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Characterizations of the Pareto distribution
in the presence of outliers

U. J. Dixit !
Department of Statistics, University of Mumbai, Mumbai-India
M. Jabbari Nooghabi 2
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Abstract

Here we have given some characterizations for the Pareto distribution in the
presence of outliers. It is proved that a necessary and sufficient condition for f(z)
to be a Pareto density function in the presence of outliers is that the statistics X,

X : .
and % (1 <r < s <n) are independent. Further, we have derived some another
characterizations of the Pareto distribution in the presence of outliers.
Key Words: Pareto distribution, Power distribution, Characterization, Order statistics,

Outliers.

1 Introduction

Ahsanullah and Kabir [2] proved that necessary and sufficient condition for f(x) to be
a Pareto distribution is that the statistics X, and % (1 <r < s <mn) are independent.
Dallas [3] proved that for a cumulative distribution function (CDF) G(y) (y > p), if
EY"Y >¢)=E (%)T holds then Y has a Pareto distribution.
In this paper, we assume that the random variables (X7, Xs, ..., X,,) are such that k of
them are distributed with probability density function (pdf)

ea
fz(:c;a,ﬁ,e):a;iz , 0<pi<z, a>0, >1,60>0, (1)

and remaining (n — k) random variables are distributed as

af”
fl(x;a,ﬁ):ﬁ, 0<f<z, a>0. (2)

One should note that two sets of the observation (i.e. k and n — k) are independent.
But X7, Xs, ..., X, are not independent because of the model of outliers (for more details
see [5, 7, 8]). Also, we may note that our assumptions are based of Dixit’s model for
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the outliers problem and it is totaly different than the mixture models which considers
X1, Xo, ..., X, are independent.

Here, we have extended the approaches of Ahsanullah and Kabir [2] and Dallas [3] for
the homogenous case of the Pareto distribution and derived some characterizations of the
Pareto distribution in the presence of outliers.

2 Prerequisite Results

Assume that X ) < X9y < ... < X(3) be the order statistics of a random sample of size
n such that k£ out of n are coming from pdf f, (or CDF F;) and the remaining (n — k)
follow the pdf f; (or CDF F}). The CDF and pdf of r** (1 < r < n) order statistic are

Hy, (@) =3 3 Clh DBV - Fa@)] 900 — ki - R @)L - B+,

i=r j=ms

where ms = maz(0,i —n + k) and mg = min(k, i) and

hxe, (@) = ko) Y {CU = L)@ - B@ O — b —1- )

Jj=mi

< (R  — R@P Y (- B fue) S Ok )@

j=ms

x 1= B@0m—k—1r -1 - )R@] 71 - B@)P), (1)

where m; = max(0,k +r —n — 1), mg = min(k — 1,7 — 1), mg = max(0,k + r — n),
my = min(k,r — 1), respectively (for more details see [4, 5, 6, 8]).
Further, the joint CDF and pdf of (X, X(5)) (1 <r <s<n)are

n J wio tio

(3)

Hx o xi(0,y) = ZZ > D AC(k,m)C(k —m, D[Fa(x)]" [Fa(y) — Fa(x)]'[1 = Fa(y)]* "

J=s i=r m=wg [=tg

X X

[1— Fy(y)]" 7+,

where wyg = maz(0,i — n + k), wig = min(k,i), to = max(0,j —n+k —m) and ¢ty =
min(k —m,j — i) and

hxy,xo(@y) = k(k— 1) fale f z{c 2. )0~k —1— ) [Fya)p
x [F1<x>r—1—fo<@ ~2- )0~ k—r 4+ L — s~ )1 - By(y)]
% (L= R [Faly) — Fae) T 2[Fy(y) — Fy ()]s 41
+ (n—kn—-—Lk—-1fi(x iZ{C’n— k—2,7)C(k,r—1—7)

Jj=w3 1=t3

Cn — ki —m)C(n—k —i+m,j —i=DIF@))F) - AP

()



[ () [Fa(2)] " 7Cn — k=2 = 5,0)C(k —r+j+1,n—s—9)l - Fi(y)

