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Accurate Dynamic Modeling of Helical Ionic
Polymer-Metal Composite Actuator Based

on Intrinsic Equations
Hossein Moeinkhah, Jalil Rezaeepazhand, Alireza Akbarzadeh, and Il-Kwon Oh

Abstract—This paper presents dynamic modeling of an innova-
tive contractible ionic polymer-metal composites (IPMC) actuator
with a helical configuration. The helical shaped IPMC actuator is
fabricated through the thermal treatment of an IPMC strip, which
is helically coiled on a glass rod. This type of a soft actuator can
be used to realize not only bending motion but also torsional and
longitudinal motion. For the first time, an explicit analytical expres-
sion is developed for the computation of mode shapes and dynamic
responses of a helical IPMC actuator based on the intrinsic equa-
tions of the naturally curved and twisted beam. The numerical
transfer-matrix method is used to solve the systems of 12 linear
ordinary differential equations with boundary conditions. In par-
ticular, the effect of the structural parameters on the performance
of the helical IPMC actuator is evaluated, using experimental re-
sults and an analytical model. The validation of the proposed model
is achieved through comparison with computational results using
a commercial finite-element (FE) program as well as experimental
results. The present experimental and theoretical results show that
diameter, among the structural parameters, plays an important
role in the actuation performance of a helical IPMC actuator. The
proposed modeling is general and can also be used in solving other
cylindrical or noncylindrical helical IPMC actuators with different
cross-sectional shapes as well as various end conditions.

Index Terms—Analytical model, circuit, distributed RC line, he-
lical actuator, ionic polymer-metal composite (IPMC).

I. INTRODUCTION

R ECENTLY, the trend of new actuator applications has led
researchers to develop novel actuation materials, which

are light, compact, and driven by low power. Ionic polymer-
metal composites (IPMCs) are a new class of electro-active
polymers (EAPs) that show large bending deformation under a
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very low input voltage [1]. Because of such remarkable proper-
ties, IPMCs have a promising future for applications in different
areas such as biomimetic actuator and sensor [2]–[6], industrial
and biomedical devices [7], [8] and energy harvesters [9]–[13].
Up to now, numerous studies have been reported by many re-
searchers for the fabricating [14], [15], modeling [16]–[22],
simulation, and control [23]–[25] of the IPMC actuator that are
used in novel devices for different applications.

Helix is one of the most fascinating curves in science and
nature. Helical structures can be found in nanosprings, carbon
nanotubes, α-helices, DNA double and collagen triple helix
[26], [27]. In the field of smart materials, especially a shape
memory alloy (SMA), helices can be used to enhance the me-
chanical bandwidth and energy efficiency of the devices [28].
The SMA springs are important kind of actuators that are used
in various kinds of applications. These actuators have attracted
the attention of several authors. Han et al. [29] presented a
SMA helical actuator that can be used to enhance buckling ca-
pacity of columns. The application of the SMA helical actuator
in an active catheter medical device was demonstrated by lee
and lee [30]. Li et al. [31] explored the application of a helical
IPMC actuator as a radius control of biomedical active stents.
They showed that the diameter of the helix plays an important
role in improving the actuation performance. A helical-shaped
IPMC actuator offers several advantages. Helix could be used
for generating radial and longitudinal motion. Based on the ac-
tuation mechanism of the IPMC actuator, the helical IPMC actu-
ator transforms the bending motion into the torsional and linear
motion.

To the best of our knowledge, although experimental and nu-
merical modeling of the helical shape IPMC actuator have been
presented in the literature [31], [32], there is not any report on an-
alytical dynamic modeling of the helical IPMC actuators. The
necessity for new applications requiring a multi-DOF motion
has motivated the authors to seek an analytical and numerical
solution for helical type IPMC actuators. A detailed understand-
ing of the behavior of a helical beam under dynamic conditions
is crucial for the design of modern high-performance helical
IPMC actuators. Therefore, it is the goal of this study to de-
rive new analytical governing equations for a cylindrical helical
IPMC actuator with rectangular cross section in the presence
of the input voltage and the associated natural boundary condi-
tions. To do this, an efficient method for analysis in the Laplace
domain and differential geometry are used.

