) and (44)
satisfies the NSNS Ward identity; however, they do not
satisfy the RR Ward identity. If one includes the
amplitude of the RR ðp − 1Þ form with two transverse
indices, which has been found in [21], then the RR
factor in the above amplitude is extended to the RR
field strength ðF1Þija3 ¼ p1iε1j

a3 − p1jε1i
a3 þ pa3

1 ε1ij,
the amplitudes A1ðCiÞ þA0

1ðCiÞ is extended to
A2ðFijÞ þA0

2ðFijÞ. The amplitude of the RR ðp − 1Þ
form with two transverse indices has also some terms
that become RR gauge invariant after including the
amplitude of the RR ðp − 1Þ form with three transverse
indices [21].
The amplitude A1ðf1Þ in (42) can be found from

imposing the invariance of the amplitude (40) under the
linear T duality when the Killing index y is carried by
the NSNS polarization tensors in (40). The result is the
following:

A1 ∼ −
1

2
ðf1Þia0a3

�
pa1
3 ð−p2 · N · p3GðεS2 · V · εA3 Þia2 − p2 · V · p3GðεA2 · V · εS3Þia2

þ ðp3 · N · εA2 Þiðp2 · N · εS3Þa2 − ðp3 · V · εA2 Þiðp2 · V · εS3Þa2ÞJ

− ðεS3Þa2i
�
pa1
3

�
p3 · V · εA2 · V · p2J 1 −

1

2
p3 · V · εA2 · N · p1I3

þ p2 · V · εA2 · N · p3J 2 − p3 · V · εA2 · N · p3ðJ þ J 5Þ þ
1

2
p3 · N · εA2 · N · p1I2

�
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þ 1

2
ðp3 · V · εA2 Þa1ðp2 · V · p2J 1 þ p3 · V · p3J 4 − 2p2 · N · p3J Þ − 2ðp2 · V · εA2 Þa1p3 · V · p3J 3

þ 1

2
ðp3 · N · εA2 Þa1ðp2 · N · p3J 15 þ p2 · V · p3ðJ 16 − 2J ÞÞ þ ðp1 · N · εA2 Þa1p3 · V · p3I4

�

þ ðp1 · N · εS3Þi
�
pa1
3

�
ðp1 · N · εA2 Þa2I1 þ

1

2
ðp3 · V · εA2 Þa2I2 −

1

2
ðp3 · N · εA2 Þa2I3 − 2ðp2 · V · εA2 Þa2I7

�

−
1

2
ðεA2 Þa1a2p2 · V · p2I7

�
þ ðp2 · N · εS3Þi

�
pa1
3

�
−
1

2
ðp1 · N · εA2 Þa2I2 − ðp3 · V · εA2 Þa2J 5 þ ðp2 · V · εA2 Þa2J 2

�

−
1

4
ðεA2 Þa1a2ðp2 · N · p3J 15 þ p2 · V · p3ðJ 16 − 2J ÞÞ

�

þ ðp2 · V · εS3Þi
�
pa1
3

�
1

2
ðp1 · N · εA2 Þa2I3 − ðp2 · V · εA2 Þa2J 1 þ ðp3 · N · εA2 Þa2J 5

�

−
1

4
ðεA2 Þa1a2ðp2 · V · p2J 1 þ p3 · V · p3J 4 − 2p2 · N · p3J Þ

�
þ ðp3 · V · εS3Þiðpa1

3 ð−2ðp1 · N · εA2 Þa2I4

þ 4ðp2 · V · εA2 Þa2J 3 þ ðp3 · N · εA2 Þa2J 12 − ðp3 · V · εA2 Þa2J 4Þ þ ðεA2 Þa1a2p2 · V · p2J 3Þ
�
þ ð2 ↔ 3Þ; ð47Þ

where the RR factor is ðf1Þia0a3 ¼ p1
a3ε1i

a0 − p1
a0ε1i

a3 .
The above amplitude is invariant under the linear T duality
when the world volume y index is carried by the RR
potential. Note that the two NSNS polarization tensors in
the first line contract with each other in such a way that they
are invariant under the T duality when a2 ≠ y. The above
amplitude does not satisfy the Ward identity corresponding
to the NSNS and the RR gauge transformations.
The asymmetry under the NSNS gauge transformation

indicates that the T-dual Ward identity could not capture
terms of the scattering amplitude of the RR ðp − 1Þ form,

which have ðf1Þia0a3p2i or ðf1Þia0a3p3i. Since no term in
(40) has p2i or p3i, one finds that there are two types of
missing terms. One type is the terms that have ðf1Þia0a3p2i,
and the other type is the terms that have ðf1Þia0a3p3i.
Therefore, the missing terms can be separated as
A0
1 ¼ A0

12 þ A0
13. Considering all such terms that have

two momentum and the two NSNS polarization tensors,
with unknown coefficients and imposing the condition that
when they combine with the amplitude (47) they should
satisfy the NSNS Ward identity, one finds the following
result for the terms of the first type:

A0
12 ∼ −

1

4
ðf1Þia0a3p2i

�
pa1
3 ðGðp2 · N · εS3 · N · εA2 Þa2ðJ 16 − 2J 5Þ þ 2Gðp1 · N · εS3 · N · εA2 Þa2I2

þ Gðp2 · V · εS3 · V · εA2 Þa2ðJ 16 − 4J þ 2J 5Þ þ 4Gðp3 · V · εS3 · V · εA2 Þa2J 12

þ ðGðp2 · V · εS3 · N · εA2 Þa2 þ Gðp2 · N · εS3 · V · εA2 Þa2ÞJ 15 − 2Gðp1 · N · εS3 · V · εA2 Þa2I3

− 4Gðp3 · V · εS3 · N · εA2 Þa2J 4 − 2p3 · V · p3GðεA2 · V · εS3Þa1a2J 12Þ

þ 1

2
ðεA2 Þa1a2ðp2 · N · εS3 · N · p2ðJ 16 − 2J 5Þ − 4J 4p3 · V · εS3 · N · p2 þ 4I2p2 · N · εS3 · N · p1

þ p2 · V · εS3 · V · p2ðJ 16 − 4J þ 2J 5Þ þ 4p3 · V · εS3 · V · p2J 12 − 2p2 · V · εS3 · N · p1I3

þ 2p2 · V · εS3 · N · p2J 15 þ 2ð−2I4p1 · N · p3 þ J 4p2 · N · p3 − J 12p2 · V · p3ÞTr½εS3 · V�Þ
þ ðp3 · N · εA2 Þa2ð2pa1

3 Tr½εS3 · V�J 4 − 2I2ðp1 · N · εS3Þa1 − ðp2 · N · εS3Þa1ðJ 16 − 2J 5Þ
− ðp2 · V · εS3Þa1J 15Þ − ðp3 · V · εA2 Þa2ð2pa1

3 Tr½εS3 · V�J 12 þ ðp2 · N · εS3Þa1J 15

þ ðp2 · V · εS3Þa1ðJ 16 − 4J þ 2J 5ÞÞ
�
þ ð2 ↔ 3Þ: (48)

