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This paper presents experimental and three-dimensional numerical study of gaseous slip flow through
diverging microchannel. The measurements are performed for nitrogen gas flowing through microchan-
nel with different divergence angles (4�, 8�, 12� and 16�), hydraulic diameters (118, 147 and 177 lm) and
lengths (10, 20 and 30 mm). The Knudsen number falls in the continuum and slip regimes
(0.0005 6 Kn 6 0.1; Mach number is between 0.03 and 0.2 for the slip regime) while the flow Reynolds
number ranges between 0.4 and 1280. The static pressure drop is measured for various mass flow rates;
and it is observed that the pressure drop decreases with an increase in the divergence angle. The viscous
component has a relatively large contribution in the overall pressure drop. The numerical solution of the
Navier–Stokes equations with the Maxwell’s slip boundary condition shows absence of flow reversal (due
to slip at the wall), larger viscous diffusion and lower kinetic energy in the diverging microchannel. The
centerline velocity and wall shear stress decrease with an increase in the divergence angle. The numerical
results further show three different flow behaviors: a nonlinear pressure variation with rapid flow decel-
eration in the initial part of the microchannel; uniform centerline velocity with linear pressure variation
in the middle part, and flow acceleration with nonlinear pressure variation in the last part of the
microchannel. A characteristic length scale for diverging microchannel is also defined. The location of
the characteristic length is a function of the Knudsen number and shifts toward the microchannel inlet
with rarefaction. Mass flow rate and pressure distribution along the channel are also obtained numeri-
cally from the direct simulation Monte Carlo (DSMC) method and compared suitably with the experimen-
tal data or Navier–Stokes solutions. Empirical relations for the mass flow rate and Poiseuille number are
suggested. These results on gaseous slip flow through diverging microchannels are considerably different
than their continuum counterparts, and are not previously available.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Expansion, which may be sudden or gradual, appears funda-
mental to micro-systems such as microactuators, microturbines,
gas chromatographs, and micro air vehicles. Therefore, study of
rarefied gas flow through diverging microchannel is important
for both engineering and scientific applications. It is important to
understand the gas flow behavior through such geometry in terms
of pressure drop, velocity distribution and flow structure. Most of
the earlier work however focused on uniform cross-section micro-
channels with liquid or gas flow [1–12] and flow through other
cross-section area microchannels have been inadequately studied.
The low pressure gas flows through conventional tubes are gov-
erned by the same set of non-dimensional parameters as that of
gas microflow; Sreekanth [13] and Demsis et al. [14,15]. A compre-
hensive review on gas flow in microchannel was reported by Agra-
wal [16].

Relatively few studies explore incompressible flow through
microchannel with expansion. Pan et al. [17] observed flow separa-
tion at the junction for liquid flow through a microchannel with a
sudden expansion. Similarly, the experimental study on liquid flow
by Tsai et al. [18] indicated formation of a separation vortex at the
sudden expansion corner of a high aspect ratio microchannel. Dur-
yodhan et al. [19] inferred that flow separation occurs in a diverg-
ing microchannel with water flow beyond a critical divergence
angle of 16�; the critical value of divergence angle agrees with
the corresponding value for continuum flow. Abdelall et al. [20]
experimentally investigated the pressure drop caused by flow of
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(continuum) air and water through sudden expansion in a micro-
tube (1000 < Re < 7000). They reported that the expansion and con-
traction loss coefficients are different for air and water flows. The
above studies indicate that flow separation occurs with liquid flow
through microchannel with sudden/gradual expansion.

Study of liquid flow through diverging/converging sections has
also been undertaken in the context of micro-pump by Stemme
and Stemme [21], Olson et al. [22], Gerlach [23], Singhal et al.
[24] and Wang et al. [25]. Akbari et al. [26] studied liquid flow
through a series of diverging microchannels and proposed an ana-
lytical model for calculating the flow resistance.

The behavior of rarefied gas flow is however different than that
of the liquid flow as reviewed next. Rathakrishnan and Sreekanth
[27] studied rarefied gas flow (Kn = 0.0026–1.75, Nitrogen) through
circular tube with sudden increase in cross sectional area. They
noted that in the transition regime, the pressure ratio and length
to diameter ratio of the passage strongly influence the discharge
through sudden enlargements. In a recent experimental study
involving flow through a sudden expansion, Varade et al. [28]
observed a discontinuity in the slope of pressure and absence of
flow separation at the junction; in the slip regime. These measure-
ments are qualitatively similar to the two-dimensional planar sim-
ulations of Agrawal et al. [29]. Lee et al. [30] in an experimental
study on gas flow through microchannels connected through
diverging section observed that the mass flow rate decreases and
the pressure loss increases with increasing included angle of the
transition section.

It can be noted that a systematic and detailed analysis for
rarefied gas flow through diverging microchannels is not available.
Further, there is ambiguity in the literature about the characteristic
dimension to be employed for obtaining non-dimensional param-
eters [21,23,31]. These issues provided the motivation for under-
taking the current work. The objectives of this work are to
investigate the gas flow behavior through a diverging microchan-
nel and to highlight significant differences with respect to contin-
uum flow behavior. The static pressure drop is measured for
different mass flow rates and analyzed in this work. The numerical
simulations are performed to obtain the local variation in flow
parameters for gaseous slip flow through diverging microchannel.

2. Measurement system

2.1. Experimental facility

The experimental facility is similar to that employed by Varade
et al. [28,45,46]. It consists of a vacuum system, inlet reservoir, out-
let reservoir and mass flow controller as shown in Fig. 1a. The vac-
uum system consists of a diffusion pump (maximum pumping
speed of 700 lpm, 1.31 � 10�2 kg/s) and a rotary pump (speed of
350 lpm, 6.55 � 10�3 kg/s). The lowest absolute pressure that can
be accomplished by the vacuum system is 10�4 Pa. An air filter is
mounted in the incoming gas stream for blocking particles (particle
size > 25 lm). The different Reynolds and Knudsen numbers are
attained by using two different mass flow controllers (M/s MKS
Instruments, range 0–20 and 0–200 sccm or standard cubic centi-
meters per minute). The absolute pressure at the test section is
measured by two absolute pressure transducers (also from M/s
MKS Instruments, range 0–10,000 or 0–100,000 Pa). The uncer-
tainty in measurement of flow rate and pressure along with other
measured and derived parameters is provided in Table 1.

