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Effects of High-Order Slip/Jump,
Thermal Creep, and Variable
Thermophysical Properties on
Natural Convection in Microchannels
With Constant Wall Heat Fluxes

BEHNAM RAHIMI and HAMID NIAZMAND
Mechanical Engineering Department, Ferdowsi University of Mashhad, Mashhad, Iran

Natural convection gaseous slip flows in open-ended vertical parallel-plate microchannels with symmetric wall heat fluxes
are numerically investigated. A second-order model, including thermal creep effects, is considered for velocity slip and
temperature jump boundary conditions with variable thermophysical properties. Simulations are performed for wide range
of Rayleigh numbers from 5 × 10−6 to 5 × 10−3 in the continuum to slip flow regime. The developing and fully developed
solutions are examined by solving the Navier–Stokes and energy equations using a control volume technique. It is found
that the second-order effects reduce the temperature jump and the slip velocity, whereas thermal creep strongly increases
the slip velocity in both developing and fully developed regions. Moreover, the rarefaction effects increase the flow and
heat transfer rates considerably, while decreasing the maximum gas temperature and friction coefficient as compared to the
continuum limit. It was also shown that the axial temperature variations of the gas layer adjacent to the wall in the modeling
of the thermal creep are of paramount importance and neglecting these variations, which is common in literature, leads to
unphysical velocity and temperature distributions.

INTRODUCTION

Gaseous flow in microscale devices has been in the vanguard
of research activities and has received great deal of attention
in recent years, due to the rapid growth of applications in mi-
crototal analysis systems and microelectromechanical systems
(MEMS). These applications have raised interest in understand-
ing the physical aspects of fluid flow and convective heat trans-
fer in both forced and natural forms through micrometer-sized
channels, known as microchannels.

Natural convection has been applied to many engineering
fields, such as ventilation cooling of electronics devices [1] and
thermal design of MEMS devices [2], because of its reliability
and low costs of manufacturing and maintaining [3]. Natural
convection is also an area of interest for enhancement of heat
and mass transfers in biochemical systems and in micro-fuel-
cell devices [4]. Therefore, the study of the rarefaction effects

Address correspondence to Professor Hamid Niazmand, Mechanical Engi-
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on natural convection may be applicable to designs of these
devices in microscale.

Gas flows in microchannels are associated with some degree
of rarefaction effects even in a normal pressure environment;
hence the continuum hypothesis may not be appropriate for the
microchannel flows. The extent of deviation from the continuum
is well characterized by the Knudsen number, defined as the ratio
of the mean free path to the characteristic length of the physical
system [5]. Flows with Knudsen numbers ranging from 0.001 to
0.1 are in the slip flow regime, where slight rarefaction effects
are present. It is well established that for the slip flow regime,
the Navier–Stokes equations can still be used in conjunction
with the modified boundary conditions that are velocity slip and
temperature jump conditions [6–8].

The thermal creep phenomenon is also a rarefaction effect
related to the streamwise temperature gradient of the fluid. There
is a possibility to generate a flow by the tangential temperature
gradients along the microchannel walls, which move the fluid
in the direction of increasing temperature. Therefore, in such
flows the momentum and energy equations are coupled through
thermal creep effects.
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R. RAHIMI AND H. NIAZMAND 1529

