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Abstract A new analytical solution for free lateral vibration of a rotating Timoshenko shaft with various
boundary conditions is presented in this paper. Gyroscopic and rotary inertia effects, as well as the couplings
associated with the shear deformation in Timoshenko shaft, are considered in the equation of motion. Both
forward and backward undamped natural frequencies can be obtained for simply supported (S-S), clamped-
clamped (C-C), clamped-simply (C-S), clamped-free (C-F) and clamped-guided (C-G) boundary conditions
using state-space approach. A centrifugally induced axial force, which is produced as a result of Poisson’s
ratio, is also included in the equation of motion. The effect of this axial force on the lateral natural frequencies
is investigated as the rotational speed increases. Numerical results and illustrative examples are given and
comparisons are made between the results of the present method and those of the previous works.

Keywords Lateral vibration · Rotating shaft · Timoshenko · State-space · Axial force

1 Introduction

Flexural vibration of rotating shafts has long been an important problem in designing many dynamic systems.
The main difference between the natural frequencies of rotating and nonrotating shafts is due to the rotary
inertial, gyroscopic effects, and associated couplings created when there is rotation [1]. Numerous analytical,
numerical, and experimental works have been presented so far dealing with the prediction of natural frequen-
cies and critical speeds of rotating shafts [2–7]. Euler–Bernoulli beam theory is inappropriate for the modeling
of rotating shafts because it neglects transverse shear deformation and gyroscopic effects [2,8]. While the
former has to be taken into account for short and stubby shafts, the latter plays a significant role when a shaft
rotates, especially at high speeds. Gyroscopic effect on natural frequency of a flexible rotating shaft was first
investigated by Green [9]. Similar studies on gyroscopic effect have been carried out by other researchers, too
[2,10].

More accurate model, Rayleigh beam, includes both gyroscopic effect and rotary inertia [11,12]. However,
it fails to provide acceptable natural frequencies as the rotational speed increases. Therefore, Timoshenko
model ought to be considered if the purpose is to investigate short and stubby shafts rotating at high speeds.
Nevertheless, associated complexities in Timoshenko rotating shaft make finding analytical solutions difficult
so that numerical methods usually have to be implemented to determine the natural frequencies for different
boundary conditions [8]. The underlying reason for the mentioned difficulties is the fact that a Timoshenko
rotating shaft includes rotary inertia, gyroscopic effects, transverse shear, coupling between rotary inertial and
transverse shear, and coupling between gyroscopic effect and transverse shear. In almost all of the published
works on rotating shafts presenting analytical solutions, only simple models, such as Euler–Bernoulli and
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Rayleigh beams, have been considered. Moreover, Cheng and Lin proposed a modified Rayleigh model in
which couplings in the equation of motion of a rotating Timoshenko shaft were omitted to arrive at forward
and backward natural frequencies of a simply supported shaft [8]. Thus, an analytical solution to free vibration
analysis of Timoshenko rotating shaft having various boundary conditions is of interest in this paper. The only
analytical solution for a Timoshenko shaft with hinged or clamped boundary conditions was presented by
Chen and Sheu [13]. They used uncoupled form of the equations of motion of a spinning Timoshenko shaft
with an intermediate disk to arrive at expressions for frequency equations and study the stability behavior of
a shaft-disk system.

In addition, external axial loading can significantly alter the lateral natural frequencies of a rotating shaft.
Choi et al. presented a consistent modeling of rotating Timoshenko shaft subjected to constant compressive
axial load [14]. There are also other works regarding the effect of axial force in free vibration of rotating shafts
and beams [15–18]. In fact, the effect of axial force can be interpreted as a change in the stiffness of the shaft.
Nevertheless, for a shaft which rotates about its longitudinal axis, especially at high speeds, an axial force
generated by centrifugally induced stress can alter the natural frequencies. The axial force is in fact the result
of the Poisson’s effect. Behzad and Bastami calculated this force and studied its effect on natural frequencies
of an Euler–Bernoulli rotating shaft with simply supported boundary conditions [19]. Then, they compared
the influence of the produced axial force on critical speeds with those of rotary inertia and gyroscopic effect.

