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ABSTRACT. Let G be a group. By using the sel of automorphisms
of G, we associate a simple graph to G denoted by ayye(G) In
this paper we study some properties of this graph.

1. INTRODUCTION

Let G be a group and Z((G) be its center. For an arbitrary element z
in (7, let T, be the inner automoerphism of G given by [.(t) = 2 Yz for
all t € G. Also, for = € (4, Stab(z) ={f € Aut(G) : [(x) = z}. The
non-commauling graph ol G denoted by I'g (which was first introduced
by Pual Erdds [5])is a simple graph which its vertex set is G\Z(G) and
two distinet vertices r and y are adjacent if and only if zy # yzr. In
other words oy # ya if and only if f,(y) # y (or I,(z) £ z). Clearly,
I € Stab{z) for all z € G.

In this paper, we are inspired by this idea and by using the set of
automorphisms of G, denoted by Aut(@), we associate a simple graph
denoted by Tayue (G) as follows: Two distinet vertices r,y € G are
adjacent if and only if thereis f € Stab(z) with f(y) # y or g € Stab(y)
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with g(z) 7. Also, an element 2 € (Gis a vertex of L aveiey(G) if there
is an element y in G such that z and y are adjacent. -

In this paper, we study some combinatorial properties of I'g ey (G).

"To begin with, we remind some notations in graph theory. Let X
be a graph. We uge the notations; diam(X), girt h(X), a(X), 4(X) and
X€ for the diameter, girth. independence number. domination number
and complement of X . respectively, In this paper our terminologies on
graphs and groups are derived from [3] and [4], respectively.

2. MAIN RESULTS

Note that, for every group & with at most two elements, Aut(G) =
{idg}. and so T Aut(c(G) is the empty graph. So in this paper all groups
G have at least three elements.

In the following proposition we determine the vertex set of ' A (G)

Proposition 2.1, Let ¢ be a group with at least three elements, then
V(L auren(G)) = G.

Example 2.2. Let p bea prime number with p £ 2. Then I

Aue(z,) (Zp)
is a star graph.

In the following theorem, we study some basic properties of Caue) (G).

are complete graph, and consequenily Pawie)(G) isa complele r-partite
graph. Moreover. diam(T s e (@) < 2.

Theorem 2.3. Let G be g group. Then the components of (T awt(c) (G))*

The next corollary mmediately follows from T heorem 2.3.

Corollary 2.4. Let G he o group. If the graph Taunie(G) has a cycle,
then gr(Laue (G)) < 4.

Notation. Let G bhe a group. If is easy to see that the set of all
elements of ¢ which are fixed by every automorphism of ¢ is a normal
subgroup of G . For simplicity of notation, we denote it by H.

In the following proposition we determine the structure of parts of
Tamiey(G).

Proposition 2.5. Let G be o group. Then one of the parts of Tawie) (G)
s H and the other parts are o union of some H-cosets.

The following remark is useful in our proofs,
Rernark 2.6, Suppose that @ is a group and Z.y are two adjacent
vertices in the non-commuting graph of ;. Then it is easy to see that
T and y are adjacent in the graph Taye(G). This means that if the
vertices @ and y are not adjacent in I’ aut(c)(G). then 7y = yz. On the
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other hand, T 4ue()(G) is a complete r-partite graph. Se, all vertices
in a same part of ') (G) commute together.

Proposition 2.7. Let G be u non-abelian group. Then L awen(G) s
Hamiltonian.

In the following theorem, we determine when Iy e (G) is a com-
plete graph.

Theorem 2.8. Lel ¢ be a group. Then Taue) (G) ts a complete graph
if and only if G = o x -+ - % Ty, for some £ = 2.
e e
f—taimes
Corollary 2.9. Lei G be a non-abelian group. Then gr(Dauwe)(G)) =
3 and diam(I"ppe (G)) = 2.

Proposition 2.10. Let G be a group. Then the graph Fawen(G) is a
tree if and only if it 15 a star graph.

In the following proposition, we determine when [ sy (G) is & star
graph.

Proposition 2.11. Let G be a group. Then Upyey(G) is a star graph
if and only if Fix([f) = {e} for every non-identity automorphism { of
G, where e is the identity element in G.

Corollary 2.12. Ipwoi(Q) and Dawzy(Z) are star graph, where Q
and Z are the set of rationel numbers and integer numbers, respectively.

In the following proposition, we determine when I'a e (G) is a cvele.

Proposition 2.13. Let (: be a group. Then the graph Taueien(G) s a
cycle if and only if G =2 Z4.

Proposition 2.14. Let G be a group and p be the smallest prime num-
ber, which divides |G|. Then (T awe)(G)) = p.

Proposition 2.15. Let G be a group. Then
1 f H — 8,
"](FAM((;)(G)) = { : {(}

2 otherwise.
Proposition 2.16. Let G be a cyclic group. Then the elements in G
of a same -order, lie in ihe same parl of Tauwe (G).

Note that the converse of Propesition 2.16 is not true in gencral.

The planarity is one of the important properties in the study of a
simple graph. We are going to investigate the planarity of I' Ay (G).
for some groups G.
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Proposition 2.17. Let G be a non-abelian group. Then U suwgy(G) is
non-planar.

We need the following lemma in the sequal.

Lemma 2.18. The follounng statements hold.
(8) Dautizaxzy)(Zo % Zy) is non-planar.
(b) Taut(zonz (Zo x Z) s non-planar.
(¢) If n > 3. then D awyn)(Zon) is non-planar.

(d) Letp be a prime number withy > 3 andn > 2. Then FAU‘(ZPH)(ZPH)

18 non-planar.
(e) Let p be a prime number. Then rAut('Z,,oa)(prﬂ} s non-planar.

In the fellowing propositions we determine some abelian groups ¢
with planar I' s u6)(G).

Proposition 2.19. Lel G be a free abelian group. Then T awe)(G) is
planar if and only if G =2 Z.

Proposition 2.20. Lel G be a finelely generated abelian group. Then
Caw(ey(G) is planar of and only if G is isomorphic to one of the fol-
lowing groups; Z. Ly, 7y and Zy x 7y, where p 1s a prime number.

Corollary 2.21. The following staiements hold.
(a) Let G be a finite group. Then I sy (G) is a star graph if and
only if G = Z, for some p with p # 2.
(b) Let G be an infinite fintiely generated group. Then Uaue (G)
s o star graph if and only «f G = 7.

Proposition 2.22. Lel G be a divisible abelian group. Then T g e (G)
is planar if and only if G is 1somerphic o Q .
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