In contrast to the forced convection gas flows in microsystems
that have received proper attention in the literature, very limited
studies are available with regard to the natural convection in
vertical microchannels. One of the early studies was presented
by Chen and Weng in 2005 [9]. They have performed an analyt-
ical study on the fully developed natural convection in a vertical
parallel-plate microchannel with asymmetric wall temperature.
It was shown that the rarefaction effects enhance the flow rate,
while reducing the heat transfer rate. Implicit finite-difference
simulation of the developing natural convection was presented
by Haddad et al. [10] for an isothermally heated microchan-
nel filled with porous media. Biswal et al. [11] investigated the
flow and heat transfer characteristics in the developing region
of free convection flow in an isothermal vertical microchannel
using the semi-implicit method for pressure-linked equations
(SIMPLE). They considered the first-order velocity and tem-
perature jump conditions. Also, they illustrated the importance
of entrance region and microscale effects on the enhancement of
heat transfer rate. Chen and Weng [12] used a marching implicit
procedure for modeling the developing natural convection in
an open-ended vertical parallel-plate microchannel with asym-
metric wall temperature distributions. Chakraborty et al. [13]
conducted a boundary-layer integral analysis to evaluate the im-
plications of the developing region in vertical microchannels
with constant wall temperatures. Avci and Aydin [14] analyti-
cally studied the fully developed mixed convective gas flows in
a vertical microchannel with asymmetric constant wall tem-
peratures. The same authors further extended their study to
the case of microchannels with constant wall heat fluxes [15],
where it was found that the Nusselt number increases slightly
as Gr/Re = (gβqD4/k(μ/ρ)2)/(ρvaveD/μ) increases. The in-
fluence of variable thermophysical properties on the natural
convection in a vertical microchannel with asymmetric wall
temperatures was investigated by Weng and Chen [16].

Weng and Chen [17] emphasized the importance of thermal
creep in the natural convective gas microflows with constant
wall heat fluxes using an analytical solution for a fully devel-
oped region. However, the adopted reference values for the wall
heat flux and the channel width lead to nonphysical high temper-
ature distributions within the channel, which is also inconsistent
with the constant thermophysical properties assumption. Weng
and Chen [18] investigated the natural convection in an open-
ended vertical annular isothermally heated microchannel based
on the analytical solution of fully developed region. Recently,
Buonomo and Manca [19] numerically investigated the steady-
state developing natural convection in a vertical parallel-plate
channel with wall spacing of 10 mm and asymmetric uniform
heat fluxes at reduced pressure environment. They used the
first-order model for slip and jump boundary conditions with-
out considering the thermal creep and variable thermophysical
properties effects.

The preceding literature survey indicates the shortage of in-
formation regarding the effects of second-order boundary condi-
tions, thermal creep, and variable thermophysical properties on
the natural convection in microchannels with wall heat fluxes.

As a first study on this topic, a comprehensive computational
study has been performed in the entrance and fully devel-
oped regions in vertical microchannels at constant wall heat
flux conditions. Thermal creep effects along with the second-
order slip/jump boundary conditions are considered for differ-
ent values of Rayleigh and Knudsen numbers. In particular,
the temperature-dependent thermophysical properties, which
are important in this type of flow, are taken into consideration.
Furthermore, some comments have been made on the common
assumptions regarding the thermal creep modeling [12, 17] and
their inconsistencies with the physics of the problem.

PROBLEM FORMULATION

Consider a vertical parallel plate microchannel and Cartesian
coordinates x and y, as shown in Figure 1. The channel height
(H) is much larger than the width (D) to ensure the fully de-
veloped flow conditions at the channel exit. Both ends of the
channel are open to the ambient air with temperature T0. The
microchannel walls are subjected to uniform and constant heat
fluxes. Natural convective flows in microchannels are associated
with low Reynolds number due to the low velocities and small
length scale. For rarefied flows the Mach number is directly re-
lated to the Reynolds and Knudsen numbers [6]. Therefore, the
compressibility effects for these typically very low Mach num-
ber flows are negligible [9, 20]. Considering the Boussinesq
approximation, the governing equations for two dimensional,
steady, laminar, and incompressible flows with temperature-
dependent thermophysical properties [21] are as follows:

∂u

∂x
+ ∂v
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= 0 (1)
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(4)

Where β is the volumetric thermal expansion coefficient, μ is the
dynamic viscosity, cp is the specific heat at constant pressure,
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Figure 1 Flow geometry and the coordinates system.

and k is thermal conductivity. The viscous dissipation term is
also included in the energy equation.