In this paper, the aim is to first present a new analytical solution for undamped lateral free vibration of
a rotating Timoshenko shaft with various boundary conditions, such as simply supported (S-S), clamped–
clamped (C-C), simply clamped (S-C), clamped-free (C-F), and clamped-guided (C-G), using state-space
approach [20]. None of the terms in equation of motion of a rotating Timoshenko shaft are neglected. The
shaft is assumed to be lineally isotropic and cylindrical with uniform cross-section. Then, the effect of the
previously mentioned centrifugally induced axial force on Timoshenko shaft is investigated. Note that the
bearings suppress the axial movement.

2 Timoshenko rotating shaft with axial force

Details on derivation of equation of motion of a rotating Timoshenko shaft are available in the literature
[13,21]. We consider a constant non-follower axial force which is applied to a shaft with circular cross-section
rotating at constant speed � about its longitudinal axis (z-direction). Using complex notation, one arrives at
the following coupled equations of motion for a rotating Timoshenko shaft [21]:
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where κ is a cross-sectional shape factor, A is the area of the cross-section, G is shear modulus, ρ is density, E
is elastic modulus, I is the cross-sectional second moment of inertia, and Pax in the first equation is axial force.
Note that u = ux + iuy is the complex transverse displacement and ψ = ψx + iψy is the complex angular
displacement [21]. Here, x and y subscripts denote the displacements along x and y axes of the Cartesian
coordinate system.

By using some mathematical manipulations, it is possible to combine the above two equations into one
single equation in terms of only u [8]:
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For u = Ueiωt , in which U is complex displacement, Eq. (3) can be rewritten as follows:
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Fig. 1 Cross-section of the shaft

2.1 Centrifugally induced axial force Pax

In order to calculate the centrifugally induced axial force, first the corresponding axial stress must be obtained.
This stress has been previously derived by Behzad and Bastami under plain strain assumption [19]:

σz(r) = ν

4(1 − ν)

[
(3 − 2ν)(a2 − b2)− 2r2] ρ�2, (5)

where a and b are inner and outer radii if the shaft is hollow, as depicted in Fig. 1. Here, ν is Poisson’s ratio.
Integrating this stress on the cross-section, net axial force Pax can be attained [19]:

Pax =
b∫

a

2πrσzdr = νρ Ip�
2 (6)

Ip in the above equation is the polar moment of inertia. Equation (6) is also valid in the case of a shaft with
solid cross-section (a = 0). The axial force herein is proportional to the square of the shaft rotational speed,
and thus, its effect would be more blatant at higher speeds.

3 Solution of the equation of motion

As mentioned previously, state-space approach is employed in this paper to find the natural frequencies for
various boundary conditions [20,22]. The state-space vector is defined by:

X =

⎧⎪⎨
⎪⎩

U
U ′
U ′′
U ′′′

⎫⎪⎬
⎪⎭ (7)

Considering the above vector, it is possible to write Eq. (4) as a system of first-order ordinary differential
equations:

AX′ = BX (8)

where

A =
⎡
⎢⎣
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⎤
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⎡
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M 0 N 0

⎤
⎥⎦ (9)
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On the other hand, Eq. (8) can be presented as:

X′ = TX (11)

where T = A−1B. Solution of Eq. (11) can be analytically obtained if one takes [20]:

X = �DK, (12)

where D is a diagonal matrix defined as

D =

⎡
⎢⎢⎣

eλ1z 0
eλ2z

eλ3z

0 eλ4z

⎤
⎥⎥⎦ (13)

λ1, λ2, λ3 and λ4 are eigenvalues of the coefficient matrix T which can be complex constants as well. � is the
matrix of the four eigenvectors corresponding to the eigenvalues of the coefficient matrix T. Moreover, K is a
constant vector of unknown arrays which can be later determined by imposing the boundary conditions at the
ends of the rotating shaft (at z = 0, L). Let us now apply a set of arbitrary boundary conditions at z = 0, L to
Eq. (12) to arrive at [20]:

LK = 0 (14)

The above equation has a nontrivial solution only if

|L| = 0 (15)

Therefore, different natural frequencies of a rotating shaft can be easily determined wherever the above equa-
tion is satisfied. In addition, K for each natural frequency can be obtained using Eq. (14), and its substitution
into Eq. (12) will give the corresponding mode shapes.