The terms of the second type, which have the RR factor ðf1Þia0a3p3i, are the following:
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A0
13 ∼ −

1

4
ðf1Þia0a3p3i

�
pa1
3 ðGðp2 · V · εS3 · N · εA2 Þa2ðJ 16 − 2J 5Þ þ Gðp2 · N · εS3 · V · εA2 Þa2

× ðJ 16 − 4J þ 2J 5Þ þ ðGðp2 · V · εS3 · V · εA2 Þa2 þ Gðp2 · N · εS3 · N · εA2 Þa2ÞJ 15Þ

þ 1

2
ðεA2 Þa1a2ð4ðp1 · N · p2I4 − p2 · V · p2J 3ÞTr½εS3 · V� þ 2p2 · V · εS3 · N · p2ðJ 16 − 2J Þ

þ ðp2 · N · εS3 · N · p2 þ p2 · V · εS3 · V · p2ÞJ 15 þ 2p2 · V · εS3 · N · p1I2Þ
þ ðp3 · V · εA2 Þa2ð2pa1

3 Tr½εS3 · V�J 4 − 2ðp1 · N · εS3Þa1I2 − ðp2 · V · εS3Þa1J 15

− ðp2 · N · εS3Þa1ðJ 16 − 4J − 2J 5ÞÞ þ 2ðp1 · N · εA2 Þa2ð2pa1
3 Tr½εS3 · V�I4

− 2ðp1 · N · εS3Þa1I1 þ ðp2 · N · εS3Þa1I2 − ðp2 · V · εS3Þa1I3Þ − 4ðp2 · V · εA2 Þa2
× ððp2 · N · εS3Þa1J 2 − 2ðp1 · N · εS3Þa1I7 − ðp2 · V · εS3Þa1J 1 þ 2pa1

3 Tr½εS3 · V�J 3Þ
− ðp3 · N · εA2 Þa2ððp2 · N · εS3Þa1J 15 þ ðp2 · V · εS3Þa1ðJ 16 þ 2J 5Þ þ 2pa1

3 Tr½εS3 · V�J 12Þ

− 2p2 · V · p2GðεA2 · V · εS3Þa1a2J 1 þ ð2 ↔ 3Þ þ 2p1 · N · p2ðGðεA2 · V · εS3Þa1a2I3 þ ð2 ↔ 3ÞÞ
�
: (49)

The coefficient of the first term in the second line of (48)
and the coefficient of the last term in the first line of (49) are
not fixed by the condition that the sum of the above
amplitudes and the amplitude (47) to be invariant under the
NSNS gauge transformation. That coefficients are fixed in
the next section by using the appropriate Ward identity. In
above equations, we have written the final result.
The sum of the amplitudes (47), (48), and (49) satisfies

the NSNS Ward identities. However, it does not satisfy the
RRWard identity because the RR factor ðf1Þia0a3 is not the
RR field strength. It can easily be extended to the RR
invariant amplitude by extending the RR factor to the RR
field strength ðF1Þia0a3 ¼ pi

1ε
a0a3
1 þ pa3

1 εia01 − pa0
1 εia31 . The

amplitude corresponding to the first term does not satisfy
the NSNSWard identity. So one has to add the amplitude of
the RR ðp − 1Þ form with no transverse index. The RR
invariance requires this amplitude to be in terms of the RR
field strength ðF1Þa0a1a3 . One may consider all independent
terms containing ðF1Þa0a1a3 , which are 196 terms, and then
impose the condition that when they combine with the
above nongauge-invariant amplitude, the combination sat-
isfies the NSNS Ward identity. We have done this calcu-
lation and have found that the NSNS Ward identity fixes

171 unknown integrals, and the 25 remaining integrals
appear in some constraint equations, like the constraint in
(25). However, to analyze the amplitude at low energy, one
needs the explicit form of the integrals that may be found
by performing the string-theory calculations to find the
amplitude of the RR ðp − 1Þ form, which have the structure
ðF1Þa0a1a3ð� � �Þa2 . We leave the details of these calculations
for the future work.

C. RR ðpþ 1Þ form
The amplitude for the RR ðpþ 1Þ form is nonzero when

the RR potential has four, three, two, and one transverse
indices. When the RR potential has two transverse indices,
the amplitude can be found by applying the T-dual Ward
identity on the amplitude (42),

A2 ¼ A2ðf1Þ þA2ðf1Þ: (50)

The amplitude A2ðf1Þ is the T-dual completion of the
amplitude A1ðf1Þ in (43), and A2ðf1Þ is the T-dual
completion of the amplitude A1ðf1Þ in (47). The amplitude
A2ðf1Þ is

A2 ∼ −
1

4
ðf1Þijka2

�
ð2ðp3 · V · εS2ÞiðεS3Þa1j þ ðp3 · V · εA2 Þa1ðεA3 ÞijÞðpk

2p
a0
2 I3 þ pk

3p
a0
3 I2Þ þ ð2ðp3 · N · εS2ÞiðεS3Þa1j

þ ðp3 · N · εA2 Þa1ðεA3 ÞijÞðpk
3p

a0
2 I3 þ pk

2p
a0
3 I2Þ − 4pk

3p
a0
3 ð2ðp2 · V · εS2ÞiðεS3Þa1j þ ðp2 · V · εA2 Þa1ðεA3 ÞijÞI7

þ 2pk
3p

a0
3 ð2ðp1 · N · εS2ÞiðεS3Þa1j þ ðp1 · N · εA2 Þa1ðεA3 ÞijÞI1 þ ð2 ↔ 3Þ

þ 1

2
ððεA2 ÞijðεA3 Þa0a1 þ 2ðεS2Þa0iðεS3Þa1j þ ð2 ↔ 3ÞÞ

× ð2pk
2p3 · V · p3I4 þ pk

3p2 · V · p3I2 − pk
3p2 · N · p3I3Þ

�
; (51)
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where the RR factor is ðf1Þijka2 ¼ pi
1ε

jka2
1 þ pk

1ε
ija2
1 þ

pj
1ε

kia2
1 . For simplicity, we have considered the amplitude

for p ¼ 2. The amplitudes in the previous section are
nonzero when one of the NSNS polarization tensors is
symmetric and the other one is antisymmetric. The
amplitudes in this section, which are the T-dual com-
pletion of the amplitude in the previous section, are then
nonzero when both tensors are symmetric or both are
antisymmetric. The above amplitude does not satisfy the
Ward identity corresponding to the NSNS and the RR
gauge transformations.