Based on the gas kinetic theory, the second-order slip model
suggested by Karniadakis and Beskok [7] relates the slip veloc-
ity to the local velocity gradients at the wall as:

vs = 2 − σv

σv

[
KnD

(
∂v

∂x

)
g

+ (KnD)2

2

(
∂2v

∂x2

)
g

]

+ 3

4

μ

ρTg

∂T

∂y
(5)

In this equation, the terms in the bracket are the slip velocity
due to the shear stress at the wall, while the last term is the
thermal creep velocity due to a temperature gradient tangential
to the wall. Thermal creep implies that the tangential tempera-
ture gradient of the gas layer adjacent to the wall can introduce
a fluid flow in the absence of any other deriving forces in the
direction of cold to hot. This term is especially important in the
entrance region, where the streamwise temperature gradients of
the gas layer in the vicinity of the wall are more pronounced.
For the molecules that are not thermally accommodated with
the wall, there is a temperature discontinuity and the kinetic the-
ory expression for the second-order temperature jump boundary
condition is [7]:

Ts − Tw = 2 − σt

σt

2γ

γ + 1

1

Pr

×
[

KnD

(
∂T

∂x

)
g

+ (KnD)2

2

(
∂2T

∂x2

)
g

]
(6)

where Ts is the temperature of the gas layer adjacent to the
wall, Tw is the wall temperature, and γ is the specific heat ra-
tio. Also, σv and σt are the tangential momentum and energy
accommodation coefficients, which are determined experimen-
tally. However, their values for most engineering applications
are approximately around 1, which is also the adopted value in
the present study. The molecular mean free path, λ, is related
to the gas temperature and viscosity. Therefore, in variable-
property simulations, the Knudsen number and mean free path
are related to the temperature of the gas as [22]:

λ = λ0

(
T

T0

)0.5+nμ

(7)

where nμ is the viscosity index, and for air as the working fluid,
it is assumed to be equal to 0.712 [23]. Thus, the temperature-
dependent Knudsen number is:

Kn = λ

D
= λ0

D

(
T

T0

)1.212

= Kn0

(
T

T0

)1.212

(8)

It is worth mentioning that in the already-mentioned slip ve-
locity and temperature jump formulations (Eqs. 5 and 6) the
mixed derivatives, which are considered in more complicated
models as indicated in Weng and Chen [24], are neglected. The
effects of the mixed derivatives, ∂2u/∂x∂y and ∂2T/∂x∂y, on
the slip/jump values in the present problem have been stud-
ied and were found to be negligible. For instance, from the
Maxwell–Burnett slip law [25] the maximum contributions of
the velocity and temperature mixed derivatives to the slip veloc-
ity are about 1%. Therefore, the Karniadakis–Beskok slip/jump
boundary conditions [7], which neglect the mixed derivatives,
are considered to be valid boundary conditions for the present
problem.

For the inlet boundary conditions, u = 0, v = vave, and T =
T0 are assumed. It should be noted that vave is updated according
to the exit mass flow rate at each iteration. For all flow variables,
zero gradients at the outlet are applied except for the temperature
gradient, which is constant, consistent with the fixed applied heat
fluxes. At walls, slip velocity and temperature jump conditions
according to Eqs. (5) and (6) are employed. Corresponding to
the constant wall heat flux condition, the normal temperature
gradient is given and equal to:

(
∂T

∂x

)
g

= q

k
(9)

where q is the imposed heat flux. The local Nusselt number is
evaluated according to:

Nu = qD

(Tw − T0) k0
(10)
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The local friction coefficient is defined as [17]

� = D

vc

(
∂v

∂x

)
g

(11)

where vc is the characteristic velocity and is given by [26]

vc = ρ0gβqD3

μ0k0
(12)

The nondimensional volume flow rate, which is commonly used
as a velocity normalization parameter, can be written as

M =
∫ 1

0

v

vc
dx

′
(13)

where dimensionless channel width is x′ = x
D .