As mentioned before, the method presented in this study gives analytical solution for various boundary
conditions unlike most of the research papers published in this area so far. In this paper, shafts with simply
supported, clamped–clamped, simply clamped, clamped-free, and clamped-guided ends are investigated. The
corresponding boundary conditions are as follows:

Simply supported (S-S): {
U |z=0 = 0
U ′′∣∣

z=0 = 0 →
[

1 0 0 0
0 0 1 0

]
X|z=0 = 0

{
U |z=L = 0
U ′′∣∣

z=L = 0 →
[

1 0 0 0
0 0 1 0

]
X|z=L = 0

(16)

Clamped–clamped (C-C): {
U |z=0 = 0
U ′∣∣

z=0 = 0 →
[

1 0 0 0
0 1 0 0

]
X|z=0 = 0

{
U |z=L = 0
U ′∣∣

z=L = 0 →
[

1 0 0 0
0 1 0 0

]
X|z=L = 0

(17)

Simply clamped (S-C): {
U |z=0 = 0
U ′′∣∣

z=0 = 0 →
[

1 0 0 0
0 0 1 0

]
X|z=0 = 0

{
U |z=L = 0
U ′∣∣

z=L = 0 →
[

1 0 0 0
0 1 0 0

]
X|z=L = 0

(18)
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Table 1 Properties of the rotating shaft

Parameter Nominal value
Elastic modulus (E) 207 (GPa)
Density (ρ) 7,748 (kg/m3)
Poisson’s ratio (ν) 0.3
Shape factor (κ) 0.9
Shaft length (L) 1 (m)

Clamped-free (C-F):
{

U |z=0 = 0
U ′∣∣

z=0 = 0 →
[

1 0 0 0
0 1 0 0

]
X|z=0 = 0

{
U ′′∣∣

z=L = 0
U ′′′∣∣

z=L = 0
→

[
0 0 1 0
0 0 0 1

]
X|z=L = 0

(19)

Clamped-guided (C-G):
{

U |z=0 = 0
U ′∣∣

z=0 = 0 →
[

1 0 0 0
0 1 0 0

]
X|z=0 = 0

{
U ′∣∣

z=L = 0
U ′′′∣∣

z=L = 0
→

[
0 1 0 0
0 0 0 1

]
X|z=L = 0

(20)

It should be noted that the initial guesses for the natural frequencyω can be selected arbitrarily and the solution
procedure is continued until Eq. (15) is satisfied to the desired accuracy. For this purpose, a prescribed error
convergence criterion can be defined in the computer program. In this study, results for natural frequencies are
calculated up to two digits after decimal.

4 Results and discussion

Regarding the solution method presented herein, results and illustrative examples for natural frequencies of a
rotating Timoshenko shaft are calculated and compared with previous published works under two conditions:
(1) free vibration analysis without axial force and (2) analysis with centrifugally induced axial force. For the
latter, the effect of axial force on the natural frequencies of a rotating Timoshenko shaft is studied as well.
The properties shown in Table 1 are applied to all of the following examples. In this research, the material is
assumed to be linearly elastic and homogeneous.

4.1 Free vibration analysis without axial force

To make comparison and verify the present method, a rotating shaft of diameter 0.25 m (A = 4.908 ×
10−2 m2, I = 1.917 × 10−4 m4) with simply supported ends and without axial force (Pax = 0) is considered
at first. For such boundary conditions, analytical solutions are available from Rayleigh model [6] and the
modified Rayleigh model proposed by Cheng and Lin [8]. The latter omits coupling terms associated with
the shear deformation in the equation of motion of a rotating Timoshenko shaft. It is noteworthy that these
models give closed form solutions for rotating shafts with only simply supported ends. The first three natural
frequencies of forward whirling mode are attained at different rotational speeds (�) using the present method
and compared with the results calculated using the mentioned models in Table 2.

It can be concluded from Table 2 that the present method gives reasonable results at different rotational
speeds for a simply supported shaft. As expected, the present solution which employs the Timoshenko model
gives natural frequencies with values less than those of the other two models. The reason for the overestimation
in modified Rayleigh and Rayleigh models lies in the fact that both models neglect some terms in the equation
of motion. Although the modified Rayleigh renders itself as an accurate model, the discrepancy between the
present and the modified Rayleigh results increases for higher modes, especially at higher rotational speeds.
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Table 2 The first three natural frequencies (rad/s) for a shaft with simply supported ends, D = 0.25 m

� (krpm) 1st mode 2nd mode 3rd mode

Present Modified
Rayleigh
[8]

Rayleigh
[6]

Present Modified
Rayleigh
[8]

Rayleigh
[6]

Present Modified
Rayleigh
[8]

