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Various kinds of finite elements are proposed and employed for one-dimensional wave-
field simulations, each of which has their own capabilities and disadvantages. This paper
deals with structural similarities and differences that arise at the element level, by the
use of reduced forms of mass and stiffness matrices. General parameterized forms are then
developed for mass and stiffness matrices of n-noded elements (elements with n nodes
with arbitrary arrangement). Optimization for the free parameters will deliver elements
with better performance and less numerical dispersion error. Two of such elements are
developed and compared for their ability in dispersion-error remission.
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1. Introduction

Today, the finite element method (FEM) is widely used for the solution of wave-propagating problems [1–3]; the results
are however approximate as a consequence of discretization [4]. Such approximation may disturb the simulation results
from different aspects. Inability in exact assessment of vibrational modes of the structural system [5,6], response contami-
nation due to high condition numbers of the element characteristic matrices [6], instability [7], and most importantly the
numerical dispersion [6–10] deteriorate the results or may even cause the numerical simulation to fail.

To overcome such problems, a wide range of different techniques are suggested; each one tries to improve the FE method
by changes or innovations in some parts of the procedure. While the first routine solutions were to add up nodes to increase
element orders, some interesting approaches such as new mixed variational formulations have also emerged [1,2]. Another
sophisticated method which soon found applications in wave propagation simulations and seismology was the spectral ele-
ment method (SEM) [11,12]. In this method, Lagrange interpolating functions are defined based on element nodes located at
the roots of the Legendre polynomials. The method is therefore not different from the classical FEM except in the arrange-
ment of the interior nodes and using Gauss–Lobatto quadrature rather than exact integration. Spectral elements are espe-
cially popular for their diagonal mass matrices, and are widely used for time-domain wave-field modeling. There are
other elements reported in the literature which are developed based on the SE approach [13–18]. More recently, different
types of wavelets are also employed as finite element basis functions [19–24]. Deraemaeker et al. [25] Investigated the effect
of some modified finite element methods on dispersion error for Helmholtz equation.

Now, a simple question is: what similarities do these elements share and what are their differences? Fig. 1 shows illus-
trations of mass and stiffness matrices for a 20-node element obtained by the classical FE method (with equidistant nodes
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Fig. 1. Mass and stiffness matrix structures for some typical classical 20-noded finite elements.
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and Lagrange interpolators), SE method, CE method [16] (with nodes located at the points defined by the roots of Chebyshev
polynomial and Lagrange interpolators), and B-spline wavelet finite element method BSW1 [24] (with equidistant nodes and
linear B-spline interpolators). It is seen that the structures of the characteristic matrices do have similarities, while clear dif-
ferences are also notable. For example, the mass matrix of SE is diagonal, and that of BSW1 is tridiagonal; Nondiagonal en-
tries of the CE mass matrix are small compared with the diagonal ones; and the FE mass matrix is remarkably distinguished
for its radial form. While several researches are found in the literature which have dealt with similarities and differences of
various elements from their performance viewpoint [5–7], there are few ones which have addressed structural investiga-
tions. The latter came out in response to the question that whether it is possible to gather all elements obtained by different
variational methods into a unified one. The question was answered in 90’s, when the new concept of ‘‘template’’ was intro-
duced [26]. Finite element templates are parameterized forms for element characteristic matrices which are defined for spe-
cific element geometries and node arrangements and are able to successfully retrieve different variational formulations.
Some attempts are also made to include mass matrices which are not variationally consistent, e.g. the lumped mass matrix,
into a unified template [27]. However, it is noted that the proposed templates are defined for specific arrangements of nodes
and may not retrieve all n-noded elements (elements with the same geometry and n nodes) with different locations of the
interior nodes such as SE or CE. When a finite element template is available, it may be calibrated and optimized for a specific
conduction [26].