2.2. Diverging microchannel

The diverging microchannel with trapezoidal cross section
geometry is shown in Fig. 1b. The gas flow openings at the inlet
and outlet reservoir are provided with a ‘T’ section tap each. The
first prong of the ‘T’ section is fixed in the reservoir opening; the
second prong is used for nitrogen gas flow whereas the remaining
prong serves the measurement of absolute pressure through a
microtube. The microchannel is fabricated at the Centre of Excel-
lence in Nanoelectronics (CEN) at IIT Bombay. A silicon wafer
(100, p-type) with one side polished is used for microchannel fab-
rication. The microchannel fabrication process starts with wafer
cleaning and surface preparation and photo mask preparation fol-
lowed by positive photo resist coating, prebaking, UV radiation
exposure, post exposure baking, developing, wet etching and
finally geometry characterization using profilometer. The surface
roughness of approximately 0.1 lm is observed for all the micro-
channels. The microchannel is sealed with a quartz plate using
PDMS (Polydimethylsiloxane) bonding. The geometrical parame-
ters of all microchannels are documented in Tables 2–4.
2.3. Experimental procedure

The validation of the experimental set up is performed by mea-
suring the pressure drop for different mass flow rates through a
straight microtube (internal diameter of 800 lm). The experimen-
tal fRe value is compared against the fRe value obtained from the
correlation of Verma et al. [8]

fRe ¼ 64
1þ 14:88Kn

ð1Þ

where f = Darcy friction factor. The above correlation was formu-
lated using experimental data from several researchers and is appli-
cable for laminar flow in a smooth circular tube. The deviation in
the experimental fRe value was observed to be less than 4% of the
value obtained from the correlation; thereby the experimental
setup and data reduction procedure is considered to be validated.

Thereafter, experiments for diverging microchannel are carried
out. The setup leakage testing is performed using the procedure
reported in Demsis et al. [15]. The leakage is ensured to be less
than 2% of the mass flow rate employed in the measurements.
The uncertainty in mass flow rate consists of the combined uncer-
tainty in the measurement and leakages. The absolute static pres-
sure is measured at the inlet and outlet of the diverging
microchannel for different mass flow rates of nitrogen at 300 K.
The temperature of the gas at inlet and outlet has been explicitly
measured (Table 5). The maximum variation in temperature
between the inlet and outlet was noted to be 0.8 K for the slip flow
and 1.7 K for the continuum flow. Additional confirmation of the
temperature variation is obtained through numerical simulation
(results presented later in Section 4.1); which indicates that the
flow is nearly isothermal. The flow Reynolds number is between
0.4 and 1280 and the Knudsen number is between 0.0005 and
0.10; thereby covering the continuum and slip regimes. The Mach
number is between 0.03 and 0.2 for the slip regime. The ranges of
test conditions employed in the measurements are tabulated in
Tables 2–4.
2.4. Data reduction

The friction factor f is estimated using following equation [32]
which takes into account both viscous and acceleration/decelera-
tion effects:

DP ¼ G2

2
fL

Dqm
þ 2

1
qo
� 1

qi

� �� �
ð2Þ

Here DP = pressure drop, Pa; f = Darcy friction factor; L = length of
the tube, m; D = hydraulic diameter, m; qm = mean density, qo =
density at outlet, qi = density at inlet, kg/m3. Using the ideal gas



Fig. 1. (a) Schematic diagram of the experimental set up, (b) geometry of gradually diverging microchannel, and (c) control volume for flow through diverging microchannel.

Table 1
Maximum uncertainty in various measured and derived parameters.

Parameter Maximum uncertainty

Mass flow rate ±2% of full scale
Absolute pressure ±0.15% of the reading
Reynolds number ±2%
Knudsen number ±0.3%
Pressure loss coefficient ±6%
Temperature ±0.7 K
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equation and rearranging terms of inlet and outlet pressures we
obtain

f ¼ ðP2
i � P2

oÞ
1

G2RT
� 1

PiPo

� �
D
L

ð3Þ

where Pi = pressure at inlet, Pa; Po = pressure at outlet, Pa; R = spe-
cific gas constant, J/kg K; and T = temperature of gas, K. In the above
equation G is mass velocity given by
G ¼
_m
A

ð4Þ

where _m = mass flow rate, kg/s; A = area of cross section, m2. In this
work D is considered as the hydraulic diameter at the mid-section
of diverging microchannel for obtaining the friction factor. Other
definitions of hydraulic diameter are explored later in Section 5.

The Reynolds number and Knudsen number [13] are defined as
follows:

Re ¼ qUDh

l
¼ GDh

l
ð5Þ

Kn ¼ k
Dh
¼

l
ffiffiffiffiffiffi
pRT

2

q
pDh

ð6Þ

Here q = gas density, kg/m3; U = average velocity, m/s; Dh = hydrau-
lic diameter, m; l = dynamic viscosity, Pa s; R = specific gas
constant, J/kg K; T = temperature of gas, K. The Reynolds number



Table 2
Range of test conditions and geometrical parameters of different divergence angle microchannels with constant hydraulic diameter and length.

Parameter Micro channel 1 Micro channel 2 Micro channel 3 Micro channel 4 Uncertainty Unit

Smaller width (ws) 293 291 291 289 +2 lm
Larger width (wL) 1680 3077 4480 5902 +2 lm
Length (L) 20 20 20 20 �0.1 mm
Depth (H) 79 78 78 76 ±1 lm
Divergence angle (h) 4 8 12 16 0.5 deg
Hydraulic diameter at mid length 143 147 150 147 +1.33 lm
Mass flow rate 1.87 � 10�8–3.74 � 10�6 (1–200 sccm) ±2% kg/s
Inlet pressure 4085–118,934 ±0.15% Pa
Outlet pressure 415–11,148 ±0.15% Pa

Table 3
Range of test conditions and geometrical parameters of different hydraulic diameter microchannels with constant divergence angle and length.