Rayleigh
[6]

0 793.44 793.44 796.18 3, 130.85 3, 130.45 3, 173.33 6, 893.66 6, 889.67 7, 097.77
60 808.14 808.57 811.43 3, 183.20 3, 189.37 3, 233.87 7, 000.01 7, 016.48 7, 232.38
120 823.08 824.01 826.96 3, 235.95 3, 249.37 3, 295.55 7, 100.00 7, 145.57 7, 369.50
180 838.25 839.71 842.78 3, 300.00 3, 310.46 3, 358.36 7, 220.01 7, 276.95 7, 509.12

Table 3 The first three natural frequencies (rad/s) for a shaft with various boundary conditions, � = 60 krpm and D = 0.25 m

BCs 1st mode 2nd mode 3rd mode

Present Chen and Sheu [13] Present Chen and Sheu [13] Present Chen and Sheu [13]

S-S 808.14 809.71 3,183.20 3188.15 7,000.01 7,013.03
C-S 1,255.11 1,256.47 4,011.81 4,016.64 8,166.41 8,197.27
C-C 1,813.23 1,809.05 4,929.77 4,932.22 9,431.83 9,466.12
C-F 282.74 N/A 1,786.75 N/A 4,931.80 N/A
C-G 455.69 N/A 2,446.71 N/A 5,924.41 N/A

Fig. 2 First mode shapes for different boundary conditions

So far, the present solution shows excellent agreement with other models for a simply supported shaft. In
order to investigate the accuracy of the present solution for other boundary conditions, results are calculated
and compared with the results obtained by the solution of Chen and Sheu [13]. To the best of authors’ knowl-
edge, the work of Chen and Sheu is the only analytical solution available in the open literature for a rotating
Timoshenko shaft with various boundary conditions. Table 3 shows that the results of the present method at
� = 60 (krpm) are in a good agreement with those of Chen and Sheu for various boundary conditions (for
forward whirling mode).

It is notable that in contrast to the method of Chen and Sheu, the present method gives solution for clamped-
free (C-F) and clamped-guided (C-G) boundary conditions as well. An obvious advantage of the present method
is that it gives results very fast since mathematical operations are carried out on matrices with maximum order
of four, and thus, common numerical errors observed in large matrix manipulations are almost zero. In order
to confirm the validity of the present method, the first and second mode shapes have been depicted using Eqs.
(12) and (14) for different boundary conditions and illustrated in Figs. 2 and 3.
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Fig. 3 Second mode shapes for different boundary conditions

Table 4 The first three natural frequencies (rad/s) for a shaft with simply supported ends and axial force, D=0.1 m

� (krpm) 1st mode 2nd mode 3rd mode

Present Behzad and Present Behzad and Present Behzad and
Bastami [19] Bastami [19] Bastami [19]

0 201.60 201.66 805.69 806.65 1,810.10 1,814.97
60 204.82 203.91 811.79 808.91 1,820.90 1,817.23
120 212.40 210.52 822.38 815.66 1,836.21 1,824.01
180 223.94 221.10 837.34 826.78 1,855.99 1,835.23

4.2 Free vibration analysis with centrifugally induced axial force

In the preceding section, results were obtained for a rotating shaft without considering centrifugally induced
axial force. The effect of such an axial force on the natural frequencies has been investigated by Behzad
and Bastami for an Euler–Bernoulli rotating shaft with simply supported ends [19]. Pax can be calculated
at different rotational speeds from Eq. (6). The first three natural frequencies of forward whirling mode are
obtained at different rotational speeds (�) using the present method and compared in Table 4 with the results
calculated from the work of Behzad and Bastami. The effect of centrifugally induced axial force becomes more
significant for shafts with higher slenderness ratios [19]. In this case, the diameter of the shaft is assumed to
be 0.1 m (A = 7.853 × 10−3 m2, I = 4.908 × 10−6 m4).

In case of the absence of the axial force, Euler–Bernoulli and Rayleigh models always overestimate the
natural frequencies. However, as seen in Table 4, the natural frequencies obtained by the present model have
larger values in comparison with those of Behzad and Bastami (Euler–Bernoulli model) in the presence of
axial force. From this fact, it can be inferred that the stiffening effect of the centrifugally induced axial force
becomes more significant and considerable so that simple models are no longer accurate when high rotational
speeds are involved.