The idea of calibrating the mass and stiffness matrices and setting them in order to minimize numerical dispersion has
been employed by some researchers. Fried and Malkus [28] proposed variable mass matrices by introducing movable inte-
rior nodes and their corresponding calibrated masses. Cohen et al. [29] constructed modified Lagrange finite elements in
one-dimensional (1D) which provide mass-lumping and an accuracy comparable to that of fourth-order FDM, by the use
of Fourier transform. Since it was shown that consistent mass matrices overestimate the wave propagation velocity, and
the lumped ones underestimate it [30,31], some researchers tried to parameterize the mass matrix as a simple weighted
average of lumped and consistent mass matrices to make a balance between lagging and leading phases [27,31,32]. After
that the good performance of SEM in modeling wave propagation was observed, some authors tried to simply average
the spectral and finite element schemes. Seriani and Oliveira [33] developed optimal blended SE operators with increased
numerical accuracy, without resorting to very high order operators. They selected the optimal blending by using dispersion
analysis. However, in their approach, the blending parameter was frequency and mesh dependent which might result in an
increase in the phase error at some frequencies. Another approach to the selection of the blending parameter was adopted by
Ainsworth and Wajid [34] in which the order of accuracy in the phase error was maximized.

The present paper is aimed at minimizing numerical dispersion in one-dimensional wave propagation modeling by
employing and extending the concept of finite element templates. For this purpose, a general parameterized template for
n-noded bar elements is found by the use of reduced forms of mass and stiffness matrices. Section 2 will introduce these
reduced representations for the element characteristic matrices. In Section 3, several 4-noded bar elements obtained by dif-
ferent methods are re-established in their reduced diagonal forms and compared with each other. In Section 4, general



R. Khajavi / Applied Mathematics and Computation 233 (2014) 445–462 447
templates are introduced for n-noded finite elements. The procedure to find template parameters in order to alleviate
numerical dispersion errors is developed in Section 5. Section 6 presents two sample 4-noded optimized bar elements
and investigates their efficiency for improving wave simulation results. Finally, some conclusions are made in Section 7.

2. Reduced representations of mass and stiffness matrices

We shall consider the initial/boundary value problem (IBVP) of axial wave propagation on a 3D homogeneous medium:
1
c2

@2u
@t2 ¼ @2u

@x2 in X� ½0; T�
u ¼ 0 in C� ½0; T�
u ¼ u0;

@u
@t ¼ v0 in X� ½0�

ð2-1Þ
where u is the propagating displacement wavefield defined over the physical domain:
X :¼ fðx; y; zÞ 2 XL �XAj x 2 ½0; l� � XL � R; ðy; zÞ 2 XA � R2g ð2-2Þ
with the boundary C over which the homogeneous Dirichlet boundary conditions are only assumed for the sake of simplic-
ity. t is the time variable defined over the interval [0, T] for some fixed T > 0. u0 and v0 are initial displacement and velocity
fields. c ¼ ða=qÞ1=2 denotes the wave speed of the medium, where a might alternatively be chosen as the Young’s modulus,
the constrained modulus, or the shear modulus (depending on the case), and q is the medium density.

The following inner product:
ðu;vÞ :¼
Z

X
v udX 8u;v 2 H1

0ðXÞ ð2-3Þ
and the bilinear form:
aðu;vÞ :¼
Z

X

dv
dx

a
@u
@x

� �
dX 8u;v 2 H1

0ðXÞ ð2-4Þ
are defined in the Sobolev space H1
0ðXÞ :¼ fv 2 H1ðXÞjv ¼ 0 on Cg [35]. The weak variational formulation equivalent to the

above IBVP is thus defined as follows: Find a function uð:; tÞ 2 H1
0ðXÞ such that:
q
d2u

dt2 ;v
 !

þ aðu; vÞ ¼ 0 8v 2 H1
0ðXÞ ð2-5Þ
We shall now deal with semi-discretization of the above variational equation in the space domain. Let Vh � H1
0ðXÞ be the

finite dimensional subspace associated with a mesh fxigng

i¼1 with ng nodes. The semi-discretized formulation of the problem
can be written as: Find a function uhð:; tÞ 2 Vh; t 2 ½0; T� such that:
q d2uh

dt2 ;vh

� �
þ aðuh;vhÞ ¼ 0 8vh 2 VhðXÞ

uh ¼ u0h;
@uh
@t ¼ v0h in X� ½0�

ð2-6Þ
where u0h and v0h are approximations of u0 and v0 defined in Vh.
Let the finite dimensional space Vh be spanned by a set of basis functions fNqi

gng

i¼1. The finite element solution uh 2 Vh can
thus be written in the following form:
uh ¼
Xng

i¼1

Nqi
qi ð2-7Þ
where fqig
ng

i¼1 is the set of unknown generalized coordinates associated with the mesh nodes. If the above discrete expansion
is applied to the weak form of the wave equation in Eq. (2-6), the following system of second-order ODEs is obtained:
Mq
@2