Parameter Micro channel 1 Micro channel 2 Micro channel 3 Uncertainty Unit

Smaller width (ws) 267 291 276 +2 lm
Larger width (wL) 3064 3077 3073 +2 lm
Length (L) 20 20 20 �0.1 mm
Depth (H) 62 78 95 ±1 lm
Divergence angle (h) 8 8 8 0.5 deg
Hydraulic diameter at mid length 118 147 177 +1.33 lm
Mass flow rate 1.87 � 10�8–3.74 � 10�6 (1–200 sccm) ±2% kg/s
Inlet pressure 3740–113,630 ±0.15% Pa
Outlet pressure 425–10,777 ±0.15% Pa

Table 4
Range of test conditions and geometrical parameters of different length microchannels with constant divergence angle and hydraulic diameter.

Parameter Micro channel 1 Micro channel 2 Micro channel 3 Uncertainty Unit

Smaller width (ws) 310 312 309 +2 lm
Larger width (wL) 1710 3113 4508 +2 lm
Length (L) 10 20 30 �0.1 mm
Depth (H) 84 83 83 ±1 lm
Divergence angle (h) 8 8 8 0.5 deg
Hydraulic diameter at mid length 152 156 159 +1.33 lm
Mass flow rate 1.87 � 10�8–3.74 � 10�6 (1–200 sccm) ±2% kg/s
Inlet pressure 4693–106,938 ±0.15% Pa
Outlet pressure 466–10,571 ±0.15% Pa

Table 5
Gas temperature measurements.

Microchannel
(divergence angle)

Knudsen number
at outlet

Gas temperature in Kelvin

Inlet Outlet

4 deg. 0.10 300 299.3
0.004 300.1 298.6

8 deg. 0.09 300.2 299.5
0.004 300 298.3

12 deg. 0.10 300.1 299.3
0.004 300 298.4

16 deg. 0.10 300.1 299.3
0.005 299.9 298.2
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is also calculated (Eq. (5)) corresponding to mid-section of the
microchannel. The effect of divergence angle, hydraulic diameter
and length on the non-dimensional friction constant (Poiseuille
number) is presented next.
3. Experimental results

The experiments are performed for different divergence angles
(4�, 8�, 12� and 16� with hydraulic diameter 147 lm and length
20 mm), hydraulic diameters (118, 147 and 177 lm with 8� diver-
gence angle and length 20 mm) and lengths (10, 20 and 30 mm
with 8� divergence angle and hydraulic diameter 156 lm) of
diverging microchannels. That is, the measurements were done
for a total of nine different configurations for a Knudsen number
range of 0.0005–0.10. The effect of diverging angle, hydraulic
diameter and length of microchannel on pressure drop and Poiseu-
ille number is investigated in this section.
3.1. Measurement of static pressure drop

The static pressure at the reservoir inlet and outlet of the
diverging microchannel (refer Fig. 1b) is measured for different
mass flow rates (1.87 � 10�8 to 3.74 � 10�6 kg/s). The pressure
ratio range between the reservoir inlet and outlet is 7–12. The
effect of divergence angle, hydraulic diameter and length of micro-
channel on pressure drop is presented in this section.

The pressure drop is measured for diverging microchannels of
4�, 8�, 12� and 16� divergence angle with the same hydraulic diam-
eter, microchannel depth and length. Fig. 2a indicates that the
pressure drop varies nonlinearly with the mass flow rate similar
to gas flow through a straight microchannel. This non-linearity is
however not so apparent here because of the log scale employed
for plotting. In contrast, a linear variation in pressure drop was
reported by Duryodhan et al. [19] in case of incompressible liquid
flow through the same microchannel. The pressure drop decreases
as the divergence angle increases from 4� to 12� for a given mass
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flow rate. The pressure drop for 16� microchannel is marginally lar-
ger (maximum deviation of 7%) than that of 12� microchannel.

The pressure drop due to viscous component (the first term in
Eq. (2)) is plotted in Fig. 2b. The viscous pressure drop increases
with an increase in the diverging angle. The viscous pressure drop
increases nonlinearly and approaches the total pressure drop with
increasing rarefaction. It indicates that the acceleration effect due
to compressibility (pressure gradient) is negated by the diverging
microchannel geometry. It is concluded that the viscous compo-
nent dominates over the acceleration component in case of rarefied
gas flow through diverging microchannel; this appears surprising
because the pressure ratio across the microchannel is more than
11. The diverging cross sectional area restricts the acceleration
even when there is a higher pressure ratio.

Another set of measurements were performed to study the
effect of hydraulic diameter on the pressure drop. For this, diverg-
ing microchannels of 118, 147 and 177 lm hydraulic diameter
with same divergence angle (8�), depth and length were employed.
Fig. 3a again shows a nonlinear pressure drop variation with the
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Fig. 2. Effect of diverging angle on experimental (a) static pressure drop and (b)
viscous pressure drop (mean hydraulic diameter Dh = 147 lm, length L = 20 mm,
h = full divergence angle).
mass flow rate; note that the results have been plotted on log scale.
That is, pressure drop is an inverse function of the mean hydraulic
diameter of the diverging microchannel (as expected); which is
similar to a straight microchannel.

The pressure drop is further measured for diverging microchan-
nels of three different lengths (10, 20 and 30 mm), with the same
hydraulic diameter (155 lm), divergence angle (8�) and depth.
Fig. 3b shows the effect of mass flow rate and length on the pres-
sure drop. It is indicated that the pressure drop becomes a weak
function of microchannel length (for the parameter range investi-
gated) with an increase in microchannel length or an increase in
pressure drop.
3.2. Friction constant (fRe)

Fig. 4 shows the variation in fRe with rarefaction for 4�, 8�, 12�
and 16� diverging microchannels. The fRe value is independent of
Kn for larger Knudsen numbers (Kno > 0.02); however the friction
constant increases with an increase in the divergence angle. The
(a)

(b)

Mass flow rate (kg/s)

St
at
ic
pr
es
su
re
dr
op
(P
a)

10-8 10-7 10-6 10-5
103

104

105

Dh = 118 μm
Dh = 147 μm
Dh = 177 μm

Diverging microchannel
Nitrogen

Mass flow rate (kg/s)

St
at
ic
pr
es
su
re
dr
op
(P
a)

10-8 10-7 10-6 10-5
103

104

105

L = 10 mm
L = 20 mm
L = 30 mm

Diverging microchannel
Nitrogen

Fig. 3. Effect of (a) hydraulic diameter on experimental static pressure drop
(Dh = mean hydraulic diameter, microchannel length L = 20 mm, full divergence
angle h = 8�) and (b) length on static pressure drop (Dh = 155 lm, h = 8�).
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negligible acceleration effect is indicated for larger Kn values from
Fig. 2b; absence of acceleration effect can be noted by a constant
value of fRe in Fig. 4. This shows that the non-dimensionalization
of the pressure drop into friction factor does not nullify the effect
of acceleration (which is a function of the mass flow rate).

