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1. Introduction and result

The low energy effective field theory of D-branes in type II su-
perstring theories consists of the Dirac-Born-Infeld (DBI) [1] and
the Chern-Simons (CS) actions [2]. The effective theory of O-plane
is an orientifold projection of above actions. The curvature correc-
tions to the CS part have been found in [3-5] by requiring that
the chiral anomaly on the world volume of intersecting D-branes
(I-brane) cancels with the anomalous variation of the CS action.
The curvature corrections to the DBI action, on the other hand,
have been found in [6] by requiring consistency of the effective
action with the O(a’?) terms of the corresponding disk-level scat-
tering amplitude [7,8]. For totally-geodesic embeddings of world-
volume in the ambient spacetime, the corrections in the string
frame for zero B-field and for constant dilaton are! [6]
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meo' T =~ ~ A
SO T” / dp“xe_"’\/—G[RabcdR“de — 2Ry, R

— Rapij RV + Zkijkij] (1)
where Rgp = RSqep, Rij = RSicj and G = det(Gap) where Ggp is the
pull-back of the bulk metric onto the word-volume, i.e.,

~ aX* axXY
b= 9 gob MY
The orientifold projection projects out the Riemann curvature with

odd number of transverse indices, so the above couplings are
the curvature couplings on the world volume of both D-brane

(2)
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and O-plane depending on the tension T, which is different for
D-brane and O-plane.

In the presence of non-constant dilaton, the couplings (1) are
not consistent with T-duality. For zero B-field, the compatibility
with linear T-duality requires the following extension [9,10]:

2./2
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where Ry = IAZW + V. Vy¢. The orientifold projection projects
out dilaton with odd number of transverse derivatives, so the
above couplings are valid for both D-brane and O-plane actions.
In the presence of non-zero B-field, the couplings (3) are not
consistent with the T-duality. Using the compatibility of these cou-
plings with linear T-duality as a guiding principle, the quadratic
B-field couplings at order O (a’?) have been found in [9] to be

2,72
mea’ T =[1 ;
TR P / d”“xe_d’\/—G[EVaHbC,-VaHb”

1 o 1 .
- gvaHukV“H”" - §viHabCV'H“b‘] (4)

The above couplings have been confirmed with the disk level S-
matrix calculations [9]. The orientifold projection projects out co-
variant derivatives of B-field with even number of transverse in-
dices, so again the above couplings are valid for both D-brane and
O-plane.

The quadratic couplings (3) and (4) are not however consistent
with the full nonlinear T-duality transformations. In this paper, we
are going to use the compatibility of the couplings (1) with nonlin-
ear T-duality as a guiding principle to find the couplings of O-plane
to all massless NS-NS fields at order /2. We find the quadratic
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couplings (3) and (4) as well as the following higher order cou-
plings:

2.,2
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> T" / dPtlxe ?y/ -G [H”b’Hacinc - 5H‘“"Habf7zij
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o HH ﬂ"Hkmn] (5)
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The consistency of the effective actions with T-duality has been
also used in [11-18] to find new couplings in the world volume
and spacetime actions.

An outline of the paper is as follows. In the next section, we
present an algorithm for calculating the world volume theory of
D-brane/O-plane by imposing the action to be consistent with the
T-duality transformations. In Section 3, we find the couplings of
gravity and dilaton for O-plane which are invariant under a sim-
plified T-duality transformations in which there is no B-field and
the metric is diagonal. We find six multiplets which are invariant
under the simplified T-duality transformations. These multiplets,
however, are not invariant under the full T-duality transformations.
Using the consistency of the multiplets with S-matrix elements,
we argue that only two of these multiplets survive under the full
T-duality transformations. In Section 4, we find the appropriate
B-field couplings which make the two multiplets to be invariant
under the full T-duality transformations.