For investigating the effect of centrifugally induced axial force as the rotational speed increases, the first
natural frequency of forward whirling is calculated for different boundary conditions and rotational speeds. To
make the comparisons more illustrative, relative change in the natural frequency has been obtained for each
case in Fig. 4.

As it is evident from Fig. 4, the rotational speed has a significant effect on the natural frequency, especially
for simply supported (S-S) and clamped-guided (C-G) boundary conditions. This effect is less noticeable for
clamped-clamped (C-C) ends. For clamped-free (C-F) boundary conditions, no axial force can be generated
due to the free end. Nevertheless, an interesting phenomenon is observed for this case; in contrast to all of
the other boundary conditions, the natural frequency slightly decreases for clamped-free ends as the rotational
speed increases.
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Fig. 4 Changes in the first natural frequency of forward whirling with/without centrifugally induced axial force (Pax ) for various
boundary conditions (D = 0.1 m, A = 7.853 × 10−3m2 I = 4.908 × 10−6 m4)

Fig. 5 Changes in the first natural frequency of forward whirling with/without centrifugally induced axial force (Pax ) for various
boundary conditions and slenderness ratios (λ),� = 10, 000 (rad/s)

Figure 5 depicts the changes in the first natural frequency of forward whirling for different values of slen-
derness ratio λ at � = 10, 000 (rad/s) [19]. For higher values of slenderness ratio (λ = √

A/I L), thinner and
longer shafts can be modeled. From Fig. 5, it can be concluded that the natural frequency drops dramatically
for slender rotating shafts.

The method presented in this study is capable of giving backward frequencies as well. To achieve this
goal, it is enough to use negative rotational speed in the formulation (−�). In Fig. 6, both first forward and
first backward natural frequencies have been calculated for a simply supporter shaft (D = 0.1 m) at different
rotational speeds (Campbell diagram). From the literature, it is well known that in the absence of the axial
force, forward and backward natural frequencies show ascending and descending trends, respectively (see Fig.
6). As expected, in the presence of the centrifugally induced axial force, the forward frequency (FF) increases
parabolically as the rotational speed increases. However, the backward frequency (BF) shows an extraordinary
behavior. It slightly decreases as the rotational speed increases. But gradually the effect of axial force becomes
predominant, and therefore, the backward frequency starts to rise so that at a specific rotational speed, it sur-
passes the corresponding forward frequency without axial force. The second forward and backward natural
frequencies of the same shaft have been obtained and depicted in Fig. 7 for different rotational speeds. It can
be noticed that the special behavior of the backward frequency observed in the first mode is relatively abated
in the second mode.
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Fig. 6 Campbell diagram: changes in the first forward (FF) and backward (BF) natural frequencies with/without centrifugally
induced axial force (Pax ) for a simply supported shaft (D = 0.2m, A = 3.131 × 10−2 m2, I = 3.131 × 10−2 m4)

Fig. 7 Campbell diagram: changes in the second forward (FF) and backward (BF) natural frequencies with/without centrifugally
induced axial force (Pax ) for a simply supported shaft (D = 0.2 m, A = 3.131 × 10−2 m2, I = 3.131 × 10−2 m4)

5 Conclusions

A new analytical solution for free vibration analysis of rotating Timoshenko shafts with consideration of
centrifugally induced axial force was proposed in this paper using state-space approach. Despite most of the
previous works in this area, which employ simpler models, the present solution includes all of the terms in
equation of motion of a rotating Timoshenko shaft. It was shown that the present method gives reasonable and
accurate results for the undamped natural frequencies of shafts with various boundary conditions at different
rotational speeds. It was concluded that the centrifugally induced axial force, which has a stiffening effect, can
have a considerable influence on the natural frequencies, especially for simply supported (S-S) and clamped-
guided (C-G) boundary conditions. An interesting behavior was observed for a shaft with clamped-free (C-F)
ends; unlike the other investigated boundary conditions, the forward natural frequency slightly decreases as the
rotational speed increases. Moreover, it was seen that the slenderness ratio of the shaft is extremely influential
in free vibration responses. The axial force studied herein can radically alter the forward and backward natural
frequencies, especially at higher speeds. As the rotational speed increases, the typical downward trend of the
backward natural frequency in the absence of the axial force can be altered to an ascending trend in the presence
of the axial force. Apparently, due to the nature of the solution method used in this study, results are obtained
very fast, which renders the method suitable to be implemented in optimization programs.
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