The variation in fRe with rarefaction for 118, 147 and 177 lm
hydraulic diameter microchannels is shown in Fig 5a. The fRe
increases with decrease in hydraulic diameter; however it is inde-
pendent of Kn for larger Knudsen numbers (Kno > 0.02). The fRe
variation with rarefaction for 10, 20 and 30 mm microchannel
length is plotted in Fig. 5b. The Poiseuille number decreases with
decreasing length.

The fRe value is also compared against that for a straight micro-
channel based on the inlet geometry with incompressible flow. The
fRe value is estimated using correlation proposed by Morini [3] for
uniform microchannel (Eq. (7)) using aspect ratio at the inlet sec-
tion of the microchannel.

f f Re ¼ 24� 42:267cþ 64:272c2 � 118:42c3 þ 242:12c4

� 178:79c5 ð0 < c < 0:707Þ ð7Þ

Here ff = Fanning friction factor, Re = Reynolds number, c = aspect
ratio (ratio of microchannel depth to width (average of top and bot-
tom width) at a specified location). The theoretical fRe value
(fRe = 95, here f = 4ff) is represented by a single line in Fig. 4 due
to approximately uniform aspect ratio (maximum deviation 3%) of
inlet section for all the cases. The experimental fRe value (fRe �
100) for 4�, 8� and 12� channels is in agreement with the theoretical
fRe value (Fig. 4).

The fRe for nitrogen gas flow in the near continuum regime
(Knm = 0.004–0.015) is compared with the water flow through
diverging microchannel [19]. This comparison is shown in Fig. 6
for flow through 4�, 8� and 12� diverging microchannel. The 16�
microchannel is not considered due to flow separation in case of
water flow. A maximum deviation of 10% is observed in the fRe var-
iation of water flow with reference to nitrogen flow. This deviation
can be attributed to the measurement uncertainty (mass flow
metering device and pressure gauges are different for the two flu-
ids) and the fact that Knudsen number for water flow is of lower
value than that of the nitrogen flow. The comparison serves to
enhance confidence in the presented results.
4. Numerical methodology

The experimental analysis presented in the previous section
explores the flow behavior on the basis of the overall pressure drop
measurement for different mass flow rates. The numerical method-
ology is employed for obtaining local variation in flow parameters,
as discussed in this section. The numerical results are validated on
the basis of experimental measurements.
4.1. Navier–Stokes based simulations

A commercial CFD solver (Fluent [33], Version 6.3.26) is used for
obtaining the numerical results. We apply first-order Maxwell’s
slip boundary condition (Eq. (8)) while solving the Navier–Stokes
equations.
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ug � uw ¼ �C1 � k �
@u
@y

� �
wall

ð8Þ

C1 ¼
2� r

r
ð9Þ

Here ug = gas velocity (m/s), uw = velocity of wall (m/s), C1 = slip
coefficient, k = mean free path of molecules (m), @u/@y = velocity
gradient, r = tangential momentum accommodation coefficient.
Earlier studies [5,13,34–36] suggest that the solution of Navier–
Stokes equation using first order slip boundary condition can pre-
dict the solution in the early part of the slip flow regime. Hence, first
order slip boundary condition has been applied in the current work.
The governing equations are discretized using the finite volume
methodology. The ideal gas law is applied for density variation.
The ‘‘Low-Pressure Boundary Slip’’ module is invoked for the slip
boundary condition with ‘‘Pressure Based’’ solver and SIMPLE algo-
rithm for pressure–velocity coupling. The value of tangential
momentum accommodation coefficient (TMAC) is employed on
the basis of investigation reported by Agrawal and Prabhu [37]. A
value of 0.926 is recommended by them (on the basis of experimen-
tal data of several researchers) for commonly employed surfaces
and most gases over a large Kn range; therefore, TMAC value of
0.926 is employed in this work. The other boundary conditions
are mass flow rate (at inlet) and pressure boundary condition (at
outlet).

The three-dimensional computational domain of diverging
microchannel (Fig. 1b) is discretized with quadrilateral face ele-
ments and hexahedral volume elements. A grid independence test
is conducted and the results are tabulated in Table 6. Grid size of
100,000 hexahedral elements is employed in all simulations on
the basis of this test. The residue of 10�11 is set as convergence cri-
teria due to relatively small mass flow rate involved.
The numerical simulation based overall pressure drop is com-
pared with the experimental value and DSMC results (explained
in the next section) for various mass flow rates. The comparison
is performed over a wide range of flow rates (Fig. 7a; note log scale)
and two different divergence angle microchannels. A maximum
deviation of 10% and 7% is observed in the pressure drop with
respect to the experimental values and the DSMC results respec-
tively. The deviation can be attributed to the combined uncertainty
in (i) characterization of the microchannel dimensions (Table 2),
(ii) experimental measurements (Table 1) and (iii) numerical solu-
tion (Table 6). The comparison serves to validate the numerical
results.
4.2. Direct Simulation Monte Carlo based calculation