@t
qþ Kqq ¼ 0 ð2-8Þ
where Mq and Kq are known as the global generalized mass and stiffness matrices respectively, and q is the vector with the
entries q1; . . . ; qng

.
In practice, and especially for engineering purposes, the space domain X is decomposed into ne non-overlapping sub-

domains (or elements e):
Xe :¼ fðx; y; zÞ 2 XL �XAj x 2 ½xe
1; x

e
n�; 1 6 e 6 neg ð2-9Þ
such that:
X � [Xe ð2-10Þ
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n is the number of element nodes. Eq. (2-7) can thus be written in the following form:
uh ¼
Xne

e¼1

ue
h ð2-11Þ
in which
P

e denotes the process of element assembly (no boundary conditions imposed) [35], and
ue
h ¼

Xn

i¼1

Ne
qi

qe
i ð2-12Þ
is the finite element solution associated with the element domain Xe. The set of element basis functions fNe
qi
gn

i¼1
spans the

finite dimensional space Ve
h � H1ðXeÞ associated with each element e; fqe

i g
n
i¼1 is the set of unknown generalized coordinates

associated with the element nodes. Based on the decomposition in Eq. (2-10), the global mass and stiffness matrices, Mq and
Kq, can be built through the same assembly process as in (2-11):
Kq ¼
Xne

e¼1

Me
q; Kq ¼

Xne

e¼1

Ke
q ð2-13Þ
where Me
q and Ke

q are the generalized finite element mass and stiffness matrices respectively, with the entries defined as:
Me
qij ¼

Z
Xe

qNe
qi

Ne
qj

dX; 1 6 i; j 6 n ð2-14Þ

Ke
qij ¼

Z
Xe

aBe
qi

Be
qj

dX; 1 6 i; j 6 n ð2-15Þ
The set fBe
qi
gn

i¼1
will be defined later.

Let @Ve
hðXeÞ :¼ feejee ¼ Lve 8ve 2 Ve

hðXeÞg be the element strain space, in which L : Ve
hðXeÞ ! @Ve

hðXeÞ is the linear gov-
erning kinematic differential operator (Herein, L :¼ @=@x). The set fNe

qi
gn

i¼1
can be written in the following partitioned form:
fNe
qi
gn

i¼1
¼ fNe

qri
gnr

i¼1
[ fNe

qsi
gns

i¼1
ð2-16Þ
in which fNe
qri
gnr

i¼1
with 0 < nr < n spans kerL :¼ fve 2 Ve

hðXeÞjLve ¼ 0g , which is the space that physically corresponds to all
infinitesimal rigid body motions of the finite element, and the function set fNe

qsi
gns

i¼1
with 0 < ðns ¼ n� nrÞ < n corresponds to

element strain states. The subscripts r and s stand for rigid body motions and strain states (that store strain energy) respec-
tively. The set fBe

qi
jBe

qi
¼ LNe

qi
; 0 6 i 6 ng can similarly be partitioned, according to Eq. (2-16), as below:
fBe
qi
gn

i¼1
¼ fBe

qri
gnr

i¼1
[ fBe

qsi
gns

i¼1
ð2-17Þ
where fBe
qri
gnr

i¼1
� 0 corresponds to rigid body motions, and
fBe
qsi
gns

i¼1
¼ fBe

qsi
jBe

qsi
¼ LNe

qj
; nr þ 1 6 j 6 ngns

i¼1
ð2-18Þ
is a basis for @Ve
hðXeÞ. If fNe

qi
gn

i¼1
is an orthogonal basis for Ve

hðXeÞ with respect to the inner product ð:; :Þ, the mass matrix Me
q

will be diagonal, which may be interpreted as a reduced diagonal representation for the conventional consistent mass matrix
Me with the entries:
Me
ij ¼

Z
Xe

qNe
i Ne

j dX 1 6 i; j 6 n ð2-19Þ
where fNe
i g

n
i¼1 are the well-known Lagrange interpolating functions. The two representations are related by the following

transformation:
Me ¼ G�T
q Me

qG�1
q ð2-20Þ
where
Gq ¼

Ne
q1
ðx1Þ � � � Ne

qn
ðx1Þ

..