NUMERICAL MODELING AND VALIDATIONS

The governing equations are solved using a finite-volume
approach. The convective terms are discretized using the hybrid
scheme, while for diffusive terms central differencing is em-
ployed. Coupling between the velocity and pressure is made with
the SIMPLE algorithm [27]. The resultant system of discretized
linear algebraic equations is solved with an ADI scheme. Exten-
sive computations have been performed to identify the number
of grid points that produces reasonably grid independent re-
sults. It was found that the solution is relatively sensitive to the
number of grid points in the axial and cross-sectional direc-
tions. The quantities examined for this matter are the maximum
temperature and volume flow rate. Table 1 presents the grid
resolution studies for volume flow rate, M, and the maximum
of nondimensional temperature, θ = T−T0

qD
k

. Therefore, a sys-

tem of 150 × 800 grid points is used in the cross-sectional
and axial directions, respectively, to discretize the domain with
aspect ratio of 30. The convergence criterion for the iterative
procedure are the overall energy balance residual less than 1%
and |(� − �old)/�max| ≤ 10−5, where � represents the flow
variables and �max is the maximum value of the variable in the
entire domain.

The numerical scheme has been validated by comparing the
fully developed velocity and temperature profiles with the ana-
lytical solutions of Weng and Chen [17] as shown in Figures 2
and 3, respectively. In the following, for temperature profiles

Table 1 Grid resolution effects on the maximum temperature and the
volume flow rate

Grid θmax M

300 × 1600 1498.15 74.05
150 × 1600 1498.95 74.58
300 × 800 1497.50 74.69
150 × 800 1501.29 74.37
75 × 800 1434.87 71.31
150 × 400 1566.00 71.22

X'

V
/M

0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Present study, Kn0=0.06
Ref. [17], Kn0=0.06
Present study, Kn0=0.12
Ref. [17], Kn0=0.12

Constant properties,
first order and no creep

Figure 2 Comparison of the fully developed velocity profiles with those of
Weng and Chen [17] at Ra = 7 × 10−6 and Kn0 = 0.12 and 0.06.

the nondimensional profiles of θ − θw are plotted, which in the
fully developed region become invariant in the flow direction.
The profiles are obtained for constant thermophysical proper-
ties and the first-order slip/jump boundary conditions in absence
of the thermal creep effects corresponding to the conditions of
reference [17], where good agreements are observed for both
Knudsen numbers of 0.06 and 0.12.

For the case of thermal creep, again the fully developed ve-
locity and temperature profiles are compared with the analytical
results of Weng and Chen [17] in Figures 4 and 5, respectively.

X'

θ
−

θ w

0 0.2 0.4 0.6 0.8 1
-0.5

-0.4

-0.3

-0.2

-0.1

0

Present study, Kn0=0.06
Ref. [17], Kn0=0.06
Present study, Kn0=0.12
Ref. [17], Kn0=0.12

Constant properties,
first order and no creep

Figure 3 Comparison of the fully developed temperature profiles with those
of Weng and Chen [17] at Ra = 7 × 10−6 and Kn0 = 0.12 and 0.06.

heat transfer engineering vol. 35 no. 18 2014

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
V

ic
to

ri
a]

 a
t 1

6:
22

 0
1 

O
ct

ob
er

 2
01

4 



1532 R. RAHIMI AND H. NIAZMAND

X'
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/M

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Present study, thermal creep Eq. (5)
Ref. [17], thermal creep Eq. (14)
Present study, thermal creep Eq. (14)

Kn0=0.03

Constant properties and first order

Figure 4 Comparison of the fully developed velocity profiles with those of
Weng and Chen [17] in the presence of thermal creep at Ra = 2.23×10−13 and
Kn0 = 0.03.

Similarly, the constant thermophysical properties and first-order
slip/jump boundary conditions are considered for Kn0 = 0.03. It
is clear that both profiles agree well with the analytical results of
reference [17]. It must be emphasized that for this comparison,
the slip velocity equation introduced by reference [17] as

vs = 2 − σv

σv

[
KnD

(
∂v

∂x

)
g

]
+ 3

2π

γ − 1

γ

cp0ρ0

μ0
λ2 ∂T

∂y
(14)

is employed with reported reference values of q = 1.09 W/m2

X'

θ
−

θ w

0 0.2 0.4 0.6 0.8 1
-0.4

-0.3

-0.2

-0.1

0

Present study, thermal creep Eq. (5)
Present study, thermal creep Eq. (14)
Ref. [17], thermal creep Eq. (14)