The asymmetry under the NSNS transformation indicates
that the T-dual Ward identity could not capture terms of the
scattering amplitude of the RR ðpþ 1Þ, which have
ðf1Þijka2p2i or ðf1Þijka2p3i. Since all terms in (43) have
either p2i or p3i, one finds that the missing terms corre-
sponding to the above amplitude should have the factor
ðf1Þijka2p2ip3j. Considering all such terms that have one
momentum and the two NSNS polarization tensors, with
unknown coefficients and imposing the condition that when
they combine with the amplitude (51) they should satisfy the
NSNS Ward identity, one finds the following result:

A0
2 ∼

1

4
pi
2p

j
3ðf1Þijka2 ½4pa0

3 I4ðεS2Þa1k Tr½εS3 · V� þ I2ððp2 · N · εA3 ÞkðεA2 Þa0a1 − 2ðp2 · N · εS3Þa1ðεS2Þa0kÞ
þ I3ð2ðp2 · V · εS3Þa1ðεS2Þa0k − ðp2 · V · εA3 ÞkðεA2 Þa0a1Þ − ð2 ↔ 3Þ þ 2pa0

3 GððεS2 · V · εS3Þka1I3

þ ðεA2 · V · εA3 Þa1kI3 þ ð2 ↔ 3ÞÞ − 2I1ððp1 · N · εA3 ÞkðεA2 Þa0a1 − 2ðp1 · N · εS3Þa1ðεS2Þa0kÞ�: (52)

The above amplitude is also the T-dual completion of the
amplitude (44). In fact, the amplitude (44) is invariant/
covariant under the linear T duality when the world volume
Killing y index is carried by the RR potential. However,
when the world volume y index is carried by the NSNS
polarization tensors in (44), the amplitude does not trans-
form to itself under the linear T duality. It produces the
above amplitude for k ¼ y under T duality. Completing the
transverse y index, one finds the above amplitude.
The combination of the amplitudes (51) and (52) satisfies

the NSNS Ward identity; however, it does not satisfy the
RRWard identity. If one includes the amplitude of the RR
ðpþ 1Þ form with three transverse indices, which has been
found in [21], then the RR factor in the above amplitude
is extended to the RR field strength ðF1Þijka2 ¼ pi

1ε
jka2
1 þ

pk
1ε

ija2
1 þ pj

1ε
kia2
1 − pa2

1 εijk1 ; the amplitudes A2ðCijÞ þ
A0

2ðCijÞ are extended to A3ðFijkÞ þA0
3ðFijkÞ. The ampli-

tude of the RR ðpþ 1Þ form with three transverse indices
has also some terms that become RR gauge invariant
after combining them with the amplitude of the

RR ðpþ 1Þ form with four transverse indices [21].
However, the RR invariant amplitude does not satisfy
the NSNS Ward identity anymore. Here also, unlike the
amplitudes A2ðCijÞ þA0

2ðCijÞ, which satisfy the NSNS
Ward identity but do not satisfy the RR Ward identity, the
amplitudes A3ðFijkÞ þA0

3ðFijkÞ do not satisfy the NSNS
Ward identity but satisfy the RRWard identity. To make the
amplitudesA3ðFijkÞ þA0

3ðFijkÞ to satisfy the NSNSWard
identity, one requires taking into account the other ampli-
tudes for the RR ðpþ 1Þ form, which we are going to
consider now.
The amplitude A2ðf1Þ in (50) can be found by imposing

the invariance of the amplitude (47) under the linear T
duality. The amplitude (47) is invariant under the linear T
duality when the world volume index y is contracted with
the RR potential; however, when the Killing index y is
contracted with the NSNS polarization tensors in (47),
a1 ¼ y or a2 ¼ y, then the amplitude produces new terms
under the linear T duality. Completing the transverse y
index in the new terms, one finds the following result:

A2∼
1

2
ðf1Þija0a2

h
pa1
3 ð−p2 ·N ·p3GðεS2 ·V · εS3Þij −p2 ·V ·p3GðεA2 ·V · εA3 Þij þ ðp3 ·N · εA2 Þiðp2 ·N · εA3 Þj

− ðp3 ·V · εA2 Þiðp2 ·V · εA3 ÞjÞJ − ðεA3 Þij
�
pa1
3

�
p3 ·V · εA2 ·V ·p2J 1 −

1

2
p3 ·V · εA2 ·N ·p1I3 þp2 ·V · εA2 ·N ·p3J 2

−p3 ·V · εA2 ·N ·p3ðJ þJ 5Þ þ
1

2
p3 ·N · εA2 ·N ·p1I2

�
þ 1

2
ðp3 ·V · εA2 Þa1ðp2 ·V ·p2J 1 þp3 ·V ·p3J 4

− 2p2 ·N ·p3J Þ þ ðp1 ·N · εA2 Þa1p3 ·V ·p3I4 − ðp2 ·V · εA2 Þa1p3 ·V ·p3J 3 þ
1

2
ðp3 ·N · εA2 Þa1ðJ 15p2 ·N ·p3

þ ðJ 16 − 2J Þp2 ·V ·p3Þ
�
− ðp1 ·N · εS2Þiðpa1

3 ððp2 ·V · εS3ÞjI3 þ ðp1 ·N · εS3ÞjI1 − ðp2 ·N · εS3ÞjI2

− 4ðp3 ·V · εS3ÞjI4Þ þ 2ðεS3Þa1jp3 ·V ·p3I4Þ− 2ðp2 ·V · εS2Þiðpa1
3 ððp2 ·N · εS3ÞjJ 2 − ðp2 ·V · εS3ÞjJ 1

þ 2ðp3 ·V · εS3ÞjJ 3Þ− 2ðεS3Þa1jp3 ·V ·p3J 3Þ þ ðp3 ·V · εS2Þið2pa1
3 ðp2 ·N · εS3ÞjJ 5 − ðεS3Þa1jðp2 ·V ·p2J 1

þp3 ·V ·p3J 4 − 2p2 ·N ·p3J ÞÞ−ðp3 ·N · εS2ÞiðεS3Þa1jðJ 15p2 ·N ·p3 þðJ 16 − 2J Þp2 ·V ·p3Þ
i
þð2↔ 3Þ; (53)
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where the RR factor is ðf1Þija0a2 ¼ pa0
1 εija21 − pa2

1 εija01 .
The above amplitude does not satisfy the Ward identity
corresponding to the NSNS and the RR gauge trans-
formations.
The asymmetry under the NSNS gauge transformation

indicates that the T-dual Ward identity could not capture
terms of the scattering amplitude of the RR ðpþ 1Þ, which
have ðf1Þija0a2p2i or ðf1Þija0a2p3i. Since the RR factor
carries two transverse indices, one finds that there are three
types of missing terms in this case. The first type is the
terms that have ðf1Þija0a2p2i. The second type is the terms
that have ðf1Þija0a2p3i, and the third type is the terms that
have ðf1Þija0a2p2ip3j. None of these terms can be captured
by the T-dual Ward identity because the momentum along
the y direction is zero in the T-duality transformation. In
fact, under the T-duality rules, one has ðf1Þiya0a2p2ip3y ¼ 0

or ðf1Þyja0a2p2yp3j ¼ 0. Therefore, the missing terms can
be separated as A0

2 ¼ A0
22 þ A0

23 þ A00
2. One may consider

all such terms with unknown coefficients and impose the

NSNS Ward identity to find the coefficients. Alternatively,
one may find the amplitudes A0

