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Abstract 
In this paper, the two dimensional coalescence of two 
stationary head-on droplets with equal diameters are 
numerically investigated using the lattice Boltzmann method 
(LBM). Droplets are considered to have a circular shape with 
a specified gap size between their free surfaces. Coalescence 
is initiated when two droplets come into contact and form a 
liquid bridge, which then starts to grow due to surface 
tension. It is shown that for the coalescence to occur, the gap 
size has to be less than a certain limit called critical gap size. 
Finally, the effects of important parameters including surface 
tension, density and viscosity ratio of two phases on the 
critical gap size are studied. The results show that increasing 
the surface tension value and vapor to liquid density ratio 
increases the critical gap size. In contrast, increasing the 
kinematic viscosity of surrounding vapor decreases the 
critical gap size.  
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Introduction 
Coalescence of liquid droplets is of great importance in many 
industrial applications and natural phenomena such as 
printing, sintering [1] and coating processes [2], combustion 
[3], phase separation of emulsion [4], and the formation of 
rain droplets in clouds [5]. 

Coalescence process is a very complicated phenomenon 
due to its strong and complex dependence on the fluid 
physical properties, e.g., surface tension, density and viscosity. 
In principle, inertial, viscous and surface tension forces drive 
the coalescence phenomenon. When two droplets approach 
each other with negligible velocities, a tiny liquid bridge is 
formed between them which later expand quickly [6-18]. 
Different regimes can be distinguished depending on whether 
viscous or inertial forces dominate the coalescence process 
[6]. The Reynolds number is defined for surface tension 
driven flows as Re = σb/(ρν2), where σ is surface tension, b is 
liquid bridge radius at time instant t, ρ is liquid droplet 
density, and ν is kinematic viscosity. The domain Re ≤ 1 then 
defines the viscous regime, which can be described by the 
Stokes equations, in contrast to the inertial regime, Re ≥1, 
where the Euler equations hold. Coalescence in the inertial 

regime is quite well understood in the literature [7-8]. 
Duchemin et al. [7] established theoretically and 
experimentally that the evolution of the bridge radius in the 
inertial stage of coalescence follows a scaling law of the form 
b ∝ (R0σ/ρ)1/4t1/2, where R0 is the initial radius of each droplet. 
For the viscous regime, however, there remain some 
discrepancies between experiments and theory [9-13]. Egger's 
et al. [9-10] demonstrated a characteristic t0.86 or t log(t) 
growth law for the bridge radius at early times in the two and 
three dimensional cases, respectively. Frenkel [11] derived a 
simple scaling law for the growth of the bridge radius as b ∝ 
(R0σ/μ)1/2t1/2. However, subsequent experiments [12-13] 
reported a linear time dependence, b ∝ σt/μ in the viscous 
regime. 

Another aspect of the coalescence of two stationary 
droplets is related to the initial gap size between their free 
surfaces. The critical value of this gap is defined as the value 
beyond which the coalescence phenomenon will not take 
place. The available literature on this aspect of this 
phenomenon is rare. In the present study, the stationary 
coalescence of two head-on droplets with equal diameters and 
same liquid materials is simulated with a special focus on the 
critical gap size. Initially, the droplets are considered to be in a 
stationary state with no initial velocity and a certain gap 
between their free surfaces. Next, the Navier-Stokes (N-S) 
equations along with the LBM method are solved and the 
critical value of the gap size is determined. The effects of 
vapor to liquid density and kinematic viscosity ratio on the 
critical gap size are also studied. 

 
Numerical Methodology  
The  LBM method is a numerical scheme for simulating fluid 
flow problems of single variables (i.e., the particle 
distribution function) compared to the traditional CFD 
methods that solve the N-S equations for the macroscopic 
variables such as pressure and velocity. The LBM is based 
on the macroscopic description of microscopic phenomena 
and is classified as a mesoscopic approach to the simulation 
of fluid dynamics. The macroscopic quantities are obtained 
through moment integration of the distribution function. 

The starting point for the LBM simulations is the 
evolution equation, discrete in space and time, for a set of 
distribution functions { if } defined on a lattice of points ix


. 
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Each if  is associated with a lattice vector ic


. the evolution 
equation for a given if  takes the form [14]: 
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where Δt is the time step and f  is the relaxation parameter. 
0

if  is an equilibrium distribution function, the choice of 
which determines the physics inherent of the simulation. In 
this work, a D2Q9 LBM model is employed; i.e., a three-
dimensional spatial grid with 8 discrete velocity vectors ci on 
each lattice site is used. The lattice velocities for the this 
model are as follows: 
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A number of two-phase diffuse interface methods have 
been developed for the LBM models (e.g., Gunstensen 
method [15], Shan & Chen method [16], Swift method (or 
free energy method) [17,18]). 

Using the free-energy developed by swift et al. (1995) is 
the key to many of the LBM methods for calculating two-
phase flows. In this model, the equilibrium pressure tensor 
for a non-ideal fluid is introduced directly into the collision 
operator and a connection is made between the pressure 
tensor and the free energy.  