2. T-duality constraint

The full set of nonlinear T-duality transformations for massless
fields have been found in [19-23]. When the T-duality transfor-
mation acts along the Killing coordinate y, the transformations of
NS-NS fields are

2¢
e 1
62¢ —> G—, ny —> G_
yy yy
B GuyGpgy — ByyB
Gay — G;.ly’ Gap — Gap — ay ﬂYG ay ﬂy’
yy yy
G ByyGgy — GyyB
Byy — G;“y’ Byp — Bap — ay ﬁ}’G ayPBy 7 (6)
yy yy

where «, 8 # y. In above transformation the metric is given in the
string frame. If y is identified on a circle of radius p, ie, y ~
¥y + 2mp, then after T-duality the radius becomes p = «'/p. The
string coupling is also transformed as & = gv/&//p. It is known
that the above transformations do not receive «’ correction in the
type Il superstring theories in which we are interested.

If one defines the new field ¢ as Gy, =e™% and uses the
dimensional reduction to write the 10-dimensional metric and
B-field as

G 8up +e¢gagﬂ e’ gy
uy = e‘ﬂgﬂ e? >

BM‘):(baﬁ'i_fb‘i%Z_fbﬁga b(;x ) (7)

where gy, bep are the metric and the B-field, and g4, by are
two vectors in the 9-dimensional base space, then the T-duality
transformations (6) simplify to

¢—>¢—%<p,¢—>—¢,ga—>ba,ba—>ga (8)
The 9-dimensional base space fields gy4p and byg remain invariant
under the T-duality.

A method for finding the world volume couplings which are
invariant under linear T-duality is given in [9]. This method may be
used to show that the S-matrix elements satisfy the Ward identity
corresponding to the T-duality (see e.g., [24]). In this section, we
are going to extend this method to find the world volume action at
order o’2 which is invariant under nonlinear T-duality. To this end,
we first write all covariant couplings at order o’? with unknown
coefficients. These couplings can be constructed by contracting the
appropriate bulk tensors with the inverse of bulk metric G*V or
with the world volume first fundamental form G#V. This tensors is
defined as

vV
G — axH &Eab (9)
909 gob
where G® is inverse of the pull-back metric Gg. We call the
action corresponding to these couplings S. Then we reduce the ac-
tion to the 9-dimensional space which depends on whether the
Killing coordinate y is a world volume or transverse direction.
When y is a world volume direction we call the reduced ac-
tion SW, and when y is a transverse direction we call it S'. The
T-duality of SW which we call it ST must be equal to S’ up to
some total derivative terms, i.e.,

swT _st=0 (10)

The above constraint can be used to find the unknown coefficients
in the original action S.

Using the reductions (7) and the reduction of G*¥ which is the
inverse of G, in (7), ie,

of _ o
G =% & 11
(—g’s e ¥ + gy 8" (an

where g% is inverse of 8ap, it is straightforward to reduce the
bulk tensors which contract only with G#V. One should first sep-
arate the 10-dimensional indices to the 9-dimensional indices and
the y index. Then one should reduce the 10-dimensional field in
them to the 9-dimensional fields according to (7) and (11).

For the couplings in which the bulk tensors contract with G*Y
and G, we also need the reduction of G*V. The reduction of the
first fundamental form depends on weather the brane is along or
orthogonal to the circle. In the former case, the reduction of Eab is

axXY 9x# o® 3X% 3XP @ X%
& 907 oo bga;3+ 907 oo S 588 € aaagoz (12)
ab = v 0XP o?
Boﬁgﬁ

where the world volume indices @, b # y. Inverse of this matrix is

N ~ib >
-& e ¥+g8
where Ea’; is inverse of the pull-back of the 9-dimensional bulk
metric onto the word-volume, i.e.,
~ _ 0X¥0xF (14)
&ap = Py o Bgotﬂ
and 3% = g"b oX? 2 8. Therefore, the reduction of GH*¥ becomes
aX* axfj ~ib XY i
g — (7 % i ® (15)
_XPsh g +3-
Py gag
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In the latter case where y is not a world volume index, the
reduction of Gy is