.

Ne
q1
ðxnÞ � � � Ne

qn
ðxnÞ

2
664

3
775 ð2-21Þ
The basis fBe
qsi
gns

i¼1
in Eq. (2-18) might not essentially be an a(.,.)-orthogonal basis for the strain space @Vk

eðXeÞ of the finite
element. However, the (conventional) canonical stiffness matrix Ke with the entries:
Ke
ij ¼

Z
Xe

aðLNe
i ÞðLNe

j ÞdX 1 6 i; j 6 n ð2-22Þ
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does have a diagonal form Ke
qD, which might be obtained by replacing the non-orthogonal basis fBe

qsi
gns

i¼1
in Eq. (2-17) with an

orthogonal basis fBe
qDsi
gns

i¼1
. Again, the matrix representation in Eq. (2-15) can be transformed to the canonical representation

by the following relation:
Ke ¼ G�T
q Ke

qG�1
q ð2-23Þ
The diagonal stiffness representation Ke
qD can be transformed into the canonical one by:
Ke ¼ G�T
qD Ke

qG�1
qD ð2-24Þ
where
GqD ¼ GqS ð2-25Þ
Gq is obtained from Eq. (2-21). The S matrix relates the generalized coordinate vector:
qe ¼ ½qe
r jqe

s �
T ¼ ½qe

1 . . . qe
nrjqe

nrþ1 . . . qe
n� ð2-26Þ
to the coordinate vector corresponding to the diagonal stiffness matrix:
qe
D ¼ ½qe

Dr jqe
Ds�

T ¼ qe
D1

. . . qe
Dnrjqe

Dnrþ1 . . . qe
Dn

h iT
ð2-27Þ
such that:
qe ¼ Sqe
D ð2-28Þ
The S matrix is found as follows:
Since @Ve

hðXeÞ is spanned by both fBe
qsi
gns

i¼1
and fBe

qDsi
gns

i¼1
, it can be written that:
e ¼
Xns

i¼1

Be
qsi

qe
si
¼
Xns

i¼1

Be
qDsi

qe
Dsi
8e 2 @Ve

hðXeÞ ð2-29Þ
Selecting n-nr suitable points along the element (such that the following Aq matrix is invertible), evaluating the equality
in Eq. (2-29) at the selected points, and rearranging the obtained system of equations in the matrix form gives:
Aqqe
s ¼ AqDqe

Ds ð2-30Þ
or:
qe
s ¼ A�1

q AqDqe
Ds ¼ Ssqe

Ds ð2-31Þ
Replacing qe from Eq. (2-31) into the expanded from of Eq. (2-28) results in:
qe
r

qe
s

� �
¼

Iðnr�nrÞ 0ðnr�nsÞ

0ðns�nrÞ Ssðns�nsÞ

� �
qe

Dr

qe
Ds

� �
ð2-32Þ
Thus, S is obtained as:
S ¼
Iðnr�nrÞ 0

0 A�1
q AqD

" #
ð2-33Þ
3. Structural comparison of typical bar elements

In order to make a sense of structural evaluation and comparison of n-noded finite elements, the following 4-noded bar
elements defined in the reference bar element:
X̂ :¼ ðx; y; zÞ 2 XL �XAjx 2 �
L
2
;
L
2

� �� 	
ð3-1Þ
(where L is the element length, and XA � R2 denotes the constant bar element section with the area A) are investigated:
(1) 4-node bar element with equidistant nodes, and Lagrange interpolating functions, FE
(2) 4-node bar element with nodes located at the points defined by the roots of the Legendre function of order 3, Lagrange

interpolating functions (spectral finite element) and Gauss–Lobatto quadrature, SE
(3) 4-node bar element with nodes located at the points defined by the roots of Legendre function of order 3, Lagrange

interpolating functions, and analytical integration, Full SE
(4) 4-node bar element with nodes located at the points defined by the roots of Chebyshev function of order 3, and