The remaining of this paper is organized as follows. In Sec-
tion II, centerline geometry of a helical beam is derived based on
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Fig. 1. Center line of the helical IPMC actuator.

the intrinsic equation of a helix. The electromechanical model
of the helical IPMC actuator is derived in Section III. To explain
the highly nonlinear dynamic responses of the helical IPMC
actuator, the specific electromechanical model is newly formu-
lated based on the naturally curved and twisted beam theory. In
Section IV, the numerical transfer-matrix method is developed
to solve the systems of 12 linear ordinary differential equations
with boundary conditions using the fourth-order Runge–Kutta
method. The effect of the structural parameters on the perfor-
mance of the helical IPMC actuator is analyzed using experi-
mental results and an analytical model. Finally, the verification
of the results using a commercial FE package is presented in
Sections V–VII. Concluding remarks are made in Section VIII.

II. GEOMETRY OF THE HELICAL IPMC

From the view point of deferential geometry, a cylindrical
helix is a geometric curve with nonzero constant curvature κ
and nonzero constant torsion τ . A helical IPMC actuator is
an IPMC beam with rectangular cross section having a helical
curve as its centerline shown in Fig. 1. If s denotes the curvilinear
coordinate along the helix centerline, the position vector of a
point on the curve can be expressed as

r = a cos βi + a sin βj + bβk (1)

where β is the helix angle, b is the step for unit angle of the
helix, and a is the radius of the helix. The Frenet tangential (t),
normal (n), and binormal (b) unit vectors associated with helix
center line are

t = r′/ ‖r′‖ , n = rt′/ ‖rt′‖ , b = t × n (2)

where superscript prime denotes the derivative with respect to
the parameter s. The following differential relations among
the unit vectors t, n, and b can be obtained based on the

Frenet–Serret formulae [33]
⎡
⎣

t
n
b

⎤
⎦
′

= N ·

⎡
⎣

t
n
b

⎤
⎦ , N =

⎛
⎝

0 κ 0
−κ 0 τ
0 −τ 0

⎞
⎠ . (3)

The infinitesimal length element of the cylindrical helix is de-
fined as

ds = cdβ, c =
√

(a2 + b2), b = a tan α (4)

where α is the pitch angle. For a helix with radius a and pitch
angle α, a movement ds results in a rotation, dscos(α)/a, about
the axis of the helix. The components of this rotation about the
tangential and binormal axes are the tortuosity τ and curvature
κ, which are, therefore, given by

τ = (sin α cos α)/a = b/c2 , κ = (cos2 α)/a = a/c2 . (5)

The relationship between the Frenet triad (t, n, b) and the
fixed reference frame (i, j, k) is

{X}T
tnb = [B]{X}T

ijk

B =

⎛
⎜⎝

−(a/c) sin θ (a/c) cos θ b/c

− cos θ − sin θ 0

(b/c) sin θ −(b/c) cos θ a/c

⎞
⎟⎠ . (6)

III. ELECTROMECHANICAL MODELING

The complete dynamic model of the actuator is comprised of
two parts, namely an electrical model and an electromechanical
model. The electrical model is related to the input voltage and
ion movement inside the IPMC actuator, while the electrome-
chanical model describes the relation between input voltage and
displacement field of the actuator.

A. Derivation of Electrical Impedance Model

As the first step in deriving the actuation model of a heli-
cal IPMC actuator, we will develop the electrical impedance
model. The more accurate models proposed thus far are physi-
cal models that consider the ion movement and electrochemical
coupling equations [34]–[37]. Both material linearity and non-
linearity are incorporated in the formulated models. Therefore,
the obtained partial differential equations are very complex and
difficult to solve. To overcome this problem, we use a distributed
RC electrical circuit with simpler equations and similar dynamic
effects.

There are many reports in the literature about IPMC model-
ing based on an equivalent electrical circuit, where the voltage
is correlated to the tip displacement by coupling electrical and
mechanical parameters [16], [19], [38]. Since the characteristic
dimension in the helical IPMC actuator is the boundary layer
thickness, which is much smaller than the typical radius of cur-
vature; we can use our pervious electrical model [16]. At the
interface between the surface electrode and membrane, we can
observe the composite layer of the metal and polymer. Thus,
the double-layer capacitors are formed on the interfaces of two
electrodes and the electrolyte. Actually these layers should be
considered as more than a simple capacitance. Bao et al. [39]
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Fig. 2. Equivalent single unit circuit with current and voltage.

showed that simulation results of the clumped RC model cannot
match the experimental data for an IPMC sample. They also
claimed that the dendrite structure of the electrode causes non-
linearities and variation in capacitor values of the IPMC model.
These effects were incorporated in the distributed model of the
IPMC.