X% 9x#
~ T8 O )
Ggp = | 909 dob 16
ab ( g 0 (16)
and its inverse is
~ ~ib
co— (8" O 17
( o (17)
Therefore, the reduction of GMV in this case becomes
X 9XP b
g — [ 907 9e58 0 (18)
0 0

To proceed further, we need to fix the world volume reparam-
etrization invariance of the action. We fix it by choosing the static
gauge where X? = ¢® and X' = 2wa/®!. For O-plane at X! =0 and
D-brane at fixed position X =0, one finds x> — 8% As a result,

a
the pull-back metric becomes g g4, and the above reductions

=

become ‘

5;1,1) — gflbv _gﬁ B (]9)
—g" e +gg"

when brane is along the y direction, and

~ ab

G = (go : ) (20)

when brane is orthogonal to the y direction. Using the reductions
(7) and (11), and the reductions (19), (20), it is then straightfor-
ward to reduce the bulk tensors which contract with G*V and with
the first fundamental form GAV.

The T-duality requires the world volume action to have the fol-
lowing structure:

S = /dp“xe*"b\/ -GL (21)

Only the covariant derivatives of dilaton appears in L. The re-
duction of e*“’\/j along a world volume direction can be read
from (12) to be e=¢+9/2,/—F where § = det(Z;;). It transforms to
e‘¢\/ﬁ under the T-duality (8). On the other hand, the reduction

of e=®/—G along a transverse direction can be read from (16) to
be e~?,/—%. So the constraint (10) can be written as

/dpe_¢J?§[£WT - z:f] =0 (22)

where £*T is the T-duality of reduction of Lagrangian £ when
brane is along the y-direction, and £! is the reduction of £ when
brane is orthogonal to the y-direction.

To satisfy the constraint (22) there are two possibilities. One
is to consider all couplings with arbitrary covariant derivatives in
L which are at order o2, e.g, V2R, and then to impose the con-
straint that the Lagrangian is T-duality invariant, i.e., L% — £f =0.
Another possibility is to consider only couplings in which each
term has at most two derivatives, e.g., R2. In this case, one may not
have the strong constraint £%T — £ =0, however, using integra-
tion by part on the left-hand side of (22), one can fix the unknown
coefficients to satisfy the constraint. In this paper we use this lat-
ter possibility.

3. Couplings without B-field

In this section we are going to apply the above T-duality con-
straint to find the world volume couplings of dilaton and graviton
at order «’2. Since the off-diagonal components of metric trans-
forms to B-field under the T-duality transformations, we assume
then the metric is diagonal and B-field is zero. Using the Mathe-
matica package “xAct” [25], one can easily write all couplings with
structures R2, R(V@)2, RVV¢, (VV¢)?, VV@ (V)3 and (Ve)?
where R stands for scalar, Ricci and Reimann curvatures. In gen-
eral, one should consider also the couplings involving the second
fundamental form. However, such couplings are zero for O-plane.
In writing the above couplings explicitly, one should use both G*V
and G*V for contracting the indices. There are too many of such
couplings to be able to write them here.

To find the unknown coefficients of these couplings, we first
consider the case that brane is along the y-direction. We then
reduce it to the 9-dimensional space and use the T-duality trans-
formation

1
¢—>¢—5¢,<p—>—<p, (23)

The resulting couplings must be the reduction of the couplings
when brane is orthogonal to the y-direction, i.e., (22). This con-
straint produces many equations for the unknown coefficients.
Since we are interested in finding an action which is invariant un-
der the T-duality transformations, we use integration by part to
reduce the constraints to independent ones. To do this last step,
we write the curvatures and the covariant derivatives in terms of
the 9-dimensional metric and then use the integration by part to
find the independent structures. For example, the following terms
are a total derivative:

o =1 b e
/ dPe —g[ig“bg“’gef P d90:00;8;7

— g g% 3:09;00: 070 + 287 §98:09:0859; ¢

+ 8" 8 0a000030:0 — 8" 8" 8% 030009001 855
- gﬁngdgéfaaQD??gﬁDaefﬂafgag}

So one can use it to write gabgfdaagoaggoaaaﬁw in terms of other
terms above. In this way the constraint imposed by the coefficient
of gabg5d86¢85¢8a35<p can be written in terms of constraints im-
posed by other terms. One has to use such total derivative terms to
reduce the constraints to independent ones. Then the coefficients
of all independent structures must be zero.