Lagrange interpolating functions, CE
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(5) 4-node bar element with equidistant nodes at X = {�L/2,�L/6,L/6,L/2}, and linear B-spline scaling functions as inter-
polator, BSW1

ð1=6Þ
(6) 4-node bar element with nodes at X = {�L/2,�L/4,L/4,L/2}, and linear B-spline scaling functions as interpolator,

BSW1
ð1=4Þ

All the elements are assumed to have the same constant mass density q (or mass per unit length m = qA), and Young’s
modulus a � E. Their shape functions are shown in Fig. 2. Legendre polynomials up to order 3 (L3) are selected as basis func-
tions fNe

qi
gn

i¼1
for the first four elements. It is notable that for constant m, the L3 basis is orthogonal with respect to the inner

product in Eq. (2-3) defined over Ve
hðX̂Þ; however, if m varies within the element, L3 may not be considered as an appropriate

choice, and basis functions must be obtained by methods such as Gram–Schmidt process. The orthogonal basis for the last
two elements are selected to be the Legendre-like orthogonal splines [36], denoted by OBS1

ð1=6Þ and OBS1
ð1=4Þ for BSW1

ð1=6Þ and
BSW1

ð1=4Þ, respectively. The orthogonal basis functions used for the above bar elements are shown in Fig. 3. For strain-space
basis fBe

qDsi
gns

i¼1
; Legendre polynomials of order 2 (L2) are selected for the first four elements; however, this may not be done

for the two others, i.e. it is not correct to take the three first polynomials from OBS1
ð1=6Þ or OBS1

ð1=4Þ. For these cases, new bases
must be selected that correctly span the piecewise constant strain space of the element. In Fig. 4, the basis functions fBe

qi
gn

i¼1
and fBe

qDi
gn

i¼1
corresponding to the elements BSW1

ð1=6Þ and BSW1
ð1=4Þ are shown.

The diagonal mass and stiffness matrices, Me
q and Ke

qD; for the above six 4-noded elements are obtained according to Eqs.
(2-14) and (2-15) (where fBe

qi
gn

i¼1
is replaced by fBe

qDi
gn

i¼1
for the latter) respectively, and reported in Table 1. As shown in the

table, the diagonal mass matrices of FE, Full SE, and CE are the same; but they differ in the last entry with that of SE. Actually,
in SEM, a reduced integration is performed which underestimates the equivalent mass corresponding to the last strain state.

The diagonal stiffness matrices Ke
qD of the four elements are the same. The differences in their canonical forms (e.g. dif-

ferences depicted by Fig. 1 for the typical 20-noded elements) must thus be associated with the transformation matrix GqD

and therefore, with the node arrangements. As will be shown in Section 5, the performance of FE, Full SE, and CE, in dealing
with numerical dispersion are much close to each other, which might be a consequence of their structural resemblance.

The first entries of all mass matrices equal mL, which is a consequence of linear mass conservation. The second entries are
mL/3 which shows that all mass matrices are rotationally consistent; of course, this may not be the case for some elements,
e.g. elements with lumped mass matrices [37]. In diagonal representations of the stiffness matrices, the first entry 0 corre-
sponds to the rigid body motion, while the second one is obtained for the constant strain state and is EA/L for all elements.

4. General templates for n-noded bar elements

Finite element templates are defined as general parameterized representations for the mass and stiffness matrices of fi-
nite elements with the same number and arrangement of nodes; setting the included free parameters to different values will
provide different finite elements [26]. In the present research, general templates are established for n-noded elements with a
specific number of nodes, but arbitrary nodal arrangements.
Fig. 2. Some typical shape functions for 4-noded bar element configuration; (a) Lagrange interpolating functions of FE; (b) Lagrange interpolating functions
of SE and Full SE; (c) Lagrange interpolating functions of CE; (d) linear B-spline interpolating functions of BSW1

ð1=6Þ; (e) linear B-spline interpolating functions
of BSW1

ð1=4Þ.