Since the applied voltage is small, the nonlinear effects of the
complex impedances are neglecting in this study. The detailed
analysis of nonlinear phenomena associated with large applied
voltages was presented by Cha et al. [40]. The resulting linear
distributed RC model, which is valid for small voltages, can be
described by a series of similar circuits with discrete elements
as illustrated in Fig. 2. In the present electrical model, the ion
movement in the polymer membrane is modeled as double-
layer capacitors in an equivalent circuit. The energy loss in the
actuator is analogous to a resistance element in an electrical
circuit. Also the stored electrical charge within the actuator is
modeled as a capacitance element. The ionic polymer membrane
that is permeated with water acts as an electric conductor and is
modeled as a simple resistance in the electrical circuit.

In the case of helical IPMC actuator, the infinitesimal ele-
ment is elongated in curvilinear coordinate direction s as shown
in Fig. 2. Assume the electrode resistance per unit length is
Rs in the t-direction and r in the b-direction for a single unit.
The electrolyte between the electrodes introduces an internal
resistance; which is represented by Rp as a shunt resistor be-
tween two electrodes in a single unit. The ion movement in
polymer membrane can be modeled as double-layer capacitor C
in an equivalent circuit. Voltage and current are assumed to be
functions of the distance along the arc coordinate s and time t.
ic(s, t) is the distributed current per unit length flowing through
the polymer due to the ion movement, ip(s, t) represents the
leaking current per unit length, and i(s, t) is the surface current
on the electrodes. By defining z as Laplace variable and applying
Kirchhoff’s law to the infinitesimal element, ds, the following
current and voltage relations can be written in Laplace domain:

∂

∂s
v(s, z) + N(z)i(s, z) = 0

∂i(s, z)
∂s

+ M(z) (z) v(s, z) = 0 (7)

where N(z) and M(z) can be defined as

N(z)=2Rs, M(z)=[(Rp + 2r)Cs + 1]/[Rp(1 + 2rCs)].
(8)

Considering (7), one can obtain the following partial differ-
ential equation

∂2v(s, z)
∂s2 − K(z)v(s, z) = 0, K(z) = N(z)M(z). (9)

Taking into account the following boundary conditions for
voltage and current

v(0, z) = V (z), i(0, z) = I(z), i(L, z) = 0 (10)

the surface current i(s, z) is obtained as

i (s, z) = V (z)
/√

N (z)/M (z)
[
tanh

(√
K (z)L

)

× cosh
(√

K (z)s
)
− sinh

(√
K (z)s

) ]
. (11)

From the open-ended boundary condition i(L, z) = 0, the
transfer function for impedance is concluded as

Z (z) = U (z)/I (z) =
√

N (z)/M (z)
/

tanh
(√

K (z) L
)
.

(12)
The ionic charge is the total ionic current passes through the

polymer and density of charge, found by dividing the charge by
the volume in each single unit. Following the authors method
in deriving the ionic charge density [16], [19], the ionic charge
density can be expressed as

ρ (s, z) = M (z)V (z) g (s)/(zWh)

g (s) = cosh
(√

K (z) s
)
− tanh

(√
K (z) L

)

× sinh
(√

K (z) s
)

. (13)

B. Electromechanical Model of IPMC

This section focuses on the development of an analytical
model to predict the deformation of a helical IPMC actuator
subjected to an electric field. In order to obtain the dynamic
equations, the naturally curved and twisted beam theory is used.
There are several assumptions: 1) the IPMC actuator is isotropic
and deformed within its linearly elastic range, 2) the helical
IPMC is in rectangular cross section and no warping occurs
during twisting deformation, 3) the cross sections of the beam
do not deform in its own plane.

At the first step in calculating the strain components, we
need to study the displacements field. Consider the coordinate
system shown in Fig. 3. Based on the assumptions that the cross
sections of the IPMC actuator do not deform in its own plane,
and the actuator is so thin that xn << 1/κ and xb << 1/τ ,
the displacements at every point within the cross section can
be defined in terms of the displacement components ut(s, t),
un (s, t), and ub(s, t) of a point on the center line (o’) along the
local axes (t,n,b) and the position xn , xb , and rotation angle
θt(s, t), θn (s, t), and θb(s, t) of the cross section.