22 þ A0
23 by imposing the T-

dual Ward identity on the amplitudes (48) and (49) and then
finding the amplitude A00

2 from the NSNS Ward identity.
Note that the RR factor of A00

2 , which is ðf1Þija0a2p2ip3j,
does not allow the NSNS polarization tensors to carry the
transverse index of the RR factor. As a result, these terms
cannot be the T-dual completion of the amplitudes in the
previous section.
The amplitude (48) has the overall RR factor

ðf1Þia0a3p2i. Therefore, the T-dual completion of this
amplitude produces new terms in the first type. In fact,
the amplitude (48) is invariant under the linear T duality
when the world volume index y is contracted with the RR
potential; however, when the Killing index y is contracted
with the NSNS polarization tensors in (48), a1 ¼ y or
a2 ¼ y, then the amplitude produces new terms under the
linear T duality. Completing the transverse y index in the
new terms, one finds the following result:

A0
22 ∼ −

1

4
ðf1Þija0a2pi

2½−2p3 · V · p3ðGðεS2 · V · εS3Þja1 þ GðεA2 · V · εA3 Þa1jÞJ 12

þ pa1
3 ðGðp2 · N · εS3 · N · εS2ÞjðJ 16 − 2J 5Þ þ Gðp2 · V · εS3 · V · εS2ÞjðJ 16 − 4J þ 2J 5Þ

þ 4Gðp3 · V · εS3 · V · εS2ÞjJ 12 þ ðGðp2 · V · εS3 · N · εS2Þj þ Gðp2 · N · εS3 · V · εS2ÞjÞJ 15

− 2Gðp1 · N · εS3 · V · εS2ÞjI3 þ 2Gðp1 · N · εS3 · N · εS2ÞjI2 − 4Gðp3 · V · εS3 · N · εS2ÞjJ 4Þ
þ ðp3 · N · εA2 Þa1ð2I2ðp1 · N · εA3 Þj þ ðp2 · N · εA3 ÞjðJ 16 − 2J 5Þ þ ðp2 · V · εA3 ÞjJ 15Þ
þ ðp3 · N · εS2Þjð2pa1

3 Tr½εS3 · V�J 4 − 2I2ðp1 · N · εS3Þa1 − ðp2 · N · εS3Þa1ðJ 16 − 2J 5Þ
− ðp2 · V · εS3Þa1J 15Þ þ ðp3 · V · εA2 Þa1ððp2 · N · εA3 ÞjJ 15 þ ðp2 · V · εA3 ÞjðJ 16 − 4J þ 2J 5ÞÞ
− ðp3 · V · εS2Þjð2pa1

3 Tr½εS3 · V�J 12 þ ðp2 · N · εS3Þa1J 15 þ ðp2 · V · εS3Þa1ðJ 16 − 4J þ 2J 5ÞÞ
þ ðεS2Þa1jð2p2 · V · εS3 · N · p2J 15 − 2ð2I4p1 · N · p3 − J 4p2 · N · p3 þ J 12p2 · V · p3ÞTr½εS3 · V�
þ p2 · V · εS3 · V · p2ðJ 16 − 4J þ 2J 5Þ þ 4p3 · V · εS3 · V · p2J 12 − 2p2 · V · εS3 · N · p1I3

þ p2 · N · εS3 · N · p2ðJ 16 − 2J 5Þ − 4J 4p3 · V · εS3 · N · p2 þ 4I2p2 · N · εS3 · N · p1Þ� þ ð2 ↔ 3Þ: (54)

This amplitude is invariant under the linear T duality when
the y index is carried by the RR potential; otherwise, it is
not invariant. We consider the T-dual completion of this
amplitude in the next section.
The terms of the second type, which have the RR factor

ðf1Þija0a2p3i, can be found from the T-dual completion of
the amplitude (49) because this amplitude has the overall

RR factor ðf1Þia0a3p3i. Here also one realizes that the
amplitude (49) is invariant under the linear T duality only
when the world volume index y is contracted with the RR
potential. When it is contracted with the NSNS polarization
tensors, the amplitude produces new terms, which have the
transverse y index, under the linear T duality. Completing
this index, one finds the following result:

A0
23 ∼ −

1

4
ðf1Þija0a2pi

3½−2p2 · V · p2ðGðεS2 · V · εS3Þja1 þ GðεA2 · V · εA3 Þa1jÞJ 1

þ pa1
3 ðGðp2 · V · εS3 · N · εS2ÞjðJ 16 − 2J 5Þ þ Gðp2 · N · εS3 · V · εS2ÞjðJ 16 − 4J þ 2J 5Þ

þ ðGðp2 · V · εS3 · V · εS2Þj þ Gðp2 · N · εS3 · N · εS2ÞjÞJ 15Þ þ ðp3 · V · εA2 Þa1ð2ðp1 · N · εA3 ÞjI2

þ ðp2 · N · εA3 ÞjðJ 16 − 4J − 2J 5Þ þ ðp2 · V · εA3 ÞjJ 15Þ þ ðp3 · V · εS2Þjð2pa1
3 Tr½εS3 · V�J 4
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− 2ðp1 · N · εS3Þa1I2 − ðp2 · N · εS3Þa1ðJ 16 − 4J − 2J 5Þ − ðp2 · V · εS3Þa1J 15Þ
þ 2ðp1 · N · εA2 Þa1ð2ðp1 · N · εA3 ÞjI1 − ðp2 · N · εA3 ÞjI2 þ ðp2 · V · εA3 ÞjI3Þ
þ 2ðp1 · N · εS2Þjð2pa1

3 Tr½εS3 · V�I4 − 2ðp1 · N · εS3Þa1I1 þ ðp2 · N · εS3Þa1I2 − ðp2 · V · εS3Þa1I3Þ
− 4ðp2 · V · εA2 Þa1ð2ðp1 · N · εA3 ÞjI7 − ðp2 · N · εA3 ÞjJ 2 þ ðp2 · V · εA3 ÞjJ 1Þ
− 4ðp2 · V · εS2Þjð2pa1

3 Tr½εS3 · V�J 3 − 2ðp1 · N · εS3Þa1I7 þ ðp2 · N · εS3Þa1J 2 − ðp2 · V · εS3Þa1J 1Þ
þ ðp3 · N · εA2 Þa1ððp2 · N · εA3 ÞjJ 15 þ ðp2 · V · εA3 ÞjðJ 16 þ 2J 5ÞÞ
− ðp3 · N · εS2Þjð2pa1