Fig. 3. Some typical orthogonal interpolating functions for 4-noded bar element configuration; (a) Legendre basis L3 for elements FE, SE, Full SE, and CE; (b)
Legendre-like orthogonal spline basis for BSW1

ð1=6Þ; (c) Legendre-like orthogonal spline basis for BSW1
ð1=4Þ.

Fig. 4. Interpolating functions of strain field Bq and BqD for elements: (a) BSW1
ð1=6Þ , and (b) BSW1

ð1=4Þ .

Table 1
Reduced diagonal representations of mass and stiffness matrices for some typical classical 4-noded bar elements.

Method Orthogonal Basis Mq KqD

FE L3 mL Diag{1,1/3,1/5,1/7} EA/L Diag {0,1,1/3,1/5}
SE mL Diag {1,1/3,1/5,1/3}
Full SE mL Diag {1,1/3,1/5,1/7}
CE mL Diag {1,1/3,1/5,1/7}

BSW1
ð1=6Þ OBS1

ð1=6Þ
mL Diag {1,1/3,1/6,1/4.9} EA/L Diag {0,1,1/2,1/1.5}

BSW1
ð1=4Þ OBS1

ð1=4Þ
mL Diag {1,1/3,1/9,1/8.257} EA/L Diag {0,1,1/3,1/2.6667}
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A 1D linear elastic bar element configuration with n nodes on the reference element X̂ is considered. In order to establish
a general template for the element configuration, free parameters must be inserted into the diagonal matrices Me

q and Ke
qD.

Then, mass template Me and stiffness template Ke are developed through appropriate transformations.
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The general mass template for 1D element configuration is developed as below:

(1) Arbitrary coordinates for element interior nodes, Xin :¼ fxijxi 2 ðx1; xnÞgn�1
i¼2 , (with some arbitrary interior node coordi-

nates set as free parameters) are selected.
(2) The parameterized diagonal mass matrix is developed as:
Me
qðlÞ ¼ Diag mL 1;

1
l1

;
1
l2

; . . . ;
1

ln�1

� 	
ð4-1Þ
where l :¼ fli 2 Rj0 < 1=li 6 1gn�1
i¼0 is a vector that encompasses mass free parameters. The first entry l0 must be set to 1

to observe linear mass conservation. It is possible to set l1 = 3, so that a rotationally consistent mass matrix is obtained
[37].

(3) An orthogonal basis fNe
qi
gn

i¼1
is selected.

(4) Gq is obtained from Eq. (2-21).
(5) Mass template Meðl;XinÞ is obtained from Eq. (2-20).

The general stiffness template for 1D element configuration is developed as below:
(1) Arbitrary coordinates for element interior nodes, Xin, (the same as the one for mass template) are selected.
(2) The parameterized diagonal mass matrix is developed as:
Ke
qðbÞ ¼ Diag EA=L 0;1;

1
b2
; . . . ;

1
bn�1

� 	
ð4-2Þ
where b :¼ fbi 2 Rj0 6 1=bi 6 1gn�1
i¼0 is a vector that encompasses stiffness free parameters. Since no stiffness is experienced

against rigid body motion, 1/b0 = 0. The second entry of the stiffness matrix which corresponds to constant strain state, b1

must be set to 1 to observe convergence criterion [26].
(3) An orthogonal basis fNe

qi
gn

i¼1
is selected (the same as the one for mass template).

(4) Gq is obtained from Eq. (2-21).
(5) fBe

qi
gn

i¼1
is obtained from Eq. (2-18).

(6) Orthogonal basis fBe
qDi
gn

i¼1
is selected in such a way that fBe

qi
gn

i¼1
and fBe

qDi
gn

i¼1
span the same function space.

(7) S is obtained according to Eq. (2-33).
(8) GqD is obtained from Eq. (2-25).
(9) Stiffness template Keðb;XinÞ is given by Eq. (2-24).

