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Abstract. In this talk, we define the generalized non-commuting graph
denoted by I'yj; sy, where H and I are two subgroups of a non-ablian
group 7. Take (H LU W)\ (Cy(R) L Cy(11)] as the vertex set of the
graph and two distinct vertices  and y join by an edge, whenever « or
yin H and [r.y] # 1. We obtain diameter and girth of this graph and
discuss about dominating set and planarity of T j; 4. Moreover. we
try 1o find a connection between It 3y gy and the relative commutativity
degree of two subgroups denoted by d{1. ). Furthermore, we prove
that if Ty, o) = Uitgo) then Ty, = Uyr,.

A simple graph I'; is associated to a group . whose vertex setis G\ Z((7) and the edge set is all pairs (. y). where
r and y are distinct non-central elements such that le.y] = r~'y~'ry # 1. The non-commuting graph of (7 was
introduced by Erdéis. In the next section, we introduce the generalized non-commuting graph I pr.0cy. We state some
of the basic graph theoretical propenties of I'(1 w) which are mostly new or a generalization of some results in [3]
For instance determining diameter, dominating set. domination number and planarity of the graph. The third section is
managed to state a connection between the generalized nan-commuting graph and the commutativity degree. We will
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present a formula for the number of edges of Ty 4y in terms of d(H) and d(H, A'). Moreover. we observe that the
generalized non-commuting star graph exists, although in [3] we see there is no relative non-commuting star graph. We
also present some conditions under which we have generalized non-commuting complete bipartite and bipartite graph.
In the last section. we explain some properties of Iy ). where K = G

2  The generalized non-commuting graphs

In this section. we define the generalized non-commuting graph for any non-abelian group ¢ and subgroups . K.

Definition 1. Let H and IV be subgroups of non-abelian group (G. We associate a graph I'(j; v to the subgroups
and R as follows. Take (H L A7)\ (Cp(K) W Ok (IT)) as the vertices of the graph and two distinct vertices .- and y
adjacent. whenever 2 or y in 4 and [z. y] # 1. We call it as the generalized non-commuting graph of subgroups /7 and
K of &,

Proposition 1. Suppase I,y ¢, is the generalized non-commuting graph of the non-abelian group G and its subgroups
Hand K.

() Ifax € HY\ K. thendeglr) = |[HUK| = |Cpla)JCxlz) JCy(R)].

(i) deg(a) = [H U K|

Cpylx) L Cr (1‘)| foroe & H K.
(iii) If 2 ¢ K\ H,thendeg(x) = |H|— |Cy(x) L Cr ()|

Theorem 1. For non-abelian group 7 and its subgroups H. A with trivial center. diam{I" ; so;) < 3. Moreover,
girth(T pr pry) < 4

Proposition 2. Let /. i be subgroups of non-abelian group G and § © V(T gy ). Then 5 is a dominating set for
Ippaey iTand only it Cp (81U Ch(8) € Crp{l) U O (K)US.

In graph theory an independent set is a set of vertices in a graph, no two of which are adjacent. It is clear that
V(T (i 1) 71 is anindependent set for Ty 4.

Now, we deal with the planarity of I,y . As we have seen in [2], the non-commuting graph I'¢; is planar whenever
G is isomorphic to 5y or Dy or Qs. Since Ty gy is the subgraph of T';, then it is obvious that 'y s is planar if
G = S or Dy or Qg. Furthermore. one can easily check that if H # 843 or Dg or Qg then I'y g is not planar. Since
[ is a subgraph of I'yyy ;. Indeed. we can see that I', 5, is not a planar graph because we can obtain complete
graph Ky with vertex set {(1 2). (23).(13).(123),(234)} which is a subgraph of T, ¢,). In general. I' ¢, 5, is
not planar for every n > 4

3 The generalized non-commuting graphs and /(4. A")

For any finite group (7, the commutativity degree of GG, denoted by d((7) is the probability that twa randomly chosen
elements of (7 commute with each other [3]. 1t can be defined as the following ratio:

1

d(G) = o

HlEane@ s Gl = T3,

Similarly. if H and K are two subgroups of G, then the generalized commutativity degree of H. K in G is defined as
follows
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Itis clear that if 7 is abelian or one of 7 or K is a central subgroup. then d( H, i)
present a formula for the number of edges of the gencralized non-commuting graph I’
an upper bound for LET (),

= L(see [2]). In this section. we
(4.1 )- Consequently we wil| give

Proposition 3. Let 5./ be subgroups of non-abelian group . Then the number of edges for the generalized non-
commuting graph is obtained by.

AT (.n)) = (B K|(1 - d(H, K)) + %'lu —d(H)) - li%ﬂu —d(H 1K), (1

Example 1. In this example we compute the number of edges for some certain groups.

{1) Suppose Dy = (.t g% — 42 — 1" =~} is the dihedral sroun oforder 8, i = {uh) and &' — {h) are two
PP : group

subgroups of Dy, Obviously V(T ae)) = {ab, by d(H) =1, d(H, K) =3/, .‘F(l"m_;\-lﬂ =land Ty g
is j\.g.

(i) Let Sy = {e (1 9). (13).(23).(123).013 2)} be the symmetric group of order 6, H = {¢, (12)} and
K ={e.(13)} be subgroups of Sy . It is clear that again I’y po) = K,

Corollary 1. Let It 41 1) be a generalized non-commuting graph. Then

3 "
1B .00))| < [HI(IK) + 16/ - U= ek (F)|(1K| - 1),

Now. we recall that the star graph as a tree on n vertexes in which one vertices of degree n — 1 and the others of
degree 1.

Example 2. Let D), = (4 g - =1 4=
Then I'y K18 a star graph.

Ifn is an even number, then 1"(1',”‘M_) =n-—Ldegla') =1, #5.1<i<n- land deg(b) = n - 2. Therefore
Tipi wy is a star graph. Moreover, (/. K) = (n+ 2)/2n and by Proposition 3 or by the fact Uip gy is a star graph
follows | (T, eyl =1~ 2, I n is an odd number. then l'(]‘,‘“_,\-)} = n. Furthermore, degla') =1.1< <n-1
and deg(b) =9 - 1. Henee Uik i a star graph. We deduce d(H. K) = (n+1)/2n and so |E{

a1} be the dihedral group of arder 2n. H = (q) and K — {b).

Cepayll =0 —1

As a consequence of the above corollary, ane can see that &' — G then ijigis empty graph if and only if 4 is
abelian subgroup of ;. with this properties we can prove the following thearem.
Theorem 2, Let Hyand H, be subgroups of non-abelian group (3 such that ]“EHI-(’.;’ = 14, ¢y Then Ty, = Uy,

Theorem 3. Let H be an on-abelian subgroup of ¢ such that I”

ti,a) = I, for some non-abelian finite simple group
S . ThenH =g =g
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