The numerical solution of Navier–Stokes equations with slip
boundary condition is compared with direct simulation Monte Car-
lo (DSMC) results for 4� diverging microchannel in Fig. 7b. The
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DSMC code has been executed under the framework of OpenFOAM
[38]. OpenFOAM is an open-source C++ computational fluid
dynamics toolbox. The computational domain is meshed using
structured uniform grids with about 90,000 cells and 1,000,000
DSMC simulator particles are used to conduct the simulations. In
the present study, the Variable Hard Sphere (VHS) collision model
and Larsen-Borgnakke internal energy redistribution model [39]
have been used to perform inter-molecular collisions. A compre-
hensive study about DSMC solver is reported elsewhere [40–42].
The solution procedure is done in parallel on four processors. The
nitrogen gas flow is simulated according to experimental data in
which the surface and inlet gas temperature are set to 300 K. The
outlet pressure is set to 435 Pa and the inlet to outlet pressure ratio
is about 12.35. The Knudsen numbers at the inlet and outlet are
0.01 and 0.1, respectively. The equality of the mass flow rate at
inlet and outlet is considered as the convergence criteria. A maxi-
mum deviation of 7% is observed in pressure variation obtained
from the Navier–Stokes solution and measured pressure drop with
reference to the DSMC results. This comparison validates the
numerical results obtained from Navier–Stokes equations with
first order slip boundary condition in the slip regime.
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Fig. 8. Effect of diverging angle on (a) static pressure variation (N–S solution) and
(b) temperature variation (N–S solution) along the channel axis (mean hydraulic
diameter Dh = 147 lm, microchannel length L = 20 mm, h = full divergence angle,
Rei = Reynolds number at channel inlet, Kno = Knudsen number at channel outlet,
P = local static pressure, Po = static pressure at channel outlet, X = axial distance
from channel inlet).
5. Numerical results

The local behavior of rarefied gas flow through diverging micro-
channel is analyzed in this section. The numerical solution of
Navier–Stokes equations with first order slip boundary condition
is obtained for four diverging microchannels. The static pressure
and temperature variation, velocity distribution, wall shear stress
and force balance is presented in this section.

5.1. Static pressure and temperature variation

The non-dimensional static pressure variation along the micro-
channel axis is plotted in Fig. 8a for four divergence angles (4�, 8�,
12�, 16�) with outlet Knudsen number of 0.1. The figure indicates
that nonlinearity in static pressure variation increases with an
increase in the divergence angle. The nonlinearity is indicated for
X/L < 0.4 while linear pressure variation is evident for 0.4 < X/
L < 0.8 from Fig. 8a (where X is the axial distance from the micro-
channel inlet and L is the length of the microchannel). The figure
indicates that the effect of divergence is limited to X/L < 0.4, as ana-
lyzed further in Section 6. Notice that the overall pressure drop
decreases as the divergence angle increases from 4� to 12�;
whereas it is marginally larger for 16� microchannel as compared
to 12� microchannel, in agreement with the experimental result
(Fig. 2a).

The temperature variation along the flow direction for
Kno = 0.10 is plotted in Fig. 8b, for 4� and 16� microchannels. The
figure indicates that the maximum variation in temperature is
0.5 K even when the pressure ratio across the microchannel is
more than 11; which is comparable with the temperature mea-
surements for the same case shown in Table 5. This reinforces that
gas flow through a diverging microchannel is nearly isothermal, at
least for the parameter range investigated herein.

5.2. Velocity distribution and wall shear stress

The axial velocity (non-dimensionalized with sonic speed and
the lateral distance with the microchannel depth) variation along
the microchannel axis is plotted in Fig. 9 for four divergence angles
(4�, 8�, 12�, 16�), with the outlet Knudsen number of 0.1. A
nonlinear central velocity variation is noted from the figure. Notice
deceleration of the flow for X/L < 0.4. The central velocity remains
approximately constant for 0.4 < X/L < 0.8; while the flow acceler-
ates for X/L > 0.8. In contrast, Duryodhan et al. [19] noted a con-
stant central velocity for X/L > 0.4 with incompressible flow.
Notice from the figure that the rate of deceleration increases with
an increase in the divergence angle; whereas the rate of accelera-
tion is higher in the smaller divergence angle microchannel. The
larger deceleration indicates more pressure recovery whereas
larger acceleration indicates more pressure loss. Therefore static
pressure drop decreases with an increase in the divergence angle.
The effect of divergence angle on deceleration and acceleration of
rarefied gas flow is discussed further in Section 6.

The axial velocity distribution along the central planes of the
microchannel is shown in Fig. 10a for 4� and in Fig. 11a for 16�
angle microchannels. The depth of the microchannel is constant
whereas the width varies, because of which the y/H values for dif-
ferent profiles are different. Note that y = 0 corresponds to the cen-
terline. The velocity profile is relatively flat for X/L > 0.20 in case of
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4� microchannel, whereas in case of 16� microchannel it appears
relatively flat for X/L > 0.05. This shows a transition in flow behav-
ior from micro-duct to microchannel due to an increase in the local
aspect ratio [4] at these locations. The flow deceleration stops
approximately at X/L = 0.4, further downstream up to X/L = 0.8 flow
resumes a uniform velocity for both the cases. It can be correlated
to the nonlinearity in local pressure variation for X/L < 0.4 and a
linear pressure variation further downstream up to X/L = 0.8 as
noted in Section 5.1.

The axial velocity distribution along the central XZ plane of the
diverging microchannel is shown in Fig. 10b for 4� and in Fig. 11b
for 16� angle cases (z = 0 corresponds to the bottom wall of the
microchannel). The velocity profile is similar to parabolic velocity
profile at the channel inlet and further downstream the central
velocity is uniform for 0.4 < X/L < 0.8. The velocity contour along
central XY, XZ and YZ plane are shown in Fig. 10c and d for 4�
microchannel (Fig. 11c and d for 16� microchannel).

The absence of flow reversal can be noted from Fig. 11 in case of
16� microchannel. In contrast, White [43] reported flow reversal
for incompressible flow through 15� micro-diffuser and Duryodhan
et al. [19] noted flow reversal for incompressible flow through 16�
diverging microchannel. The acceleration of the flow due to reduc-
tion in density or pressure, which partly counters the deceleration
due to increase in cross-sectional area, causes this delay in flow
separation. The slip velocity is shown in Fig. 12a for 4� and 16�
angle cases. The maximum slip velocity is noted at the microchan-
nel inlet due to maximum velocity gradient at the wall of the
microchannel inlet section. The slip velocity follows the centerline
velocity distribution qualitatively. Fig. 12a indicates larger slip
velocity in 4� microchannel than 16� microchannel owing to larger
velocity as compared to 16� microchannel.