1= B () — F@)" ™ (F(y) - R )

we te

+ k(n—k)fi(x)fa(y) Z Z{C’(n —k—=1,7)C(k—1,r—1-})

Jj=ws i=t5

[F(2) [Fa(2)] 7 Cn =k —j = 1L,)C(k —r+j,n—s =)l - Fi(y)]'

1= B Fly) = B@)" T B (y) = Fye)] Ty

+ k(n =k f@)fily) D > ACKk-1)Ch—k-1,r—1-j)

Jj=wy i=t7

[Fo(@) [Fi(2)] 7 C(k =5 = L))Cn =k —r+jn—s —i)[1 - B(y)]

(1= F(y)]" 7 [Fa(y) — Fa(x)]" "7 Fi(y) — Fy ()],

where wy = max(0,r —n+k—1), wy =min(k —2,r — 1), t; = mazx(0,k —s+r—j—1)
and to = min(k —j — 2,n — s), wg = max(0,r —k — 1), wy = min(n — k — 2,r — 1),
ts =mazr(0,n—s—k+r—j—1)and ty = min(n—k —j—2,n—s), ws = max(0,r — k),
we = min(n—k—1,7r—1), ts = max(0,n—s—k+r—j—1),t¢ = min(n—k—j—1,n—s),
wy = mazx(0,r —n + k), wsg = min(k — 1L,r — 1), t; = max(0,k —s+r —j — 1),
ts = min(k — j — 1,n — s), respectively.

One should note that if k£ = 1 the joint pdf of (X, X(s)) is given in Sinha [10]. Also, if
we put f; = fo and F; = F5 then all pdfs and CDFs are reduced to homogeneous cases.
The following equations are named as Pexider’s equations.

f(zy) = g(x) + h(y), (7)
and
f(xy) = g(x)h(y). (8)

For solving these equations, the following Theorem has taken from Aczel [1] (Theorem 4.
in p. 144) and Kuczma [9] (Theorem 13.3.4. in p. 358).

Theorem 2.1. The general solutions, with f continuous in a point of (7) and (8),
respectively, both supposed for positive x and y, are

f(t) = cln(apt), g(t) =cln(at), h(t) =cln(pft), (>0, 3>0, t>0), 9)
and
f(t) =abt®, g(t)=at®, h(t)=05bt° (t>0), (10)
respectively, supplemented with the following trivial solutions in case of (8).

f(t) =0, f(t) =0,
{ g(t) =0, and { g(t) arbitrary, (11)
h(t) arbitrary, h(t) = 0.
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3 Characterization of the Pareto distribution in the
presence of outliers

Theorem 3.1. Let X be a random variable having an absolutely continuous CDF F(z).
A necessary and sufficient condition that X follows the Pareto distribution in the presence
of outliers as given by (1) and (2) is that for some r and s (1 < r < s < n) the statistics

X(s :
X and ﬁ are independent.
Proof. Necessity:

From (6) we can get the joint pdf of X,y and X(,. Substituting U = X,y and V' = ié ;

in (6), we can obtain the joint pdf of U and V' as
hyy(u,v) =u hx.,x. (U, uv).
Then after some simplification (replace hyy (u,v) with h(u,v))

h(u, U) — a29a(n—r+1)5akz a(s—n—l)—l[l . U—G}S—r—l

« yer-n-D-1 { k1) fZAﬁaj[ _(ﬂj)]

agr—1—j
0
()
J=w1 1=t1 u

|
e 8 S - () (2]

> - (O - (@)
oo £ Saee ()T -] w

where

Ay =Ck—-2,5)Cn—k,r—1—5)C(k—-2—j,0)C(n—k—r+j+1,n—s—1),
Ay =Cn—k—=2,7)Clk,r—1—4)Cn—k—-2—4,i)C(k—r+j+1,n—s—1),

A3 =Cln—k—-1,7)Clk—1,r—=1—3j)Cn—k—j5—1,9)C(k—r+jn—s—1i),

Ay =Ck-1,))Cn—k—-1r—1—5)Ck—-j—1,9)Cn—k—r+jn—s—1i).
Therefore, it establishes the independence of U and V.