Another set of constraints on the coefficients of the couplings
for O-plane is that in the static gauge the curvatures and the co-
variant derivatives of dilaton with odd number of transverse in-
dices must be zero. In the 9-dimensional space, the orientifold
projection is ;¢ = 0;05¢ = 0i¢p = ;03¢ = 0 and 0;9385; = 3; 93 & jk =
0185 = 0igjk = 0.

Using the above constraints, all of the coefficients can be writ-
ten in terms of a few constants. They produce three type of terms
which are invariant under the T-duality transformation (23). One
type is the couplings which are zero using the cyclic symmetry of
the Riemann curvature, i.e.,

1
L£>C [RacbdR“b“f —~ ERabcdR“bfd]

L1 . -
+Cy [RajbiR“'bf + 5Ra,,in"”'f - Ra,-,,ij”f] 4. (24)
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where we have written the spacetime indices in terms of world-
volume and transverse indices. Since the above terms are identi-
ties, it is safe to set their coefficients to zero. One may use the
above identities to simplify the final result.

Another type of terms is the couplings which are total deriva-
tives, i.e.,

L>C3 [ww%w% — VepVipVppVP e
+ zvﬂwbvaqsvb«p]
+Ca [vavaqbva% — VapVehVp VP + VOpV, Ve VP9

— VpVap VPV — R”baCVb¢Vc¢] 4o (25)
In the action, they can be ignored, so it is safe to set these con-
stants to zero too. One may also use these total derivative terms to

simplify the final result.
The remaining T-duality invariant multiplets are the following:

LD cs[RabR"b + RijRY + 4RV, V, @ + 4V, VDV, VP
— 4V, VDV, VP D + 4VIDV,V, OV D
— 4RV, VD + 4RVV;V; D + 4Vjviq>va"q>]
+Cg [R“aRbb +6R%V, VP D 49V, VIOV, VP &

— 8V, OV PV, VP D — 4RV, OV D
+8VIDV,V, &V D + 2RY,V;V D + 6V, VIOV, VD

— 4V, OV OV, Vid + Viviq)vj‘vjq)]

+Cy [R%R 4+ 3RVyV% — 2RV V% + 4R%V, V2o

+ 12V, V9V, VP — 12V, V99V, VP — 4RV VP g
+16V9pVyVepVPp + 4R ViVip + RV Vig
+ 16V VipViVig — 12V, VeV Vig

+4V,~V"¢vjvf¢]
CS[RZ + 8RV Ve — 8RVp Ve + 16V, V99V, VP
— 16V V9V, VP +32V9pV,VipVPh + 8RV;Vig

+32V,VipV;Vig — 32V,0 V9V Vig + 16V,-v"¢vjvf¢]

+ CgRabinabij + C1o [Rabcd R — 2R Rpgeq
+2RY IR ; — 2V Vep VOV — 4RV Vi
+ 4RIV Vip + 2vjvi¢vaf¢}

The above multiplets are invariant under the simplified T-duality
transformations (23). The coefficients Cs,---,C1o should satisfy
further constraint if one includes the B-field and demands that
the couplings to be invariant under the full T-duality transforma-
tions (8). The dilaton couplings in the multiplet with coefficient

C1o is exactly the couplings in (3) which are reproduced by the
corresponding S-matrix element [9]. As a result, we expect the in-
variance under the full T-duality (8) constraints the coefficients of
other multiplets which include the dilaton, to be zero, i.e.,

C5=C6=C7=C5=0 (26)

In the next section, we use the above constraint and include the
B-field couplings to the multiplets Cg and Cyp.