Therefore, the dynamic displacement of the helical IPMC
actuator is expressed in matrix form by [41]

U =

⎡
⎢⎣

1 0 0 0 xb −xn

0 1 0 −xb 0 0
0 0 1 xn 0 0

⎤
⎥⎦p =

[
I3×3 X3×3

]
p =AUp

(14)
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Fig. 3. Global and local frames and displacements.

Fig. 4. Internal and applied forces.

where p(s, t) = [u θ]T = [ut(s, t) un (s, t) ub(s, t) θt(s, t)
θn (s, t) θb(s, t)]T is the vector of the main unknown
displacements.

Consider volumetric element ds of a spatially helical beam
as shown in Fig. 4. Let Q and M be the internal force and
moment vectors, respectively. Also, let the applied force and
moment vectors per unit length along the curve are F and G,
respectively. By assuming small displacements and rotations,
Tabarrok and Xiong [42] derived the following translation and
rotational equilibrium equations:

dQ
ds

+ F = 0 ,
dM
ds

+ t × Q + G = 0. (15)

Suppose that the equivalent strains related to internal forces
Q and M are ε and γ, also displacement and rotation vectors
related to external forces F and G are u and θ, respectively.
By the theorem of virtual work, the following relation can be
obtained:

∫ s2

s1

{Q.δε + M.δγ − F.δu − G.δθ}ds = 0. (16)

Substituting (15) into (16), the following relation can be ob-
tained:
∫ s2

s1

{
Q.δε + M.δγ +

dQ
ds

.δu +
(

dM
ds

+ t × Q
)

.δθ

}
ds=0

(17)

from the vector algebra, we can summarize the aforementioned
equation as

∫ s2

s1

{
Q.δ

(
ε − du

ds
+ θ × t

)
+ M.δ

(
γ − dθ

ds

)}
ds

+ (Q.δu)|s2
s1

+ (M.δθ)|s2
s1

= 0.
(18)

Hence, to establish the aforementioned equation, we can ob-
tain the following strain-displacement relations for a point on
the center line of the helix (o′ as shown in Fig. 3)

ε = du
ds + t × θ = u′ + NTu + t × θ = u′ + NTu + Aθ θ

Aθ =

⎡
⎢⎣

0 0 0
0 0 −1
0 1 0

⎤
⎥⎦ , γ = dθ

ds = θ′ + NT θ.

(19)
Considering (14) and (19), the linear strain-displacement re-

lations for a point in the plane of the cross section (point x as
shown in Fig. 3) is expressed as

e =

⎡
⎢⎣

ett

2etn

2etb

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0
0 Gn 0
0 0 Gb

⎤
⎥⎦ ε

+

⎡
⎢⎣

0 xb −xn

−xb 0 0
xn 0 0

⎤
⎥⎦ γ = G̃ε + Xγ (20)

where eT = [ett 2etn 2etb ]T is the vector of axial and shear
strain components and Gn and Gb are the shape factors de-
pending on the beam sections [43]. Since, the helical IPMC
actuator is so thin, therefore, the other strain components, enn ,
ebb , and ebn , are small and usually negligible as compared to
the quantities ett , etn , and etb .

Nemat–Nasser et al. [44] showed that the stress field within
the membrane is decomposed in to an elastic part denoted by
σe and an eigenstress, etn , and σ∗, which represents the effect
of the imbalanced charge density. The physical interpretation
of the eigenstress will be osmotic stress, electrostatic stress,
cluster imbalance, and Maxwell stress tensor. For simplicity,
the eigenstress is supposed to be equal electrostatic stress due to
the imbalanced density. The eigenstress induced by other effects
is assumed to be negligible.

σ =
[
σt 2σtn 2σtb

]T = σe + σ∗ = Ye − α0ρ (s, t) I
(21)

where ρ(s, t) is the charge density, α0 is the coupling constant,
I is the identity matrix, and Y is the elastic modulus matrix.