Sufficiency:
Here we assume that U and V' are independent. The joint pdf of U and V is

hu,v) = k(k—1Dufo(u)fo(uv) i Z{Al Fy(u)P[Fy(w)] [l — Fy(uw)]’

Jj=w1 1=t1

(13)



x [1 = Fy(uw)]" " [ Fy(uv) — Fy(w))* =2 [F) (wv) — Fy(u)] 41y

+ (n=k)(n—k—Dufi(u)fi(uw) > > { AR @) [Fa(w)] 1 - Fi(uw)]

X [1 = By(un)]" [ Fy (uv) — Fy(u)]"F27 [Fy(up) — Fy(u)]srHhmtititiy

we e

+ k(= kpufi(u)fa(uo) Yo S {AMR@PF] L - Fi(w)]

[ PR ) P ) — By

b b= D) Ale) 3 3 (AR @] - R

< 1= Ao {Fa() - Rl [ - R@PT), 0

where Ay, Ay, A3 and A, are given in (13).
By using some elementary algebra we have

h(u,v) = k(k = Dufo(u) folwo) [Fy(w)]" 7L = Fy(wo)]" [P (uv) — F(w)]7 |
k ) wa to ) Fl(u) J 1 . FQ(’LLU) 7
X [Fy(uv) — Z Z{A1 [ u)] [1 — FQ(U)] [Fz Fz(u)l

J=wi1 1=t1 (U’U)

[Fl(uv)—Fl( )] [Fl(uv) Fi(u H 1—F2(u) ]}

T Fi(w) 1— Fy(u)
+ (n—k)n—Fk—Dufi(u)fi(uww)[Fe(u [1 — Fg " [Fy(uw) — Fy(u)]" 2 |
B bl e L 1(u) Fy(u) 1—F(w) |
<l =R = 2“2 ol L 2] [ F)
FQ(U’U) (u) 1— F1 J FQ( 2( ) J
Xll—&ww]lﬂmo a) | )
+ k(n = k)ufi(u) f2(uv)[F2(u)]™ [ Fy(uv)]"*[Fi(uv) = F(w)]" " |
oo+ ws o Fw] [1=FRw][ 1-FRw) ]
X [Fyfuv) = Fa ;;5 244 [F u)] [1 _Fl(u)] [Fl(uv) —Fl(u>1
Fy(uv) p(w) | | Fo(uw) 1 — Fi(u) J
X[l—&wo]ll—% ]l( F(w) !
+ k(n = k)ufa(w) fi(wo) [Fr ()] 1 = Fi(uo)]"[Fy(uv) —}F( uw)]* |
X [Fi(uw) — ok JZ; _Zi?{fh [ ;] L — Fzgu; [le(u_v)Fi(gzu)}
L [Filw) = )] [ Fi(uw) — Fw) T 1=K
ll—ﬂWO]ll—ﬂw ]hwm—aw_} (5)
Also from (4) and after some simplification, the marginal pdf of U = X, is as hy(u).
hi(u) = [1 = FB(u)* A @)1 = A )" "D, (16)
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where

m2 FQ(U)]] [1-F1(U)]J
D = kfy(u B
Polw) 2 R TR
1— Fg(u)] m4 [Fg(u)r ll - Fl(u)]j
+ —k — B :
and
B =Ck—-1,7))C(n—Fk,r—1-j),
(17)
=Ck,))Cn—k—-1,r—1—75).
Therefore from independency of U and V', we can write
h(u, v)
= 1
hQ(U> hl(u) ) ( 8)
where hy(v) is pdf of V.
Letting p = p(u,v) = 11:%1(&7’)) and g = q(u,v) = 11:%2(&1;), we obtain
) e w2 1— Fy(u)]’
- — 1Dp™ 51 — plsFrtI A U) 1
ha(v) {k(k—1)p"*[1 —p] [1— 321;1 Zzt:l 1 [ W 1= A