Kn0=0.03

Constant properties and first order

Figure 5 Comparison of the fully developed temperature profiles with those
of Weng and Chen [17] in the presence of thermal creep at Ra = 2.23 × 10−13

and Kn0 = 0.03.

and D = 2.22 × 10−6 m. In fact, the preceding equation can
be easily obtained from Eq. (5) by neglecting the second-order
term and substituting for Tg from the equation of state in the
last term related to the thermal creep effects. For the case of
constant thermophysical properties, it is a common practice in
literature to treat the substituted variables for Tg like density as
constants evaluated at the reference inlet temperature [12, 17].
This means that the temperature of the gas layer adjacent to the
wall is basically replaced by constant thermophysical properties
evaluated at the inlet temperature. Such a treatment can lead to
unphysical results since the variations of Tg along the channel
are not considered. According to the mentioned reference val-
ues, gas temperature variation along the microchannel is about
75,000 K, which is not only nonphysical but also cannot be
represented by the constant inlet temperature of about 300 K. If
the variation of Tg along the channel is considered as indicated
by Eq. (5), even for constant thermophysical properties and the
already-mentioned reference values, the velocity and tempera-
ture profiles become fairly different from the preceding results
as also included in Figures 4 and 5.

RESULTS AND DISCUSSION

The Rayleigh number, defined as Ra = ρ2
0gcp0βqD4

k2
0μ0

, is a nondi-

mensional parameter that governs the flow and is used in present-
ing the results here. All referenced thermophysical properties
denoted by subscript 0 are evaluated at the inlet air temperature
of T0 = 273.15 K. The volumetric thermal expansion coefficient,
β, is obtained according to the ideal gas approximation. The ap-
plied heat fluxes are in the range of 0.5 to 4 W/m2 corresponding
to the Ra numbers of 5×10−6 to 5×10−3. Both the applied heat
fluxes and the microchannel widths are adjusted such that the
gas temperature distributions remain within a physical range
and the resulting driving thermal buoyancy forces are almost
similar for all cases at a given Knudsen number. It should be
noted that considered values of Raleigh numbers in the present
study are much lower than those of Biswal et al. [11] (100 < Ra
< 105), since large values of Ra lead to impractical high temper-
atures. In all results reported hereafter the thermal creep effects,
second-order slip/jump conditions, and variable thermophysical
properties are considered unless otherwise stated. Furthermore,
it is found that the contribution of the thermal dissipation term
to the velocity and temperature fields is not significant, and can
be neglected for natural convection microflows.

The developments of velocity profiles in axial and cross sec-
tional directions are presented in Figures 6 and 7, respectively.
The velocities are nondimensionalized by the characteristic ve-
locity, V = v

vc
and U = u

vc
, and normalized with respect to

the nondimensional volume flow rate. Both axial and cross-
sectional coordinates are nondimensionalized by the channel
width. The inlet Knudsen number of Kn0 = 0.06 is considered
for the constant heat flux of 1.8 W/m2 applied to both walls,
corresponding to the Rayleigh number of Ra = 1.3 × 10−3. It

heat transfer engineering vol. 35 no. 18 2014
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Figure 6 Streamwise velocity profiles at different axial locations for Ra =
1.3 × 10−3 and Kn0 = 0.06.

is observed from Figure 6 that the uniform inlet velocity profile
transforms into the fully developed profile after passing through
considerable variations. The velocity slip is considerable, very
close to the inlet, where the uniform inlet velocity profile is
dragged by walls leading to large normal velocity gradients. In
the fully developed region, the velocity slip approaches a nearly
constant value since the velocity profiles and the normal veloc-
ity gradients become invariant except for the slight variations in
the local Knudsen number due to the variations in temperature.
A cross-flow field is formed close to the entrance because of

x'

U
/M

0 0.2 0.4 0.6 0.8 1

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

y' = 0.01
y' = 0.046
y' = 0.155
y' = 0.33
y' = 2.3

Figure 7 Cross-flow velocity profiles at different axial locations for Ra =
1.3 × 10−3 and Kn0 = 0.06.