By using the potential energy of an element, which is com-
posed of the strain energy and the work done by the external
forces, as the functional of the problem and applying the vari-
ational procedures as a mathematical tool, the resultant forces
and moments on a cross section of the helical IPMC actuator
are as follows:

Qt =
∫∫

σt dn db = EA (u′
t − kun ) − α0Aρ (s, t)
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Qn =
∫∫

σm dn db = GnGA (u′
t − τub + kut − θb)

−α0Aρ (s, t)

Qb =
∫∫

σtb dn db = GbGA (u′
b + τun + θn )

−α0Aρ (s, t)

Mt =
∫∫

(xnσtb − xbσm ) dn db

= GJ (θ′t − κθn ) − α0A (W − h) ρ (s, t)/4

Mn =
∫∫

xbσt dn db = EIn (θ′ − τθb + kθs)

−α0Ahρ (s, t) /4

Mb = −
∫∫

xnσt dn db = EIb (θ′b + τθn )

+α0AWρ (s, t) /4 (22)

where W is width and 2h is the thickness of the IPMC, A is the
cross-sectional area, In and Ib , and J are the second moments
of area with respect to the normal axis, binormal axis, and the
torsional moment of inertia of the cross section, respectively.

We define ε̃T = [ε γ] and fT = [Q M] =
[QtQnQbMtMnMb ] as the total strain and internal force
vector. Considering (19), the matrix form of (22) can be
obtained as

f = D∗ε̃ − A∗ρ (s, t) , ε̃ = p′ + App (23)

where

D∗
6×6

= diag
[
EA GnGA GbGA GJ EIn EIb

]

A∗
6×1 = α0A [1 1 1 (W − h)/4 h/4 − W/4]T

Ap =

[
NT Aθ

0 NT

]
. (24)

Using the Hamilton’s variational principle, the following
equations of motion can be obtained for a helical IPMC actua-
tor by substituting the strain energy, kinetic energy, and virtual
work into Hamilton’s principle

Mp̈ = f ′ + Af f

M = diag
[
ρA ρA ρA ρJ ρIn ρIb

]

Af =
[
NT 0
Aθ NT

]

6×6
. (25)

Considering (23) and (25), the following state-space relations
for the dynamics of the helical IPMC actuator is determined as
a function of input voltage, physical, and geometrical constant:

dX (s, z)
ds

= X′ (s, z) = ÃX (s, z) + F̃ (s, z)

Ã =
[
−Ap D−1

Mz2 Af

]
, F̃ =

[
D−1A∗ρ (s, z)

0

]
(26)

where X =
[
p f

]T
12×1 is state vector (internal forces and dis-

placements) of the system and F̃ (s, z) is the applied load. To
solve the aforementioned equations, the following boundary
condition is considered

Fixed at β0 = 0 : p0 = 0
Free at βn = 2nπ : fn = 0 (27)

where n is the number of turn of the helix.

IV. SOLUTIONS OF THE DIFFERENTIAL EQUATIONS

In Sections II and III, the governing equations of motion were
derived for a helical IPMC actuator under applied electric field.
A set of 12 nonhomogenous simultaneous differential equations
with variable coefficients were shown in (26). Each one of these
equations involves first-order derivatives with respect to position
and input voltage. It is clear that the applied electric voltage act
as a distributed external force in the right-hand side of these
equations.

The transfer-matrix method is employed to analyze the dy-
namic response of the helical IPMC actuator in Laplace do-
main. The objective of this section is obtaining an incremental
transfer equation that relates the state vector at two consecutive
points on the curve. This finite equation is determined using the
fourth-order Runge–Kutta numerical approximation [45]. The
numerical expression in this manner is shown as follows:

X (βi+1) = X (βi) + (k1 + 2k2 + 2k3 + k4) Δβ/6 (28)

where

k1 = Ã (βi)X (βi) + F̃ (βi)

k2 = Ã (βi+1/2) [X (βi) + k1Δβ/2] + F̃ (βi+1/2)

k3 = Ã (βi+1/2) [X (βi) + k2Δβ/2] + F̃ (βi+1/2)

k4 = Ã (βi+1) [X (βi) + k3Δβ] + F̃ (βi+1) (29)

by substituting (29) into (28) the following incremental transfer
equation is determined:

X (βi+1) = Te (βi)X (βi) + F̃e (βi) (30)

where Te (βi) is the incremental transfer matrix and F̃e (βi) is
the load transfer vector, which can be defined as

Te (βi) = I +
[
Ã(βi+1) + 4Ã(βi+1/2) + Ã(βi)