The wall shear stress along the central plane of side and top/
bottom wall of the microchannel is shown in Fig. 12b for 4� and
16� diverging angle. The top/bottom wall shear stress for 4� micro-
channel decreases nonlinearly for X/L < 0.4, becomes constant for
0.4 < X/L < 0.8, and increases nonlinearly further downstream. In
case of 16� microchannel, top/bottom wall shear stress decreases
from the inlet to the outlet of the microchannel. The side wall shear
stress for 4� and 16� channels drops with nonlinear variation up to
X/L = 0.2 and becomes constant further downstream. Fig. 12b indi-
cates a larger wall shear stress for 4� microchannel due larger
velocity as compared to 16� microchannel.

5.3. Force balance

As noted earlier in Section 3.1, the pressure drop between inlet
and outlet of the microchannel is dominated by viscous effect. In
order to understand this behavior, it is important to understand
the variation of forces acting on a fluid element in the microchan-
nel, and the relative contribution of the various forces. A force
balance for a finite size control volume (see Fig. 1c) is therefore
undertaken. From (Pressure force = Inertia force + Shear force) we
obtain:

dðpAÞ ¼ qu2dAþ swdAs ð10Þ

where q = density, kg/m3; u = axial velocity, m/s; p = static pressure,
Pa; A = cross sectional area (m2); sw = shear stress at the wall (N/
m2) and As = surface area (m2). The force balance for 12� diverging
microchannel is plotted in Fig. 13. The gas flow enters the diverging
microchannel from the inlet reservoir through a relatively small
trapezoidal cross section (area ratio � 30). The sudden contraction
causes substantial flow acceleration from just upstream of the
microchannel inlet (not shown); thereby flow reaches maximum
velocity at the microchannel inlet. Therefore, both inertia and vis-
cous forces are maximum at the microchannel inlet (Fig. 13); lead-
ing to large pressure force. The pressure force, inertia force and
shear force decreases non-linearly up to X/L = 0.4; further down-
stream, the inertial force becomes approximately zero, and the
pressure force is balanced by the viscous force. The figure indicates
that the magnitude of viscous force is larger than the inertia force
throughout the microchannel; which is in line with the observation
noted earlier from the pressure drop measurement (Fig. 2b). There-
fore, it is concluded that the viscous force has a greater contribution
than the inertia force in the overall pressure drop for low Mach
number rarefied gas flow through diverging microchannel.

6. Discussion

The concept of equivalent hydraulic diameter is presented in
this section. The effect of divergence on static pressure, velocity,
wall shear stress and force balance is also discussed. The absence
of flow reversal in 16� channel is further analyzed, and correlation
for non-dimensional pressure drop for diverging microchannel is
proposed.

6.1. Equivalent hydraulic diameter

The definition of characteristic dimension in the case of varying
cross-section micro channel is somewhat ambiguous. The hydrau-
lic diameter can be considered at the inlet, middle or outlet as the
characteristic length. Generally the hydraulic diameter is calcu-
lated on the basis of the midpoint location for the purpose of
non-dimensionalization. However, these estimations do not repre-
sent the correct characteristic scale for diverging microchannels
[19]. The mean integral value of hydraulic diameter calculated
along the profile is somewhat a better estimate.

Here we introduce the concept of equivalent hydraulic diame-
ter, similar to that given by Duryodhan et al. [19]. The equivalent
hydraulic diameter is defined as the hydraulic diameter of a non-
uniform cross section having the same Poiseuille number (fRe) as
that of a uniform cross section (see Fig. 14a). The equivalent
hydraulic diameter facilitates calculation of parameters like fRe
for the diverging microchannel using the conventional correlation
of uniform microchannel. The algorithm for obtaining the location
of equivalent hydraulic diameter is illustrated in Fig. 14b. The
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equivalent hydraulic diameter can be noted as we obtain the
location from the algorithm.

The algorithm from Fig. 14b is applied for the entire experimen-
tal dataset. The location of equivalent hydraulic diameter for the
present work (Kno = 0.004–0.10) lies between L/3 and L/12.5
(where L is the microchannel length), from the inlet of diverging
microchannel. (For comparison, the equivalent hydraulic diameter
lies at L/3 in the continuum case [19]). This result indicates that
although the location of the equivalent hydraulic diameter is inde-
pendent of the divergence angle, microchannel length, and mass
flow rate (reinforcing the observation of Duryodhan et al. [19]);
it depends on the amount of rarefaction. The equivalent hydraulic
diameter approaches the inlet of the diverging microchannel as the
Knudsen number increases. Thus, the hydraulic diameter at the
smaller section can be considered as the characteristic length for
highly rarefied (Kno > 0.10) gas flow through diverging
microchannels.

The concept of equivalent hydraulic diameter has been further
confirmed through numerical simulations. Four diverging angle
(4�, 8�, 12� and 16�) microchannels are designed in such a way that
the equivalent hydraulic diameter (at 1/12.5 of microchannel
length from inlet section) is the same (Dh = 140 lm) for all the
microchannels. The numerical solution obtained for these cases is
compared with uniform cross section microchannel of the same
hydraulic diameter (Dh = 140 lm) and flow condition as that of
the diverging microchannels. The same pressure drop (maximum
7% deviation with reference to uniform cross section microchan-
nel) is obtained for all the cases (Table 7), owing to constant
hydraulic diameter. These results suggest that the conventional
correlation for uniform microchannel can be applicable to diverg-
ing microchannel using equivalent hydraulic diameter concept.
This result should be helpful in designing micro-diffusers and
micro-pumps. The dependence of the location on the Knudsen
number however makes this result less attractive than the contin-
uum case (where it was independent of all governing parameters).
6.2. Effect of divergence on flow behavior