x'

θ
−

θ w

0 0.2 0.4 0.6 0.8 1
-0.4

-0.3

-0.2

-0.1

0

0.1 y' = 0.01
y' = 0.046
y' = 0.155
y' = 2.3

Figure 8 Temperature distributions at different axial locations for Ra = 1.3×
10−3 and Kn0 = 0.06.

the uniform inlet velocity profile and the dragging effects of
the walls as shown in Figure 7. Despite the slip velocity at the
wall, the fluid is still slowed down by the wall, leading to strong
cross-sectional pressure gradients with regions of high pressure
at walls close to the inlet. These localized high-pressure zones
at the inlet walls push the fluid toward the channel core, gen-
erating the cross-flow velocities. The cross-flow field is only
considerable close to the inlet and smears out rather quickly to-
ward the fully developed region, where cross-sectional pressure
variations vanish.

In Figure 8 the developments of the temperature profiles
along the microchannel are presented for the same flow condi-
tions as those in Figure 6. The temperature differences between
the wall and the core regions increase due to the applied heat
fluxes at the walls until the heat flux effects reach the core
region and the flow becomes thermally fully developed. Note
that the values of θ − θw indicate the temperature jump at the
walls, which increase along the channel with a decreasing rate. It
should be emphasized that the temperature jump variation along
the channel is basically due to the temperature dependence of
the Kn number, which varies with temperature according to Eq.
(8), and the second-order effect, which is more pronounced at
the developing region and decreases the temperature jump.

One of the major effects of rarefaction is the increase in
flow rate as can be seen in Figure 9. This figure illustrates
the variations of two nondimensional flow rates M and Q as a
function of Rayleigh number for different values of the Knudsen
numbers. The difference between the volume flow rate Q defined

as Q =
1
∫
0

v
vns

dx′ and M is in the scaling reference velocity, which

makes M more suitable for scaling the velocity field, while
Q indicates the volume flow rate in a more physical manner.
Here the subscript ns refers to the no-slip average velocity at
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Figure 9 Variations of volume flow rates as a function of the Rayleigh number
for different values of Kn0.

Ra = 5 × 10−6 corresponding to the lowest Ra considered in
this study. Clearly, the flow rate, Q, increases as the Rayleigh
and Knudsen numbers increase, which amounts to about 12%
and 24% at Ra = 1 × 10−3 for Knudsen numbers of 0.06 and
0.12, respectively, as compared to the no-slip case.

In Figure 10 the variations of the dimensionless gas temper-
ature in the immediate vicinity of the wall at the end of the
microchannel (y = H) are plotted as a function of the Rayleigh
number. At this location the gas adjacent to the walls has the
maximum temperature. It can be seen that the gas temperature is
a decreasing function of Rayleigh and Knudsen numbers, which
can be explained by the increase in flow rate with increasing Ra

Ra

θ m
ax

10-5 10-4 10-3

5000

10000

15000

Kn0 = 0, 0.06, 0.12

Figure 10 Variations of maximum gas temperature as a function of the
Rayleigh number for different values of Kn0.

Ra
N

u
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e

10-5 10-4 10-3

0.005

0.01

0.015

0.02

Kn0 = 0, 0.06, 0.12

Figure 11 Variations of the averaged heat transfer rates as a function of the
Rayleigh number for different values of Kn0.

and Kn (Figure 9), which in turn reflects in lowering the flow
temperature.

The variations of the averaged heat transfer rates with the
Rayleigh number for several values of the Knudsen numbers
are plotted in Figure 11. It is obvious that the Nusselt number
increases with the Rayleigh number since higher Rayleigh num-
bers are accompanied by the higher flow rates and the increased
entrance lengths, where both effects improve the heat trans-
fer rates. Moreover, these effects are enhanced further in the
presence of the rarefaction. For more clarification, the axial

Y

N
u

10-2 10-1 100

2

4

Kn0 = 0, 0.06, 0.12

Figure 12 Axial variations of the local Nusselt number at Ra = 2.6 × 10−3

for different values of Kn0.
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Figure 13 Variations of the averaged friction coefficient as a function of the
Rayleigh number for different values of Kn0.

variations of the local Nusselt number for a constant Rayleigh
number and different values of the Knudsen numbers are plotted
in Figure 12. Clearly, slip velocity enhances convection close
to the wall, where convective effects are fairly weak, and at the
same time increases the entrance length slightly, where the heat
transfer rates are higher.