< g o) O

+ (n—k)(n—Fk—1) [Fz(u)] ll_Fl(u)l ) [1— p|*=2gns[1 — g]Frsr—r+L

X :Z; Zz A, lgézﬂ 1 — IZTEZ; g1 —q"™p1 —p]‘i_jfl(u)g];
¢ s [ (IR g
X jﬁ;g 22;5 As [ 1281 1 :?igzg Pl —p g1 = q}”jfl(u)gg
pms(y _ omiour o Fy(w)]’ [1= Fi(w)]’
L k(n— k)L — gL - 2152,44[ u)] [1—F2(u)]
X p—i[l _ p]i+jqi[1 . q]_i_ij(u)%}D_l. (19)

From the assumption, we know that U and V are independent. So hs(v) is independent
of u and by using the lemma in Ahsanullah and Kabir [2] p = p(u,v) = ¢1(v) and



q = q(u,v) = ga(v) (we say functions of v only) and the remaining parts should be
constant. Therefore

{ 1— Fi(w) = [1 = Fi(uw)]gi(v), 6<u, 1<v, >0, (20)

1 — Fy(uv) = [1 — Fy(u)]g2(v), B <u, 1<wv, >0, 5>1.

It is clear that these are version of Pexider’s equation. So from Theorem 2.1 we can solve
them. Since Fj(x) and Fy(z) are CDFs continuous for all z € [f,00) and x € [36, 00),
respectively. We may conclude that

1—Fi(z) =z, <z, 0>0, (21)
1 — Fy(z) = o™, B <z, 60>0, 8>1,

where ¢;, ¢o and « are constant.

After replacing these solutions in (19) and using some simplification we get
hg(v) _ waa(nferl)fl[l . Uﬁa]87T71H[CQD]71, (22)

where

H o= hi-1e SS S 4 l — ar(cl>j

i 1—cu~ Co

bl —1ﬁ§fz>%[ﬂylj(“Y4ﬁ

= ity clu—® Co
we —a]r=1-J r—2—j
Czu C1
ok ke 3 YA [ ()
s =t 1—cu—~ clu Co
1 —cou™® c\?
+ CQ Z A4 [ <> .
= 1—cu~ Co

We know that C(n,j) = 0 if j > n, then by using some elementary algebra H[c, D]~ =
(n—7r)C(n—r—1,n—s) and the right side of (22) is only depend on v and it is pdf of V.
Finally, from the property of CDF, a > 0, ¢; = 0* and ¢; = (#0)®. Thus sufficiency is
established and the proof is complete.

Theorem 3.2. Let X be a random variable with CDF F(z

x) = bFy(x )+ bF () such that
Fi(z) (x> 6) and Fy(z) (z > 6) are CDFs, where b= % b

—b f>0and g >1.If

E(X?|X > ¢) = bE, (;(90) + R, (?)a (23)

holds for some o > 0 then F'(x) is the Pareto distribution in the presence of outliers. We
assume that E(X?) < oco.
Proof. Proof is similar as given in Dallas [3]. In the process to prove the theorem,
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we should note that the solution of the differential equation c¢P’(c¢) = —yP(c) (P(c) =
1 —F(c)) is P(c) = Ac™®, where A is a constant, v = ad/(d — 1) > 0 and

5=b ; (;)a dFy(x) + E/:o ()g)a dF, (). (24)

Comparing the solution with the assumption imply that A = b(56) + b§* and the proof
is complete.

4 An actual example

Here, we have given an example of motor insurance company from Dixit and Jabbari
Nooghabi [7]. From the example, we know that the data follow the Preto distribution in
the presence of outliers. So by using Theorem 3.1, we can check the sufficiency. Assuming
r =3 and s = 12, we have x(,)=63000, and %:2.857. So, using the copula method and

independent test by package 'copula’ in R, the result is as follows:

Global Cramer-von Mises statistic: 0.03125 with p-value 0.9950495
Combined p-values from the Mobius decomposition:
0.9950495 from Fisher’s rule,
0.9950495 from Tippett’s rule.
Therefore, X,y and % are independent, because of the p-value is grater than 0.05,
as significant level of the test. So, we can conclude that the data follow the Pareto
distribution in the presence of outliers.
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