The effect of divergence on rarefaction is shown in Fig. 15a. In
the case of a straight tube rarefaction is a function of pressure var-
iation along the length (or mean free path of molecules) due to uni-
form cross section. However in the case of varying cross section
microchannel rarefaction is a function of the hydraulic diameter
variation and the pressure variation along the length. Fig. 15a indi-
cates that Knudsen number increases with an increase in diverging
angle and increase in hydraulic diameter. The Knudsen number is
an inverse function of product of static pressure and hydraulic
diameter at a cross section (Eq. (6)) of the diverging microchannel.
The effect of divergence can be noted from Fig. 15a that the Kn is
approximately constant up to X/L = 0.4 owing to relatively constant
product of pressure and hydraulic diameter. It can be accounted to
the balancing of decrease in pressure with increase in hydraulic
diameter up to X/L = 0.4. The hydraulic diameter is constant for
X/L > 0.8 (Fig. 15a). The Kn indicates larger gradient for X/L = 0.8.
The rarefied gas flow through diverging microchannel passes
through three different flow behaviors, as depicted in Fig. 15b.
The diverging microchannel can be divided approximately in three
different zones to understand the physical aspects of the flow
behavior as follows:



Fig. 14. (a) Concept of equivalent hydraulic diameter for diverging microchannel
(WS = top smaller width, WL = top larger width, L = microchannel length, Weq =
equivalent top width, Leq = length from inlet to equivalent top width location) and
(b) Algorithm for obtaining location of equivalent hydraulic diameter.

Table 7
Static pressure drop for constant equivalent hydraulic diameter.

Microchannel geometry
(trapezoidal cross section,
Dh = 140 lm, L = 20 mm)

Static
pressure
drop (Pa)

% deviation with
reference to uniform
cross section

4� diverging 4011 6.96
8� diverging 3987 6.32
12� diverging 3963 5.68
16� diverging 3944 5.17
Uniform cross section 3750 –

Equivalent hydraulic diameter (Dh) for all the microchannels is maintained at 1/12.5
of microchannel length from inlet section. The mass flow rate 1.87 � 10�8 kg/s and
Kno = 0.10 for all the four cases.
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(i) Zone I (X/L < 0.4), Nonlinear static pressure variation with flow
deceleration – The nonlinear pressure variation is attributed
to two opposing effects: gas expansion, which increases with
an increase in the divergence angle; and flow deceleration,
due to increase in cross-sectional area (Figs. 9 and 13). The
rate of deceleration is a function of gas expansion driven
by the diverging cross section. The maximum pressure drop
(approximately 70% of the overall pressure drop) occurs in
this region (Fig. 8a) of the diverging microchannel due to lar-
ger shear stresses.

(ii) Zone II (0.4 < X/L < 0.8), Linear pressure variation with constant
velocity – It is similar to incompressible flow behavior owing
to balancing of viscous force by pressure force (Fig. 13). In
this region, wall shear stress is nearly constant due to
constant velocity. The rate of increase in velocity due to
expansion is almost exactly balanced by a decrease in veloc-
ity brought about by an increase in cross-sectional area.
(iii) Zone III (X/L > 0.8), Nonlinear static pressure variation with
flow acceleration – The existence of this zone can be noted
clearly in case of 4� microchannel for centerline velocity var-
iation (Fig. 9) and wall shear stress variation (Fig. 12b). The
flow acceleration in zone III can be attributed to the sudden
expansion downstream (channel outlet to reservoir) with
expansion ratio of 4.3 for 4�, 1.3 for 16� channel. The sudden
increase in cross section initiates gas expansion upstream
away from the junction and continues with nonlinear pres-
sure variation up to the junction [28]. The marginal flow
acceleration can be noted in these cases (Fig. 9) due to lower
sudden expansion ratio for 8�, 12� and 16� microchannels.

The existence of three different zones with microscale/rarefied
gas flow suggests that the slip flow through diverging microchan-
nel is significantly different than its continuum counterpart.

6.3. Absence of flow reversal

The absence of flow separation is noted on the basis of velocity
distribution (Fig. 11) in the case of rarefied gas flow through 16�
diverging channel; which is unlike liquid flow at conventional scale
[43] and microscale [19]. This difference in liquid and gas flows
through diverging microchannel can be attributed to the effect of
slip/no slip at the wall and the magnitudes of kinetic energy and
momentum diffusivity.

The kinetic energy of slip flow is negligible as compared to
the driving pressure energy of the flow [28,30]. Therefore, any
change in the kinetic energy due to a sudden change in the
cross-section cannot influence the pressure gradient; and the
flow separation is arrested. Hence, flow separation is absent in
the present case of slip flow; whereas in case of liquid flow, Dur-
yodhan et al. [19] observed flow separation downstream of the
microchannel inlet.

Further, in the case of rarefied gas flow, the momentum dif-
fusivity increases to a very large extent due to rarefaction as
compared to continuum flow [28]. The larger momentum diffu-
sivity causes the gas molecules to closely follow the surface
just downstream of the microchannel inlet, unlike incompress-
ible flow. These effects along with a larger slip downstream of
the microchannel inlet (Fig. 12b) suppresses the flow separa-
tion altogether in case of slip flow through diverging
microchannel.

6.4. Non-dimensional pressure drop and friction constant variation

The pressure drop for diverging microchannel can be non-
dimensionalized with dynamic pressure at the microchannel inlet
as follows:

K ¼ DP
1
2 qiU

2
i

ð11Þ

where DP = pressure drop, Pa; qi = density of gas at channel inlet,
kg/m3; Ui = average velocity at channel inlet, m/s. The non-dimen-
sional pressure drop K is plotted in Fig. 16. The following correla-
tions are proposed for K on the basis of experimental data points
for 4�, 8�, 12� and 16� diverging microchannels.

K ¼ 358ð1þ KnoÞ
ðtan hÞ0:50Re0:75

i

ð4� 6 h 6 16�;0:004 < Kno < 0:02;128 < Rei < 1280Þ ð12Þ

K ¼ 708ð1þ KnoÞ
tan hð Þ0:66Re0:94

i

ð4� 6 h 6 16�;0:02 < Kno < 0:10;6:3 < Rei < 128Þ ð13Þ



Fig. 15. (a) Effect of divergence on rarefaction (N–S solution) and (b) schematic
diagram of low Mach number slip flow behavior through diverging microchannel.
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Fig. 17. Variation in experimental fRe with Kno for diverging microchannel (mean
hydraulic diameter Dh = 147 lm, length L = 20 mm, h = full diverging angle, Rey-
nolds number at channel inlet Rei = 6.3–1280, Knudsen number at channel outlet
Kno = 0.004–0.10, Mach number at inlet Mi = 0.04–0.45).
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Eq. (12) fits the experimental data points within ±13% range with a
RMS error of 3.6% whereas Eq. (13) fits the experimental data points
within ±15% range with a RMS error of 1.5%. The limited measure-
ment resolution may be the reason for the relatively large error.