3 Tr½εS3 · V�J 12 þ ðp2 · N · εS3Þa1J 15 þ ðp2 · V · εS3Þa1ðJ 16 þ 2J 5ÞÞ
þ ðεS2Þa1jð4ðp1 · N · p2I4 − p2 · V · p2J 3ÞTr½εS3 · V� þ 2p2 · V · εS3 · N · p2ðJ 16 − 2J Þ
þ ðp2 · N · εS3 · N · p2 þ p2 · V · εS3 · V · p2ÞJ 15 þ 2p2 · V · εS3 · N · p1I2Þ þ ð2 ↔ 3Þ
þ 2p1 · N · p2ððGðεS2 · V · εS3Þja1 þ GðεA2 · V · εA3 Þa1jÞI3 þ ð2 ↔ 3ÞÞ�:ð55Þ

The above amplitude is invariant under the linear T duality
when the y index is carried by the RR potential; otherwise,
it is not invariant. We consider the T-dual completion of this
amplitude in the next section. We have checked that the
sum of the amplitudes (53), (54), and (55) does not satisfy
the NSNSWard identity. So the amplitude A00

2 is required to
make the amplitudes invariant under the NSNS gauge
transformations.
Since the amplitude A00

2 has the RR factor
ðf1Þija0a2p2ip3j, one has to consider all independent terms
with one world volume index ð� � �Þa1 , which contain one
momentum and the two NSNS polarization tensors. In this
case, there are terms in which the two tensors contract with
each other. All possible such terms are

Tr½εS · V · εS · V�; Tr½εS · N · εS · N�; Tr½εS · V · εS · N�
Tr½εA · V · εA · V�; Tr½εA · N · εA · N�; Tr½εA · V · εA · N�:

(56)

Since the independent terms must be invariant under the
linear T duality when a1 ≠ y, we have to consider the
combination of the above terms that are invariant under

the T duality. The only possibility is the following
combination:

Tr½εA2 · V · εA3 · V� þ Tr½εA2 · N · εA3 · N� − 2Tr½εS2 · V · εS3 · N�:
(57)

However, the NSNS Ward identity requires other traces as
well. The only way that we can make the T-duality invariant
combination is to consider dilaton terms as well as the
gravitons. Using the T-duality transformation of the dilaton
in the string frame, one finds that the following combina-
tion is invariant under the linear T duality:

Tr½εS2 · V · εS3 · V� þ Tr½εS2 · N · εS3 · N�
− 2Tr½εA2 · V · εA3 · N� þ 4Φ2Φ3; (58)

where Φ is the polarization of the dilaton, which is one;
however, we keep it for clarity.
Using the above two T-duality invariant combinations, as

well as the structures in which the polarization tensors
contract with the momentum, one finds that the NSNS
Ward identity is satisfied provided that the amplitude A00

2

has the following terms:

A00
2 ∼

1

4
ðf1Þija0a2pi

2p
j
3

h
−J 15Gðp2 · N · εA3 · V · εA2 Þa1 − J 15Gðp2 · V · εA3 · N · εA2 Þa1

þ ð4J − J 16 − 2J 5ÞGðp2 · V · εA3 · V · εA2 Þa1 − ðJ 16 − 2J 5ÞGðp2 · N · εA3 · N · εA2 Þa1
− 2ðJ 4ðp3 · V · εS2Þa1 − J 12ðp3 · N · εS2Þa1 þ J 3p

a1
3 Tr½εS2 · V�ÞTr½εS3 · V�

þ 1

2
pa1
3 ðð2J − J 16ÞðTr½εA2 · N · εA3 · N� þ Tr½εA2 · V · εA3 · V� − 2Tr½εS2 · V · εS3 · N�Þ

þ J 15ðTr½εS2 · N · εS3 · N� þ Tr½εS2 · V · εS3 · V� − 2Tr½εA2 · V · εA3 · N� þ 4Φ2Φ3Þ − ð2 ↔ 3Þ
− 2I2Gðp1 · N · εA3 · N · εA2 Þa1 þ 2I3Gðp1 · N · εA3 · V · εA2 Þa1

i
: (59)

This amplitude is also invariant under the linear T duality
when the y index is carried by the RR potential; otherwise,
it is not invariant. We consider the T-dual completion of this
amplitude in the next section.

Note that we have included the dilaton term in above
amplitude based on the fact that the amplitude should be
consistent with the T-dual Ward identity. As a result, the
above amplitude is correct in the string frame. However, the
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direct string-theory calculation produces amplitudes in the
Einstein frame. Therefore, if one is interested in verifying
the dilaton amplitude by the direct string-theory S-matrix
element of one RR and two dilaton vertex operators, one
has to transform the S-matrix element to the string frame
and then compare it with the above result.
The combination of the amplitudes (53), (54), (55), and

(59) satisfies the Ward identity corresponding to the NSNS
gauge transformations. However, it does not satisfy the RR
Ward identity because the RR factor ðf1Þija0a2 in them is
not the RR field strength. It can easily be extended to the
RR invariant amplitudes by extending the RR factor to the
RR field strength ðF1Þija0a2 ¼ pa0

1 εija21 − pa2
1 εija01 þ

pi
1ε

a2ja0
1 − pj

1ε
a2ia0
1 . The amplitude corresponding to the

last two terms does not satisfy the NSNS Ward identity. So
one has to add the amplitude of the RR ðpþ 1Þ form with
one transverse index. The RR invariance requires the
amplitude to be in terms of RR field strength,
ðF1Þia0a1a2ð� � �Þi. These couplings may be found by impos-
ing the T-dual Ward identity on the RR ðp − 1Þ form
amplitude with structure ðF1Þa0a1a3ð� � �Þa2 when a2 ¼ y. As
we have discussed in the previous section, one needs

explicit calculation to find the RR ðp − 1Þ-form amplitude
with structure ðF1Þa0a1a3ð� � �Þa2 . We leave the details of
theses calculations for the future work.

D. RR ðpþ 3Þ form
The amplitude for the RR ðpþ 3Þ form is nonzero when

the RR potential has five, four, and three transverse indices.
When the RR potential has three transverse indices, the
amplitude can be found by applying the T-dual Ward
identity on the amplitude (50),

A3 ¼ A3ðf1Þ þA3ðf1Þ; (60)

where the subscript 3 refers to the number of the transverse
indices of the RR potential. The amplitude A3ðf1Þ is the
T-dual completion of the amplitude A2ðf1Þ in (51), and
A3ðf1Þ is the T-dual completion of the amplitude A2ðf1Þ in
(53). The amplitude (51) does not satisfy the T-dual Ward
identity when the y index is carried by the NSNS
polarization tensors. The consistency with the T-dual
Ward identity requires the following amplitude:

A3 ∼ −
1

4
ðf1Þijkla1 ½ðεA2 Þijð2pk

2p
a0
2 ðp1 · N · εS3ÞlI1 þ ðpk

3p
a0
2 I3 þ pk

2p
a0
3 I2Þðp2 · N · εS3Þl

þ ðpk
2p

a0
2 I3 þ pk

3p
a0
3 I2Þðp2 · V · εS3Þl − 4pk

2p
a0
2 ðp3 · V · εS3ÞlI4Þ þ ð2 ↔ 3Þ

− ð2pk
2p3 · V · p3I4 þ pk

3ð−p2 · N · p3I3 þ p2 · V · p3I2ÞÞððεA2 ÞijðεS3Þa0l þ ð2 ↔ 3ÞÞ�; (61)

where the RR factor is ðf1Þijkla1 ¼ pi
1ε

jkla1
1 − pj

1ε
ikla1
1 þ

pk
1ε

ijla1
1 − pl

1ε
ijka1
1 . For simplicity, we have considered the

amplitude for p ¼ 1. The above amplitude is invariant
under the T-dual Ward identity when the y index is carried
by the RR potential. However, it does not satisfy this
identity when the Killing index is carried by the NSNS
polarization tensors, when a0 ¼ y. We find the T-dual
completion of this amplitude in the next section.
The above amplitude does not satisfy the Ward

identity corresponding to the NSNS and the RR gauge
transformations. The asymmetry under the NSNS

transformation indicates that the T-dual Ward identity could
not capture terms of the scattering amplitude of the RR
ðpþ 3Þ, which have ðf1Þijkla1p2i or ðf1Þijkla1p3i. Since all
terms in (51) have either p2i or p3i, one finds that the
missing terms should have the factor ðf1Þijkla1p2ip3j.
Considering all such terms that have one momentum and
the two NSNS polarization tensors, with unknown coef-
ficients and imposing the condition that when they combine
with the amplitude (61) they should satisfy the NSNSWard
identity, one finds the following result:

A0
3 ∼

1

4
ðf1Þijkla1p2ip3j½2pa0

3 I4ðεA2 Þkl Tr½εS3 · V� þ I2ð2ðp2 · N · εA3 ÞkðεS2Þa0l þ ðp2 · N · εS3Þa0ðεA2 ÞklÞ
− I3ð2ðp2 · V · εA3 ÞkðεS2Þa0l þ ðp2 · V · εS3Þa0ðεA2 ÞklÞ − ð2 ↔ 3Þ þ 2pa0

3 GðεS2 · V · εA3 ÞklI3

þ 2pa0
3 GðεS3 · V · εA2 ÞklI2 − 2I1ð2ðp1 · N · εA3 ÞkðεS2Þa0l þ ðp1 · N · εS3Þa0ðεA2 ÞklÞ�: (62)

One can verify that the above amplitude is the T-dual
completion of the amplitude (52), as expected. The combi-
nation of the amplitudes (61) and (62) satisfies the NSNS
Ward identity; however, they do not satisfy the RR Ward
identity. If one includes the amplitude of the RR ðpþ 3Þ

form with four transverse indices, which has been found in
[21], then the RR factor in the above amplitude is extended
to the RR field strength ðF1Þijkla1 ¼ ðf1Þijkla1 þ pa1

1 εijkl1 ,
the amplitudes A3ðCijkÞ þA0

3ðCijkÞ are extended to
A4ðFijklÞ þA0

4ðFijklÞ. The amplitude of the RR ðpþ 3Þ
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form with four transverse indices has also some terms that
become RR gauge invariant after including the amplitude
of the RR ðpþ 3Þ form with five transverse indices [21].
The RR gauge invariant amplitudes A4ðFijklÞ þA0

4ðFijklÞ
do not satisfy the NSNS Ward identity, which indicates the
presence of other amplitude in (60).
The amplitude A3ðf1Þ in (60) can be found from imposing

the invariance of the amplitude (53) under the linear T
duality when the Killing index y is carried by the NSNS
polarization tensors in (53). The result is the following:

A3 ∼
1

4
ðf1Þijka0a1ðεA2 Þij½2p2 · V · p2ðp1 · N · εS3ÞkI7

− 4p2 · V · p2ðp3 · V · εS3ÞkJ 3 þ ðp2 · N · p3J 15

þ p2 · V · p3ðJ 16 − 2J ÞÞðp2 · N · εS3Þk
− ð2p2 · N · p3J − p2 · V · p2J 1

− p3 · V · p3J 4Þðp2 · V · εS3Þk� þ ð2 ↔ 3Þ; (63)

where the RR factor is ðf1Þijka0a1 ¼ pa0
1 εijka11 − pa1

1 εijka01 .
Since the NSNS polarization tensors do not carry the world

volume index, the above amplitude is invariant under the
linear T duality. However, it does not satisfy the Ward
identity corresponding to the NSNS and RR gauge
transformations.
The asymmetry under the NSNS gauge transformation

indicates that the T-dual Ward identity could not capture
terms of the scattering amplitude of the RR ðpþ 3Þ which
have ðf1Þijka0a1p2i or ðf1Þijka0a1p3i. Since the RR factor is
ðf1Þijka0a1 , one finds that there are three types of missing
terms. The first type is the terms that have ðf1Þijka0a1p2i.
The second type is the terms that have ðf1Þijka0a1p3i, and
the third type is the terms that have ðf1Þijka0a1p2ip3j.
Therefore, the missing terms can be separated as
A0
3 ¼ A0

32 þ A0
33 þ A00

3 . One may consider all such terms
with unknown coefficients and impose the NSNS Ward
identity to find the coefficients. Alternatively, one may find
these amplitudes by imposing the T-dual Ward identity on
the amplitudes (54), (55), and (59). We are going to
preform the latter calculations. The T-dual completion of
the amplitude (54) which has the terms of the first type, is
the following:

A0
32 ∼

1

4
ðf1Þijka0a1pi

2

�
ðp3 · V · εS2Þkððp2 · N · εA3 ÞjJ 15 þ ðp2 · V · εA3 ÞjðJ 16 − 4J þ 2J 5ÞÞ

þ ðp3 · N · εS2Þkð2I2ðp1 · N · εA3 Þj þ ðp2 · N · εA3 ÞjðJ 16 − 2J 5Þ þ ðp2 · V · εA3 ÞjJ 15Þ

þ 1

2
ðεA2 Þjkðp2 · N · εS3 · N · p2ðJ 16 − 2J 5Þ − 4J 4p3 · V · εS3 · N · p2 þ 4I2p2 · N · εS3 · N · p1

þ p2 · V · εS3 · V · p2ðJ 16 − 4J þ 2J 5Þ þ 4p3 · V · εS3 · V · p2J 12 − 2p2 · V · εS3 · N · p1I3

þ 2p2 · V · εS3 · N · p2J 15 þ ð−2I4p1 · N · p3 þ J 4p2 · N · p3 − J 12p2 · V · p3ÞTr½εS3 · V�Þ

− 2p3 · V · p3GðεS2 · V · εA3 ÞjkJ 12

�
þ ð2 ↔ 3Þ: (64)

Since the NSNS polarization tensors do not carry the world volume index, the above amplitude is invariant under the linear
T duality.
The T-dual completion of the amplitude (55) which has the terms of the second type, is the following:

A0
33 ∼

1

4
ðf1Þijka0a1pi

3

�
−2p2 · V · p2GðεS2 · V · εA3 ÞjkJ 1 þ ðp3 · V · εS2Þkð2ðp1 · N · εA3 ÞjI2

þ ðp2 · N · εA3 ÞjðJ 16 − 4J − 2J 5Þ þ ðp2 · V · εA3 ÞjJ 15Þ
þ 2ðp1 · N · εS2Þkð2ðp1 · N · εA3 ÞjI1 − ðp2 · N · εA3 ÞjI2 þ ðp2 · V · εA3 ÞjI3Þ
− 4ðp2 · V · εS2Þkð2ðp1 · N · εA3 ÞjI7 − ðp2 · N · εA3 ÞjJ 2 þ ðp2 · V · εA3 ÞjJ 1Þ
þ ðp3 · N · εS2Þkððp2 · N · εA3 ÞjJ 15 þ ðp2 · V · εA3 ÞjðJ 16 þ 2J 5ÞÞ

þ 1

2
ðεA2 Þjkð4ðp1 · N · p2I4 − p2 · V · p2J 3ÞTr½εS3 · V� þ 2p2 · V · εS3 · N · p2ðJ 16 − 2J Þ

þ ðp2 · N · εS3 · N · p2 þ p2 · V · εS3 · V · p2ÞJ 15 þ 2p2 · V · εS3 · N · p1I2Þ þ ð2 ↔ 3Þ

þ 2p1 · N · p2pi
3ðGðεS2 · V · εA3 ÞjkI3 þ ð2 ↔ 3ÞÞ

�
: (65)
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The NSNS polarization tensors do not carry the world
volume index, so the above amplitude is also invariant
under the linear T duality. While the first ð2 ↔ 3Þ means
the interchange of the labels 2, 3 for all expressions from
the beginning up to that point, including the overall

factor, the second ð2 ↔ 3Þ means the interchange of the
labels 2, 3 only for the term in the parenthesis in the
last line.
The T-dual completion of the amplitude (59) which has

the terms of the third type, is the following:

A00
3 ∼

1

4
ðf1Þijka0a1p2ip3j½−2ðJ 4ðp3 · V · εA2 Þk − J 12ðp3 · N · εA2 ÞkÞTr½εS3 · V�

− J 15Gðp2 · V · εA3 · N · εS2Þk þ ð4J − J 16 − 2J 5ÞGðp2 · V · εA3 · V · εS2Þk
− ðJ 16 − 2J 5ÞGðp2 · N · εA3 · N · εS2Þk − J 15Gðp2 · N · εA3 · V · εS2Þk − ð2 ↔ 3Þ
− 2I2Gðp1 · N · εA3 · N · εS2Þk þ 2I3Gðp1 · N · εA3 · V · εS2Þk�: (66)

This amplitude is also invariant under the linear T duality.
The sum of the amplitudes (63), (64), (65), and (66)
satisfies the Ward identity corresponding to the NSNS
gauge transformations. However, it does not satisfy the RR
Ward identity because the RR factor ðf1Þijka0a1 is not the
RR field strength. It can easily be extended to the RR
invariant amplitude by extending the RR factor to the
RR field strength ðF1Þijka0a1 ¼ ðf1Þijka0a1 þ pi

1ε
a1jka0
1 −

pj
1ε

a1ika0
1 þ pk

1ε
a1ija0
1 . In this case, the amplitudes corre-

sponding to the last three terms satisfy the NSNS Ward
identity.

E. RR ðpþ 5Þ form
The amplitude for the RR ðpþ 5Þ form is nonzero when

the RR potential has six, five, and four transverse indices.
When the RR potential has four transverse indices, the
amplitude can be found by applying the T-dual Ward
identity on the amplitude (60),

A4 ¼ A4ðf1Þ; (67)

where the subscript 4 refers to the number of the transverse
indices of the RR potential. The amplitude A4ðf1Þ, which
is the T-dual completion of the amplitude A3ðf1Þ in (61) is

A4 ∼
1

8
ðf1Þijklma0ð2pk

2p3 · V · p3I4 þ pk
3ðI2p2 · V · p3

− I3p2 · N · p3ÞÞðεA2 ÞijðεA3 Þlm; (68)

where the RR factor is ðf1Þijklma0 ¼ p½i
1ε

jklm�a0
1 . Since the

NSNS polarization tensors do not carry the world volume
index, the above amplitude is invariant under the linear T
duality. However, it does not satisfy the Ward identity
corresponding to the NSNS and RR gauge transformations.
The asymmetry under the NSNS transformation indi-

cates that the T-dual Ward identity could not capture terms
of the scattering amplitude of the RR ðpþ 5Þ, which have
ðf1Þijklma0p2i or ðf1Þijklma0p3i. Since all terms in (61) have
either p2i or p3i, one finds that the missing terms corre-
sponding to the above amplitude should have the factor

ðf1Þijklma0p2ip3j. Considering all such terms that have one
momentum and the two NSNS polarization tensors, with
unknown coefficients and imposing the condition that
when they combine with the amplitude (68) they should
satisfy the NSNS Ward identity, one finds the following
result:

A0
4 ∼

1

4
ðf1Þijklma0pi

2p
j
3ðεA2 Þlm½ðp2 · N · εA3 ÞkI2

− ðp2 · V · εA3 ÞkI3� þ ð2 ↔ 3Þ

−
1

2
ðf1Þijklma0pi

2p
j
3ðεA2 Þlmðp1 · N · εA3 ÞkI1: (69)

The above amplitude is also the T-dual completion of the
amplitude (62). There is no contraction between the NSNS
polarization tensors and the world volume form, so this
amplitude, like (68), is invariant under the linear T duality.
The combination of the above two amplitudes satisfies

the NSNS Ward identity; however, they do not satisfy the
RR Ward identity. To extend the amplitude A4 þA0

4 to
satisfy the RR Ward identity, one has to extend the RR
factor to the RR field strength ðF1Þijklma0¼ðf1Þijklma0−
pa0
1 εijklm1 , the amplitudes A4ðCijklÞþA0

4ðCijklÞ are
extended to A5ðFijklmÞ þA0

5ðFijklmÞ. This can be done
by including the amplitude of the RR ðpþ 5Þ form with
five transverse indices, which has been found in [21]. The
amplitude of the RR ðpþ 5Þ form with five transverse
indices has also some terms that become RR gauge
invariant after including the amplitude of the RR
ðpþ 5Þ form with six transverse indices [21]. These
amplitudes and the amplitudes A5ðFijklmÞ þA0

5ðFijklmÞ
are exactly equal to the amplitudes that has been calculated
explicitly in string theory for the case that the RR potential
is ðpþ 5Þ form [38]. So they satisfies the NSNS Ward
identity as well as the RR Ward identity.
Therefore, the S-matrix elements of one RR and two