 
Free Energy Lattice Boltzmann Method 
This method is applied to the flow of a one component, non-
ideal fluid. The dynamics of the fluid can be described by a 
single distribution function obeying the LBM equation 
[17,18]. 

The macroscopic density ρ and velocity u are related to 
the distribution function by: 

(3)  i
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i
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Each of these quantities is locally conserved in any 

collision process that forces the zeroth and first moments of 
the equilibrium distribution function to take the form: 
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The higher moments of 0

if  must be chosen such that the 
resulting continuum equations correctly describe the 
hydrodynamics of a non-ideal, one-component fluid. Defining 
the second moment as: 
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where   is the pressure tensor, leads to the continuity and 
the N-S equations. The thermodynamic aspects of the model 
enter through the pressure tensor  . The equilibrium 

properties of a Van der Waals fluid can be described by a 
Landau free energy functional as the following: 

(6)   dVT 
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where ),(  T is the bulk free-energy density at a 
temperature T: 

(7) 22 )()(),( LLT    
L  and v are the liquid and vapor densities, respectively, 

defined as: 
(8)      1,1 cvcL  

in which   is an experimental constant and  is defined as     
1-T/ cT . From the thermodynamics, for T<Tc, T may be 
selected such that two phases are found. 

Also the second term in equation 6 gives the free-energy 
contribution from density gradients in the non-ideal system. 
The pressure tensor is related to the free energy in the usual 
way: 
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0P  is the equation of state of the fluid. 

Finally, to perform the simulation we need an explicit 
expression for 0

if : 
(11)  iiiiii ccGccuDuCucBuAf  20  

where the coefficients A, B, C . . . in the expansions depend 
on  and its derivatives. 

 
Problem Setup 
Two droplets with equal diameters of 20 units of lattice and 
same liquid with constant density (), viscosity (μ), and 
surface tension (σ) are considered. Figure 1 shows the initial 
configuration and boundary conditions for the simulation. 
The domain is considered to be 120×120 of lattice units. W is 
the gap between the free surfaces of droplets. The periodic 
boundary conditions are used for entire boundaries of the 
computational domain. 

 
Figure 1. Problem setup and boundary conditions.  

 
The properties of liquid droplets and vapor are 

summarized in Table 1. In the  LBM method all properties are 
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non-dimensional. Furthermore, the relaxation time for both 
liquid and vapor is considered 1. 

Based on the Swift method [18], the surface tension can 
be related to other parameters by: 

(12) 2)(2
3
4  cc P  

where, cP  and c  are the critical pressure and density. 

Table 1. Values of properties for liquid and vapor 
value Properties 
0.1667 

L  
0.0375 v  
5.71359436 L  
1.28640564 v  
3.5 c  
0.55 T 
4/7 

cT  
0.125 cP  
0.4   

 

Results and Discussion 
 
Model Validations 
To validate the code, the static droplet test is performed. The 
interfacial tension was evaluated based on Laplace’s equation 
given by [17]: 

(13) 
R

P   

where, R is the radius of the droplet at equilibrium, σ is the 
surface tension coefficient, and ΔP is the pressure difference 
between the inside and the outside of the droplet.  

Based on Equation 13, the product of droplet radius and 
pressure difference gives the coefficient of surface tension. 
The surface tension value can also be obtained using 
Equation 12. The comparison of surface tension values from 
these two equations is used a means of model validation. For 
this purpose, stationary droplets with different radii are 
simulated inside the computational domain with 120×120 
lattice units. The predicted values of the pressure difference 
are plotted against 1/R in Figure 2. As Shown in the figure, 
there is a linear relationship between ΔP and the inverse of 
the droplet radius. This is an indication that the model 
satisfies the Laplace equation (Equation 13). The slope of the 
fitted line in Figure 2 is nearly 0.059 representing the 
coefficient of surface tension between the two fluids. The 
calculated value of surface tension from Equation 12 is also 
found to be 0.059 which is in close agreement with the value 
obtained from Figure 2.   

 
Figure 2. Pressure difference between the inside and the outside of a 

series of droplets as a function of the inverse droplet radius.  
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Figure 3: The time evolution of deformation of droplets 40 units of LBM dia., a) initial gap size to radius ratio of 0.4 and surface tension of 0.08, 
b)initial gap size to radius ratio of 0.5 and surface tension of 0.0914.
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Figure 4: The time evolution of deformation of droplets when no coalescence occurs: a) initial gap size to radius ratio of 0.4025 with surface tension 
of 0.08, b) initial gap size to radius ratio of 0.425 with surface tension of 0.0822. 

 
Coalescence Phenomenon 
Figure 3 illustrates the time evolution of the deformation of 
droplets with an initial critical gap size of 8 and 10 cells and a 
surface tension of 0.08 and 0.0914, respectively.  