]
Δβ/6

+
[
Ã(βi+1)Ã(βi+1/2) + Ã2(βi+1/2)

+Ã(βi+1/2)Ã(βi)
]
Δβ2/6

+
[
Ã(βi+1)Ã2(βi+1/2) + Ã2(βi+1/2)Ã(βi)

]
Δβ3/12

+
[
Ã(βi+1)Ã2(βi+1/2)Ã(βi)

]
Δβ4/24 (31)

F̃e (βi) =
[
F̃(βi+1) + 4F̃(βi+1/2) + F̃(βi)

]
Δβ/6

+
[
Ã(βi+1)F̃(βi+1/2) + Ã(βi+1/2)F̃(βi+1/2)
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Fig. 5. Equivalent helical bimorph model.

+Ã(βi+1/2)F̃(βi)
]
Δβ2/6

+
[
Ã(βi+1)Ã(βi+1/2)F̃(βi+1/2)

+Ã2(βi+1/2)F̃(βi)
]
Δβ3/12

+
[
Ã(βi+1)Ã2(βi+1/2)F̃(βi)

]
Δβ4/24. (32)

For the free vibration case, the applied load vector, F̃ (s, z),
is equal to zero and the Laplace parameter z is replaced with
iω. The eigenvalues in this case give the natural frequencies.
Considering (30) in homogenous form and the clamped-free
boundary condition, (27), the following relation between the
initial and end state vectors is obtained as

X (βn ) = TX (β0)
[
pn

fn

]
=

[
T11 T12

T21 T22

][
p0

f0

]
→

[
pn

0

]

=

[
T11 T12

T21 T22

][
0

f0

]
(33)

where T is the overall transfer matrix. As shown in (33), we can
relate the six zero entries ofX(βn ) to the six nonzero elements of
X(β0). Therefore, the following reduced overall transfer matrix
is given by

T22f0 = 0 . (34)

For nontrivial solutions, the determinant of T22 must be zero.
The natural frequencies of the helical IPMC are those that sat-
isfy this requirement and determined using Müller’s method
[46]. Once a natural frequency is determined, the correspond-
ing matrix T22 evaluated at this frequency. The six nonzero
elements of the initial state vector, f0 , are the eigenvector corre-
sponding to the one eigenvalue very close to zero of the matrix
T22 . By using f0 and considering the homogenous form of (30),
the mode shape for any natural frequency can be easily com-
puted evolve the state vector X along the helical actuator using
the element transfer matrices.

V. MODELING WITH A COMMERCIAL FE PACKAGE

In this section, we utilize the equivalent bimorph beam model
presented by Lee et al. [47] to predict the performance of an
IPMC actuator. Because of the helical structure of the IPMC
actuator, the helical bimorph beam model is newly developed

TABLE I
PHYSICAL AND PIEZOELECTRIC PROPERTIES OF THE IPMC ACTUATOR

Piezoelectric d3 1 d3 2

Parameters 1.8e-8 1.8e-8

IPMC ν E (GPa) ε (Fm−1) ρ (kg m−3)
Parameter[29] 0.487 0.5 0.031 2600

Fig. 6. Fabricated helical IPMC actuator.

TABLE II
VALUES OF ELECTRICAL PARAMETERS [16], [19]

Parameters Rs [Ω/cm] R [Ω · cm] RP [Ω · cm] C [F/cm]

Value 22.5 12.43 24645 0.0019

for obtaining the electromechanical coupling coefficient, which
can be considered as equivalent material parameter for the finite-
element analyses [47], [48].

The geometry of the proposed helical IPMC actuator is sim-
ply modeled by using the 3-D modeling software package. The
equivalent helical bimorph beam model, shown in Fig. 5, as-
sumes that the IPMC having two helical layers of the same
thickness (each is half the thickness of the actuator). The mate-
rial properties of the helical IPMC actuator are given in Table I.