The variations of the averaged friction coefficient as a func-
tion of the Rayleigh number for different Knudsen numbers are
plotted in Figure 13. It is clear that the averaged friction coef-
ficient decreases with increasing Rayleigh number even in the
no-slip limit. To justify this trend one should consider that the
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V
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0 0.2 0.4 0.6 0.8 1
0.2
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1.4

First order, Kn0 = 0.06
Second order, Kn0 = 0.06
First order, Kn0 = 0.12
Second order, Kn0 = 0.12

Figure 14 Comparison of the fully developed velocity profiles for first- and
second-order boundary conditions at Ra = 7 × 10−6 and Kn0 = 0.12 and 0.06.
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First order, Kn0 = 0.12
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Figure 15 Comparison of the fully developed temperature profiles for first-
and second-order boundary conditions at Ra = 7 × 10−6 and Kn0 = 0.12 and
0.06.

flow rate increases with the increase in Ra, as discussed with
respect to Figure 9. Considering the fact that the resulting buoy-
ancy force is almost similar for different Ra at a given Knudsen
number, the only possible way to increase the flow rate at a
constant driving force is the reduction in friction coefficient.
The figure also shows that the averaged friction coefficient ex-
periences larger reduction in the presence of the rarefactions
effects at lower Rayleigh numbers, and this can be attributed to
the thermal creep effects, which are more pronounced at lower
Rayleigh numbers. In particular, the contribution of the thermal
creep to the slip velocity is more evident at lower Knudsen num-
bers for low Ra numbers, which can be seen for the case of Kn
= 0.06 as compared to the case with Kn = 0.12. However, at
higher Rayleigh numbers the thermal creep contribution to the
slip velocity is less dominant as compared to the normal veloc-
ity gradients, which are directly related to the Knudsen number,
and thus the reduction in average friction coefficient is larger at
higher Knudsen numbers.

The effect of second-order slip/jump boundary conditions on
the fully developed velocity and temperature profiles are exam-
ined in Figures 14 and 15, respectively. The flow conditions are
the same as those in Figure 2. These figures illustrate that the
second-order slip/jump effects are more pronounced at higher
Knudsen numbers for both profiles. Clearly, second-order ef-
fects do not affect the velocity profile, when relatively slight
rarefaction effects (Kn ≤ 0.06) are present. It is also interest-
ing to note that the second-order effects reduce the temperature
jump and the velocity slip.

Finally, the effects of variable properties and the thermal
creep are studied on the fully developed velocity and tempera-
ture profiles. In Figure 16 the fully developed velocity profiles
for three different cases considering the effects of either thermal
creep or variable thermophysical properties or both are plotted
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Figure 16 Effects of thermal creep and variable thermophysical properties on
the fully developed velocity profiles at Ra = 7 × 10−6 and Kn0 = 0.06.

for Ra = 7 × 10−6 and Kn0 = 0.06. It is clear that the thermal
creep strongly affects the velocity profile and leads to consider-
able increase in slip velocity in the fully developed region. This
is in contrast to the constant-temperature wall condition such
that thermal creep effects basically vanish in the fully devel-
oped region. Furthermore, the increase in the slip velocity for
the case of variable properties is mainly because of an increase
in the local Knudsen number due to the temperature-dependent
properties.