4. Couplings with B-field

In this section we are going to find the connection between the
constants Cg, C19 and find the unknown coefficients of B-field cou-
plings by constraining the whole couplings to be invariant under
the T-duality transformation (8). The multiplets with coefficient Cq
and Cqg in terms of 10-dimensional indices are the following:

LD Cq [ZRaﬂng“ﬂya — 4Ry psR*PY® — 4R, V%€ R, 5GP

+8Ra”* Rpsye G 4+ 2Ra ) “ Rpess GXPCY?
_ ZRO[GVER,_L;S(;G&“’SEV‘S _ 4RQVE§RI388§E&/36V8556

+ZRayegRﬂssnaaﬂawafsaw]

+ c10[9Raﬁy5R“ﬁV5 — 18Rqy ps R*FY°

— 16R0"* Ry 5e GP +32Re "% Rgsy e G¥P

— 8Ray “ Rpese G¥P GV + 8Ro ) Rpese GHPGY°

— 8Ro € Rpese GXPGY® + 2Ry g Ry ese G2PCY?

+ 4Ry " Roeec G*P GV G + 2Rayec Rpesy G*P GV G2 G
+2VgVap VPV — 4GPV, Vo VY Vy b

+4Ro" g2 G5V, ¢ — SRWﬁEE“ﬂEV‘Svevsqs]

We have to add to the above couplings, the B-field couplings in
which the tensors with structures H*, RH?, V¢ V¢H? and VVpH?
contract with G*¥ or G*V. Again there are too many of such cou-
plings to be able to write them here. To find their coefficients we
impose the T-duality constraint (22).

To simplify the calculation, we assume that the base fields
8ap = Nap and byg = 0. With this assumption, there are still too
many terms to handle even with computer. Since the overall factor
of all terms is [dPxe~%,/—det(gzz) which is independent of g,
b;, we can consider the cases that the number of g;, b; to be 0,
2, 4 and 6 separately. In each case one can use integration by part
to find independent structures whose coefficients must be zero. In
the case that the number of gz, b; is 0, one finds no constraint
because it is a simplified version of the previous section in which
8ap =Nap- In the case that the number of gz, b; is odd or is larger
than 6, there is no constraint, i.e., the left-hand side of (22) is zero.
Moreover, for the case that the number of g, b; is 6, there is no
term which has derivative of dilaton or ¢, i.e., all four derivatives
are on g or b;. In this case, the strong condition £%T — £f =0
produces only independent constraints because the total deriva-
tive terms contains, among other things, the derivatives of dilaton
which are not in the list of constraints produced by £*T — £f =0.

For O-plane action, the covariant derivatives of B-field with
even number of transverse indices are projected out. So the co-
efficient of such term constraint to be zero. In the 9-dimensional
space, the orientifold projection is 9;¢ = 9;0;¢ = 3;¢p = 9;9;¢ =0,
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dzb; = 9ibg = 9;9jbx = aiag,bl; =0 and aagl; = 0igj = 0i0;8j =
0i0jg; =0.

Using the above constraints, all of the coefficients can be writ-
ten in terms of a few constants. In particular, the T-duality fixes
C9 = —C10 which makes the above Lagrangian to be proportional
to the Lagrangian in (3). The non-zero coefficients of the B-field
produce two type of terms which are invariant under the T-duality
transformation (8). One type is the couplings which are zero us-
ing the cyclic symmetry of the Riemann curvature or the Bianchi
identity of B-field, i.e.,

£om [ — 12H{™ HU*H " Hign + 9Hi' H Hi™ Hipy

- Hijl<HiijlmnHlmn]
— VpHgei VEH®! lv H.p., V€ Hbi

+az bMaci + 5 Ve abi

1 ipyabc

- EV,‘HQbCV H
1 . )

+ a3 [5 Habl HCdiRabL‘d _ Habl HCdiRacbdi|
1 .. .