VI. EXPERIMENTS AND ANALYSIS

Nafion-based IPMC actuators with platinum (Pt) electrode
layers were used in this experiment. An IPMC was fabricated
with Nafion (N-117, DuPont) through an electroless plating pro-
cess [1]. The helical IPMC actuators were fabricated as men-
tioned earlier by Li et al. [31]. The IPMC was cut into strips,
which have the designed length and width. Afterward, the strips
were helically coiled on glass rods and dipped into distilled
water at 90 °C for 1 h to fix the helix shape by the thermal
treatment. For more information about the fabrication process,
refer to [31]. The fabricated helical IPMC actuator is shown
in Fig. 6. The impedance analyzer (VersaSTAT3-model 616A)
was used for measuring the complex impedance of the IPMC.
To measure the electromechanical responses of the actuator, a
laser displacement sensor (Keyence, LK-031), a current ampli-
fier (UPM1503), and an NI-PXI 8110 data acquisition system
were used.
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TABLE III
DIFFERENT MODEL OF THE HELICAL IPMC ACTUATOR [25]

Name Width (mm) Pitch (mm) Diameter (mm)

3D3P3W 3 3 3
5D3P3W 3 3 5
3D3P5W 5 3 3
3D5P5W 5 5 3
5D5P5W 5 5 5

Fig. 7. First three mode shapes of the helical IPMC actuator. (Captured from
FE Package).

VII. MODEL VERIFICATION

In order to validate the values of electrical parameters from
the impedance model presented here, (12), experimental results
were captured from the impedance analyzer. The nonlinear least-
square method was used to find the optimum parameter x∗ that
minimizes the squared error between the empirical impedance
response and the theoretical model. Therefore, we utilize the
electrical parameters as listed in Table II and also the experi-
mental results of a helical IPMC actuator [16], [19], [31]. To
investigate the effect of the geometrical parameters of the heli-
cal IPMC actuator on the dynamic responses and for comparing
with experimental results [31], we use five different models as
listed in Table III.

Some numerical results are given to validate the analyti-
cal expressions obtained in the preceding section, which will
be directly applied to compute the natural frequencies and
the corresponding mode shapes of a cylindrical helical actu-
ator with a rectangular cross section. Therefore, a general-
purpose computer program is coded to perform the free vi-
bration analysis of the helical actuator. The other geometrical
and physical parameters n = 4.367 (number of turn of the he-
lix), h = 0.11 mm, α = 1.1384°, α0 = 0.102 and shape factors
Gn = Gb = 0.8567 [43] are considered.

The first three mode shapes of the helical IPMC actuator
are captured from the FE Package and MATLAB software and
results are shown in Figs. 7 and 8, respectively. As can be
seen, the first and second modes are predominantly bending
motion and third mode is predominantly torsional. Since the
helical IPMC actuator is a multi-DOF actuator and as regards
the bending modes, torsional modes, and longitudinal modes
are excited at the specific frequencies, therefore, the natural
frequencies of the helical IPMC actuators play an important

Fig. 8. First three mode shapes of the free vibrating cylindrical helical actu-
ator: (a) first mode (b) second mode (c) third mode. (Captured from MATLAB
software).

Fig. 9. Comparison of the proposed actuation response of the 3D3P3Wand
5D3P3W model with the experimental data.

TABLE IV
FIRST FOUR NATURAL FREQUENCIES (IN HZ)

Mode Number FE Package Present Study Experiment

1 13.52 13.3892 13.29
2 15.386 15.1 –
3 61.516 60.634 –
4 84.456 83.056 –

role in modal analysis. The actuation model is next verified
by applying sinusoidal actuation signals, V(t), with amplitude
of 0.1 V and frequencies ranging from 0.01 to 100 Hz. Fig. 9
compares our proposed actuation model with the experimental
results for two helical IPMC actuators with different diameters
[31]. As can be seen, our proposed dynamic model closely
approximates the experimental data. It is clear that the 3D3P3W
actuator has lower natural frequency and magnitude in the whole
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Fig. 10. Comparison of the radial displacements of the helical IPMC actuators
with different diameters (Exp.: experiment, Th.: theoretical, FE: FE package).

excitation frequency range in comparison with the 5D3P3W
actuator.

The first four natural frequencies obtained by the program
prepared in this study for 5D3P3W model, together with those
obtained from commercial FE package and experimental data
are given in Table IV. As can be observed from the Table IV, it is
clearly evident that the results of the present model demonstrate
a good agreement with those of FE package and experiments.

To investigate the performance of the helical IPMC actuator
under different structural parameters, the harmonic responses
subject to an electrical input potential with peak voltage of 2 V
and frequency of 0.1 Hz are performed. Fig. 10 shows the har-
monic responses of the helical IPMC actuator with different
diameter. It is evident that the helical IPMC actuator with 5-mm
diameter shows much larger radial displacement than that with
3-mm diameter and also as illustrated in Fig. 10, the behav-
ior of the proposed model is similar to the experimental and
commercial FE package results.