When two droplets touch each other, the surface tension 
initially drives a translational motion. Then a liquid bridge is 
formed between the droplets. This liquid bridge rises quickly 
and its radius changes as a function of time. Finally, droplets 
form a circular droplet with smaller surface area. However, 
by increasing the gap size for a specified surface tension, 
coalescence does not take place. As shown in Figure 4-a, by 
increasing the initial gap size to 8.05 with a constant surface 
tension of 0.0184, coalescence does not occur.  

Another phenomenon investigated in the present study is 
the so called "Ostwald ripening" phenomenon [19] where a 
droplet shrinks as the other one grows due to the diffusion of 
mass between liquid and vapor phases (Figure 3-b). In other 
words, when the critical gap size between the droplets (i.e. 
the value beyond which the coalescence phenomenon will not 
take place) increases, one droplet shrinks due to evaporation 
and the other grows due to condensation. This phenomenon is 
also investigated when the gap size is beyond its critical value 
and the coalescence does not take place. As shown in Figure 
4-b, one droplet is disappeared and the other one grows. From 
thermodynamic point of view, the most stable state is obtained 
by decreasing the total surface area. Since the LBM approach 
used in this study is based on a type of diffuse interface 
method, the Ostwald ripening phenomenon leads to a stable 
state.  

                                                                              
Effect of Important Parameters 
In this section, the effects of important parameters, namely 
surface tension, vapor density and viscosity on the critical 
gap size are investigated. The critical gap size is an important 
parameter. Figure 5 shows variation of the critical gap size 
with respect to surface tension. Since surface tension is the 
only force that accelerates droplets, increasing surface tension 
increases the critical gap size.  

In the present study, the effects of vapor to liquid 
viscosity and density ratio on critical gap size are also 
studied. The kinematic viscosity of liquid and vapor phases 

are respectively related to the liquid ( f ) and vapor ( g ) 
relaxation factors as: 

(14) tctc sgvsfL 





 






  22

2
1,

2
1   

where sc is the speed velocity considered to be 1/3 for D2Q9 
lattice.  Δt is also assumed to be equal to 1. Therefore, by 
varying vapor relaxation factor, vapor viscosity is changed. 

 
Figure 5: Variation of the critical gap size with respect to surface 

tension 
 
Figure 6 shows the effect of vapor to liquid kinematic 

viscosity on the critical gap size. By increasing the vapor to 
liquid kinematic viscosity, the critical gap size decreases. In 
other words, by increasing this ratio, the vapor viscosity 
approaches to that of the droplets and the critical gap size 
decreases. The surface tension is the only driving force that 
accelerates the droplets towards each other.  When the surface 
tension forces dominate the viscous forces, coalescence 
phenomenon occurs. For a constant surface tension, the 
viscous forces are dominant over the body force by increasing 
the vapor viscosity. Consequently, the coalescence takes 
place in a smaller gap size.  

 In order to investigate the effect of density ratio on the 
critical gap size, according to Equation 8,  and   are 
varied such that the surface tension obtained from Equation 
12 remains constant. Figure 7 illustrates the effect of vapor to 
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liquid density ratio on the critical gap size. As shown in 
Figure 7, density ratio is an important parameter. If this ratio 
increases, the critical gap size increases. Furthermore, by 
increasing vapor to liquid density ratio, kinematic viscosity 
ratio decreases. Therefore, by increasing dynamic viscosity 
ratio or decreasing density ratio, kinematic viscosity ratio 
increases and critical gap size decreases. 

 
Figure 6: Effect of vapor to liquid kinematic viscosity ratio on critical 
gap size for two droplets 40 units of LBM dia. with a constant surface 

tension of 0.073. 
 

 
Figure 7:  Effect of vapor to liquid density ratio on critical gap size 

for two droplets 40 units of LBM dia. with a constant surface tension 
of 0.04 and 0.073. 

 
Nomenclature 
c Lattice particle speed 

sc   Sound speed 
if  Particle distribution function 
0

if   Equilibrium particle distribution function 
P    Pressure 
R    Droplet radius 

t  time step 
Greek symbols 
  Surface tension 

f  Liquid relaxation time 
g   Vapor relaxation time 
    Density 
μ    Dynamic viscosity 

ν    Kinematic viscosity 
   Free-energy density of non-homogeneous fluid 
   Free-energy density of a bulk phase 
 
Conclusions 
In this paper, a two-dimensional simulation of coalescence of 
two stationary head-on droplets with a specified gap size 
between their free surfaces was studied.  The numerical 
approach is based on the free energy LBM method in which, 
the liquid-vapor interface is regarded as a diffuse interface. 
An understanding of the coalescence phenomenon based on 
fluid dynamics was also provided. When van der Walls forces 
dominate viscous forces, droplets approach each other and 
join to form a single droplet with less surface area. The effect 
of important parameters including surface tension and vapor 
to liquid kinematic viscosity ratio were also investigated. 
While increasing surface tension increases the critical gap 
size, increasing the vapor kinematic viscosity has a reverse 
effect, i.e., the two droplets have to be closer to each other to 
coalesce in a more viscous surrounding vapor.  
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