In Figure 17 the fully developed temperature profiles are
presented for the same flow conditions as in Figure 16. Figure 17
clearly indicates that the fully developed temperature profiles

X

θ
−

θ w

0 0.2 0.4 0.6 0.8 1

-0.4

-0.3

-0.2

-0.1

0

Creep and variable properties
Creep and const. properties
No creep & const. properties

Figure 17 Effects of thermal creep and variable thermophysical properties on
the fully developed temperature profiles at Ra = 7 × 10−6 and Kn0 = 0.06.

are affected by both variable properties and thermal creep. Both
effects reduce the temperature difference between the wall and
the core region. In contrast to the fully developed slip velocity,
the temperature jump at the wall is basically not influenced by
thermal creep effects.

CONCLUSIONS

A numerical analysis on the developing and developed nat-
ural convective gas flows through a symmetrically heated verti-
cal microchannel has been performed. The governing equations
subject to the second-order slip/jump boundary conditions in-
cluding thermal creep with temperature-dependent thermophys-
ical properties are solved using a control volume technique. The
numerical scheme validations were established through com-
parison of the numerical velocity and temperature profiles with
their analytical counterparts. Moreover, the second-order, ther-
mal creep, and variable thermophysical properties effects on
both developing and fully developed velocity and temperature
profiles are examined in detail. The major findings from the
present study can be summarized as follows:

1. Substituting for Tg from the equation of state in the modeling
of thermal creep (Eq. 14), which is a common practice in lit-
erature, leads to unphysical results and the velocity and tem-
perature profiles become fairly different from those obtained
by considering the variation of Tg along the microchannel.

2. Temperature jump increases along the channel with a de-
creasing rate. This is basically due to the temperature depen-
dence of the Kn number and the second-order effects, which
are more pronounced at the channel inlet and decrease the
temperature jump.

3. An increase in Raleigh number leads to an increase in flow
and heat transfer rates, while the maximum gas temperature
and friction coefficient decrease. All effects are enhanced in
the presence of the rarefaction effects.

4. The reduction in the averaged friction coefficient becomes
more prominent at lower Raleigh numbers; however, due to
the thermal creep effects this reduction is more pronounced
at lower Knudsen numbers.

5. The second-order effects, which are more pronounced in the
entrance region and at higher Knudsen numbers, reduce the
slip velocity and temperature jump; however, in the fully
developed region the velocity and temperature profiles are
less influenced by these effects.

6. Thermal creep strongly affects the velocity profile and leads
to a considerable increase in the slip velocity in both devel-
oping and fully developed regions. This is especially true
for the lower Raleigh and Knudsen numbers, where thermal
creep contribution to the slip velocity is dominant.

NOMENCLATURE

cp specific heat at constant pressure, J/kg-K
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cv specific heat at constant volume, J/kg-K
D width of channel, m
g gravitational acceleration, m/s2

Gr Grashof number
H height of channel, m
k thermal conductivity, W/m-K
Kn Knudsen number, ( λ

D )
M dimensionless volume flow rate
Nu local Nusselt number, ( qD

(Tw−T0)k0
)

p pressure, Pa
Pr Prandtl number, (μ0cp0

k0
)

q local heat transfer rate(heat flux), W/m2

Q dimensionless volume flow rate
Ra Rayleigh number based on ambient properties,

( ρ2
0gcp0βqD4

k2
0μ0

)

Re Reynolds number
T temperature, K
u velocity components in x direction, m/s
U dimensionless velocity component in x direction, ( u

vc
)

v velocity components in y direction, m/s
vave average velocity in the y-direction, m/s
vns no slip velocity at Ra = 5 × 10−6, m/s
V dimensionless velocity component in y direction, ( v

vc
)

x, y rectangular coordinate system
x′, y′ dimensionless rectangular coordinate system, (x′ =

x
D , y′ = y

H )

Greek Symbols

β thermal expansion coefficient, K−1

γ specific heat ratio, ( C p

Cv
)

� dimensionless local friction coefficient
θ dimensionless temperature, ( T−T0

qD
k

)

λ molecular mean free path, m
μ dynamic viscosity, kg/m-s
ρ density, kg/m3

σt thermal accommodation coefficient
σv tangential momentum accommodation coefficient

Subscripts

ave average value in the y-direction
c characteristic value
g gas value near the wall surface
0 ambient values
s wall-slip/jump values
w wall values
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