VIII. CONCLUSION

In this study, we report an innovative dynamic model of the
helical IPMC actuator to accurately compute time responses and
deformed shapes under various electrical input signals. To the
best of authors’ knowledge, it is the first time that an analyti-
cal expression was derived for the computation of mode shapes
and dynamic responses of a helical IPMC actuator with fixed-
free ends. First, curvilinear coordinate and intrinsic equations
of a naturally curved and twisted beam are used to formulate
an electromechanical model based on the distributed RC line
model. Next, a numerical transfer-matrix method was used to
solve a system of 12 linear ordinary differential equations with
boundary conditions. An incremental transfer function was ob-
tained by applying a fourth-order Runge–Kutta method. The
effect of the structural shape parameters on the performance of
the helical IPMC actuator was also analyzed using the analytical
model. Analytical solution was compared with the experimen-

tal data as well as results of a commercial FE package. It is
shown that the three results closely follow each other indicating
validity of the proposed model. Additionally, the findings indi-
cate that the diameter, among the structural parameters, plays
a key role in the actuation performance of the helical actuator.
The analytical model is general and can accommodate cylin-
drical or noncylindrical helical IPMC actuators with different
cross-sectional shapes as well as various end conditions.

The contributions of this paper are summarized as 1) present-
ing a simple distributed electrical model that can replace the
complicated physical model based on ionic motion, 2) determin-
ing an analytical function for the charge density, 3) developing
an analytical expression for dynamic responses of the helical
IPMC actuator based on the naturally curved and twisted beam
theory, 4) investigating the effect of the structural parameters
on the actuation performance of the helical IPMC actuator, and
5) modeling the helical IPMC actuator in a commercial FEM
software.
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cal response in ionic polymer transducers: An experimental and theoretical
study,” Compos. Sci. Technol., vol. 68, no. 5, pp. 1173-1180, 2008.

[37] Z. Chen, D. R. Hedgepeth, and X. Tan, “A nonlinear, control-oriented
model for ionic polymer metal composite actuators,” Smart Mater. Struct.,
vol. 8, no. 5, pp. 055008-1–055008-9, 2009.

[38] M. Vahabi et al., “Experimental identification of IPMC actuator parame-
ters through incorporation of linear and nonlinear least squares methods,”
Sens. Actuators A, vol. 168, pp. 140-148, 2011.

[39] X. Bao, Y. Bar-Cohen, and S. S. Lih, “Measurements and macro models
of ionomeric polymer-metal composites (IMPC),” in Proc. SPIE EAPAD
Conf., 2002, pp. 286-293.

[40] Y. Cha, F. Cellini, and M. Porfiri, “Electrical impedance controls mechan-
ical sensing in ionic polymer metal composites,” Phys. Rev. E, vol. 88,
no. 6, p. 062603, 2013.

[41] V. V. Novozhilov, Foundation of the Nonlinear Theory of Elastcity.
New York, NY, USA: Graylock Press, 1963.

[42] B. Tabarrok and Y. Xiong, “On the buckling equations for spatial rods,”
Int. J. Mech. Sci., vol. 31, no. 3, pp. 179-192, 1989.

[43] L. Brancheriau, “Influence of cross section dimensions on Timoshenko’s
shear factor application to wooden beams in free-free flexural vibration,”
Ann. For. Sci., vol. 63, pp. 319-321, 2006.

[44] S. Nemat-Nasser and J. Y. Li, “Electromechanical response of ionic
polymer-metal composites,” J. Appl. Phys., vol. 87, no. 7, pp. 3321-3331,
2000.

[45] E. C. Pestel and F. A. Leckie, Matrix Methods in Elastomechanics.
vol. 51213, New York, NY, USA: McGraw-Hill, 1963.

[46] D. Pearson, “The transfer matrix method for the vibration of compressed
helical springs,” J. Mech. Eng. Sci., vol. 24, no. 4, pp. 163-171, 1982.

[47] S. Lee, H. C. Park, and K. J. Kim, “Equivalent modeling for ionic polymer-
metal composite actuators based on beam theories,” Smart Mater. Struct.,
vol. 14, no. 6, pp. 1363-1368, 2005.
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