Fig. 16 shows the variation in K(Rei)0.94 with Kno. The correlation
for Kno > 0.02 (Eq. (13)) indicates that the non-dimensional pres-
sure drop increases with an increase in the divergence angle,
whereas it is independent of Kn for larger Knudsen number. The
correlation for Kno < 0.02 indicates that the pressure drop increases
with decrease in Knudsen number. This result is in line with the
variation in fRe (Fig. 4), noted earlier in Section 3.2.

An empirical correlation of experimental data for fRe is pro-
posed in Eq. (14) for 4�, 8�, 12� and 16� diverging microchannels.

fReðKno; hÞ ¼
C1ðhÞ

1þ C2ðhÞe�C3ðhÞKno
ð4� 6 h 6 16�;0:004 < Kno

< 0:10;6:3 < Rei < 1280Þ ð14Þ

where C1, C2 and C3 in Eq. (14) are introduced as following (h in Eq.
(12) is in degrees).
C1ðhÞ ¼
94:86� 5:36h

1� 0:07hþ 0:00066h2 ð15Þ

C2ðhÞ ¼ 0:002� 0:346hþ 0:045h2 � 0:0018h3 ð16Þ
C3ðhÞ ¼ 235:78� 6:85h ð17Þ

Fig. 17 shows the variation in fRe with Kno. The estimated values
from Eq. (14) recover the values obtained using correlation
proposed by Morini [3] for uniform microchannel (Eq. (7)).
6.5. Non-dimensional mass flow rate variation

The mass flow rate for diverging microchannel is non-dimen-
sionalized with non-dimensionalization proposed by Shen et al.
[44] for microchannels as follows:



Fig. 18. Variation in experimental MN with Kno for diverging microchannel (mean
hydraulic diameter Dh = 147 lm, length L = 20 mm, h = full diverging angle, Rey-
nolds number at channel inlet Rei = 6.3–1280, Knudsen number at channel outlet
Kno = 0.004–0.10, Mach number at inlet Mi = 0.04–0.45).
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MN ¼
_Mexp

1
2 ðqi þ qoÞAovm

ð18Þ

where _Mexp = measured mass flow rate (kg/s), qi, qo = density at
channel inlet and outlet, respectively, (kg/m3), Ao = cross-sectional
area at the channel outlet (m2), and mm ¼

ffiffiffiffiffiffiffiffiffi
2RT
p

is the most probable
molecular speed (m/s). The non-dimensional mass flow rate MN is
plotted in Fig. 18. The following correlation is proposed for MN on
the basis of experimental data points for 4�, 8�, 12� and 16� diverg-
ing microchannels.

MN¼
0:00018h�0:625

Kno
ð4�6 h616�;0:04<Kno <0:10;6:3

<Rei <1280Þ ð19Þ

where h is in radians. The nonlinear MN curve fit relation is obtained
with an r2 value of 99% using experimental data sets. Eq. (19) fits
the experimental data points within ±12% range with a RMS error
of 0.05%. The variation in correlation for MN with Kno is plotted in
Fig. 18. The correlation for MN (Eq. (19)) indicates that the non-
dimensional mass flow rate decreases with an increase in the diver-
gence angle and the Knudsen number.

7. Conclusions

Experiments are performed for nitrogen flowing through differ-
ent diverging microchannels of divergence angle (4�, 8�, 12� and
16�), hydraulic diameter (118, 147 and 177 lm) and length (10,
20 and 30 mm) in the continuum and slip flow regimes
(0.0005 < Kn < 0.10; 0.4 < Re < 1280). The static pressure drop is
measured between the inlet and outlet ports of the microchannels
and analyzed in detail. The local flow behavior is investigated on
the basis of numerical analysis of local static pressure variation,
velocity distribution, wall shear stress and force balance. Both
Navier–Stokes based calculations and Direct Simulation Monte
Carlo techniques have been employed for conducting the numeri-
cal simulations.

The proportion of viscous pressure drop with reference to total
pressure drop indicates that the viscous force dominates for low
Mach number slip flow through a diverging microchannel. The
velocity distribution shows absence of flow reversal in the diverg-
ing microchannel owing to slip at the wall, larger viscous diffusion,
and lower kinetic energy in diverging microchannel. The numerical
results indicate three distinct zones with different flow behavior in
a diverging microchannel. Zone I indicates rapid flow deceleration
and decrease in wall shear stress due to gas expansion owing to
diverging geometry. It indicates maximum pressure drop with ref-
erence to the overall pressure drop due to relatively large inertia
and shear stresses. Further downstream, uniform centerline veloc-
ity and uniform wall shear stress are noted in zone II due to balanc-
ing of pressure force with shear force. Zone III exhibits flow
acceleration with increase in wall shear stress due to sudden
expansion downstream of the channel. The overall pressure drop
decreases with an increase in divergence angle due to larger pres-
sure recovery (as a result of larger rate of deceleration) in larger
divergence angle microchannel.

The concept of equivalent hydraulic diameter is proposed; the
equivalent hydraulic diameter is calculated for the entire experi-
mental dataset. The calculation of equivalent hydraulic diameter
indicates that location of the characteristic length for diverging
microchannel approaches the microchannel inlet section with
increasing rarefaction. Empirical relations for the mass flow rate
and Poiseuille number are suggested. The former shows that mass
flow in divergent channels depends inversely on Kn number within
the slip regime. The later relation is a universal one which recovers
the well-known correlation for the limiting case of a straight
microchannel at h = 0�.

These experimental and numerical findings on low Mach num-
ber slip flow through diverging microchannels are considerably
different from its continuum counterpart. It should prove a valu-
able contribution in the literature on the studies of rarefied gas
flow through diverging microchannels and should help to improve
our understanding of gas flow through complex microchannels.
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