NSNS can be classified into the following multiplets in
terms of the RR field strength. One T-dual multiplet, which
has been found in [21] (see Eq. (15) in [21]), has the
following structure:
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A2ðFðp−2Þ
ij Þ → A3ðFðpÞ

ijk Þ → A4ðFðpþ2Þ
ijkl Þ → A5ðFðpþ4Þ

ijklm Þ → A6ðFðpþ6Þ
ijklmnÞ: (70)

The T-dual multiplet satisfies the RRWard identity; however, it does not satisfy the NSNSWard identity. Another multiplet
has the following structure:

(71)

where A1 is the amplitude (38), the amplitudes A2 þA0
2

are the amplitudes (43) and (44), the amplitudes A3 þA0
3

are the amplitudes (51) and (52), the amplitudes A4þ
A0

4 are the amplitudes (61) and (62), and the amplitudes
A5 þA0

5 are the amplitudes (68) and (69) in which the RR
factor f1 is replaced by the RR field strength F1. The third
multiplet has the following structure:

(72)

whereA0 is theamplitude (40).TheamplitudesA1þA0
1 are the

amplitudes (47), (48), and (49), the amplitudes A2 þ A0
2 are

the amplitudes (53), (54), (55), and (59), and the amplitudes
A3 þ A0

3 are the amplitudes (63), (64), (65), and (66) inwhich
the RR factor f1 is replaced by the RR field strength F1. The
last multiplet would have the following structure:

(73)

The first component of the abovemultipletmaybe found from
the explicit string-theory calculation in which we are not
interested in this paper. Using the T-dualWard identity on the
first component, the second component then would be easily
found, as we have done for many other cases in this paper.

V. DISCUSSION

In this paper, we have used the constraints that the
S-matrix elements should satisfy the Ward identity corre-
sponding to the gauge symmetries and the T duality, to find
the Dp-brane world volume amplitude of various RR n
forms from the known amplitudes of the RR ðp − 3Þ form.
Using this constraint, we have found various S-matrix
elements of one RR, one NSNS, and one NS state and the
S-matrix elements of one RR and two NSNS states.
Wehave found that theWard identities corresponding to the

combination of the T duality and the gauge transformations

are powerful enough to find all of the S-matrix multiplets that
are connected by these Ward identities. However, the Ward
identities corresponding to the gauge transformations are not
powerful enough to find all of the amplitudes that are
connected by these Ward identities. For the case of two
closed and one open strings, the T-dual multiplets are (28),
(29), and (30) and for the case of three closed strings, the
T-dual multiplets are (70), (71), (72), and (73).
In each multiplet, the different components are con-

nected by the T-dual and the NSNS Ward identities. On the
other hand, the components of all of the T-dual multiplets,
which have a specific RR field strength, are connected by
the NSNS/NS Ward identity, e.g., the FðpÞ component in
the multiplets (28), (29), and (30), and the FðpÞ component
in the multiplets (70), (71), (72), and (73) should satisfy the
Ward identities corresponding to the gauge transforma-
tions. In the former case, the amplitude A0ðFðpÞÞ has been
found by these Ward identities, (24); however, there are two
integrals and one constraint. The explicit form of the
integrals can be found only by direct calculation of the
corresponding S-matrix element in the string theory. In
the latter case, the Ward identities produce many new
integrals and constraint equations. It would be interesting to
find this amplitude by the explicit string-theory calculations
and then find its corresponding multiplet (73). It would be
also interesting to confirm the amplitudes that we have
found in this paper by explicit string-theory calculations.
The S-matrix elements of three closed strings that have

been found in this paper can be analyzed at low energy to
extract the appropriate couplings of one RR and two NSNS
states in the field theory at order α02. In performing this
calculation, one needs the α0 expansion of the integrals that
appear in the amplitudes. The α0 expansion of the integrals
I1, I2, I7 and J , J 1, J 2, J 3, J 5, J 13, J 14 have been
found in [38,40] for the special kinematic setup where p2 ·
D · p3 ¼ 0 and p2 · p3 ¼ 0. The above integrals are similar
to the integrals I0;…; I10 that have been found in [39]. The
relation between the two set of integrals is

I1 ¼ I10; I2 ¼ I5 − I9; I7 ¼ −
1

2
I4; J ¼ 2I0; J 1 ¼ −ðI6 þ I7Þ;

J 2 ¼ −2I0 − I8 þ I10; J 3 ¼ −I3; J 5 ¼ I8;J 13 ¼ 2I0 þ I2; J 14 ¼ 2I0 þ I1:
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The low energy expansion of the integrals I0;…; I10, for
the general setup, has been found in [39]. Using them, one
can find the α0 expansion of the amplitudes that contain
various massless poles as well as contact terms. To find the
couplings of one RR and two NSNS states at order α02, one
has to first calculate the massless poles in field theory and
then subtract them from the massless poles of the string-
theory amplitude. The massless poles at order α02 are
simple closed string poles, simple open-string poles, and
double open-string poles. The closed-string poles should be
reproduced by the supergravity and the brane couplings of
two closed strings at order α02 [25,29,37]. The simple open-
string poles should be reproduced by the DBI or CS action
and the brane couplings of two closed and one open string
at order α02, which can be found from the amplitudes in
Sec. III. The double open-string poles should be repro-
duced by the DBI or CS action and the brane couplings of
one closed and two open strings at order α02 [43,44].
The subtraction of field-theory massless poles from the

string-theory amplitude may add some extra contact terms
to the contact terms of the string-theory amplitude. For the
amplitudes that involve only the antisymmetric NSNS
states, one may expect the extra contact terms to be avoided
by writing both the string-theory amplitude and the field-
theory massless poles, in terms of B field strength H. This
can be done based on the fact that the S-matrix elements
must satisfy the Ward identity corresponding to the B-field
gauge transformation. In the field-theory side, the bulk
couplings are in terms of H, and the brane couplings are
either in terms of H or in terms of ~B ¼ Bþ 2πα0F . As a

result, one can calculate the massless poles in the field
theory in terms of H. In fact, the open-string poles of the
scattering amplitude in which the gauge boson part of ~B
propagates can be combined with the contact terms result-
ing from the B-field part of ~B to write the amplitude in
terms of H [38,40]. While the field-theory massless poles
can be calculated uniquely in terms ofH, there is no unique
way, in general, to write the string-theory amplitude in
terms of H.
For the case of the RR ðp − 3Þ form that has been studied

in [38], there is a unique way to write the string-theory
amplitude in terms of H. Hence, in that case, one does not
need to calculate the field-theory massless poles. The
contact terms of the string theory in terms of H gives
the correct couplings in field theory. For the case of the RR
ðpþ 1Þ form, we have checked that there is no unique way
to write the amplitude in terms of H. Therefore, even in
this, one has to calculate the massless poles and subtract
them from the string-theory amplitude to find the contact
terms. After finding all contact terms, one should be able to
write them in terms of the field strengths of the external
states. We leave the details of this calculation for the
future works.
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