+ a4|:§VaH,-jkvaHuk _ VaHukaHaij] + .. (27)

These coefficients can be set to zero. The remaining terms have
only one overall unknown coefficient, i.e.,

1 . . 1 . .
£> cm[g Ha H Hyj Hegi + 5 Hap? ™" Hegj H
1 ipabing k 1 ipabigH
- gHa H™ Hpc"Hjj — ZHab H"™™ H{" H ji
1 y 1 y
+ ﬁHileukamnHlmn - ﬁHiijukHlmnHlmn
3 abi pyed 1 abi gy jk 3 | abi pyed
- ZH H™iRabcd + EH Hi"" Rapjk — EH H™iRacbd
o 1 y
+ Hab'Hi]kRajbk + Rapeg R4 — Rabinab” + EHileUkRakal
— 2HaVH® Rpcij + 2Ha i H Ry ca — 2R Rpcq
+ Ha" H™ Rpicj — Ha" H* Rpjci + 2R 4/ R p;
3 A 1 y 1 y
— “Hay! HP'Ri¢j + — H{™ HU* R jygm — = H"™ HU* R jyimy
2 4 2
1 y .
- EVGHUkVaH”k — 2V Ve VPV + Vo HP IV H, S
— H®'Va¢VeHy i + Ha"H™' Ve Vb — 4R VeV
1 ‘ .
+ 3V Haei VO H®™ — = VeHayi VO H™ — H™'Vy Hoei V$
3 R .
- 5HabJH“L" V;Vig + 4RIV Vi¢p
. 1 y
+2V;VigpVivip + EHU’H”"VNW] (28)
The overall constant Cip can be fixed by comparing R? terms
above with the corresponding terms in the action (1). The above
result can be further simplified using the Bianchi identities in (27).
Since we have used the assumption gyg = ¢, the calculation

in this section could not find the couplings that are total deriva-
tives. However, using the identity

H® 4iRpaca — H* ciRpade + H* cdRbaiae + Va Vo Hedi
— VpVaHei =0 (29)

One can verify that the following is a total derivative term:
/ dPHxe %/ —5[ — VHP YV HpCi + Ho¥ HP Ry
+ HP H iRy qe — Ha"iH™ Rp%cq — H'Vpp Ve Ho"
— VpHaei VEH®™ + H“”"vaac,-w] (30)

Using the above total derivative term and the Bianchi identities
in (27), we have found that the T-dual couplings in (28) can be
simplified to the couplings in (3), (4) and (5).

Our calculation indicates that the derivatives of dilaton in the
world volume theory, i.e., equations (3), (4) and (5), appear only
through the replacement }AQW — Ryv. Such replacement appears
also in the Chern-Simons part at the quadratic order fields [10]. In
fact R,y is invariant under linear T-duality. We expect, apart from
the overall dilaton factor e~?, dilaton appears in the world volume
theory only through this replacement.

We have seen that the couplings in (3), (4) and (5) are invariant
under the full T-duality transformation (8). However, these cou-
plings are not invariant under S-duality for Os-plane. The S-duality
requires adding appropriate R-R couplings. We expect all R-R cou-
plings can be found by requiring the world volume action to be
invariant under both T-duality and S-duality. The consistency of
the couplings under S-duality and linear T-duality has been con-
sidered in [10] to find quadratic world-volume couplings. It would
be interesting to extend the calculation in [10] to full nonlinear
T-duality to find all NS-NS and R-R couplings on the world vol-
ume of O-plane. It would be also interesting to confirm the cubic
couplings in (5) by the corresponding S-matrix element of three
closed string states at projective plane level. Two-point function
on projective plane has been calculated in [26].

5. Note added in proof

During the completion of this work, the preprint [27] appeared
which has some overlaps with the results in this paper.
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