5. Numerical dispersion error

A fundamental problem against proper wave propagation modeling with numerical schemes based on domain discreti-
zation, like FEM, is the unwanted numerical dispersion or grid dispersion. Such error contaminates the results especially for
narrow source pulses. The error might simply be decreased by using finer meshing or higher order elements; however, both
techniques may cause dramatic increase in the computer storage and the computational cost. In the present research, it is
sought to reduce numerical dispersion neither with increase in node number nor element order, but through element read-
justment. For this, the free parameters of the finite element template are optimized for less grid dispersion. Such process is
performed by developing a dispersion relation.

Consider an infinite homogeneous and isotropic elastic medium X1 :¼ fðx; y; zÞ 2 R�XAjx 2 R; ðy; zÞ 2 XA � R2g with a
continuum bar wave speed c0 = (a/q)1/2, which is discretized by n-noded non-overlapping bar elements fXeg1e¼�1, such that
X1 ¼

S1
i¼�1Xi

e. Spatial discretization of the weak variational equation (2-5) over X1 results in the following semi-discrete
wave equations:
M€uðtÞ þ KuðtÞ ¼ 0 ð5-1Þ
where u(t) is the nodal displacement vector, and the global infinite-dimensional mass and stiffness matrices M and K are the
discrete counterparts of the integrals in Eq. (2-5) over the infinite domain, and are obtained as:
M ¼
X1

e¼�1
Me; K ¼

X1
e¼�1

Ke ð5-2Þ
Fig. 5. An element patch with two 4-noded elements which share the end-node i.



Fig. 6. Dispersion curves for some typical classical bar elements.
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To perform dispersion analysis, a two-element patch i of the grid (two elements which share an end-node i) is considered
as shown in Fig. 5. The interior and end nodes of the two elements are displayed by open and solid circles, respectively;
Replacing Me and Ke in Eq. (5-2) by their parameterized versions Meðl;XinÞ and keðb;XinÞ and substituting in Eq. (5-1),
and considering those equations associated with the two-element patch i, the wave equations for the patch are obtained as:
Miðl;XinÞ

€ui�n

..

.

€ui

..

.

€uiþn

2
666666664

3
777777775
þ K iðl;XinÞ

ui�n

..

.

ui

..

.

uiþn

2
66666664

3
77777775
¼Miðl;XinÞ €ui þ K iðb;XinÞui ¼ 0 ð5-3Þ
Solution to the wave equation is considered as the following two harmonic waves with circular frequency x, wavenum-
ber k, and amplitudes Aen and Ain for end- and interior- nodes, respectively:
uen ¼ Aeneiðkx�xtÞ; uin ¼ Aineiðkx�xtÞ ð5-4Þ



Fig. 7. (a) Time variation of Ricker-wavelet source; (b) source spectrum.

Fig. 8. Snapshots of displacement field for the medium discretized by some typical classical bar elements, under Ricker-wavelet pulse (Fig. 7) at t = 1.6 s.
(The red dashed curve on each snapshot shows the exact response.) (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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uen and uin denote the displacements on the end-nodes and the interior-nodes of the element patch, respectively [27].
Inserting these solutions into Eq. (5-3) and considering the two middle equations, a homogenous system of two equations,
with Aen and Ain as unknowns, is obtained. The system has nontrivial solution only if the determinant of the coefficient ma-
trix, which possesses terms of x, k, element length L, and free parameters, l, b, and Xin, vanishes. This will give two param-
eterized frequencies x1;2 ðk;l; b;XinÞ for each wavenumber k. The two functions x1ðk;l; b;XinÞ and x2ðk;l; b;XinÞ
characterize the dispersion relation offered by the finite element template.

In Fig. 6, the diagrams associated with the dispersion relations of finite elements in Table 1 are illustrated, where disper-
sion relations are depicted in terms of dimensionless frequency X = x L/c0 and dimensionless wavenumber j = k L. The solid
straight line shows the ideal relation with constant phase velocity. The dispersion curves are characterized by two branches
with a mid frequency gap for some elements. Physically, those sections of the curves which are aligned with the ideal line are
acceptable. In some elements like SE or CE, the middle gap, which is known as stopping frequency band is considerable. Fre-
quencies in this band may not be propagated through the grid as harmonic waves.

As shown by Fig. 6, the acceptable branches of the dispersion curves for FE, Full SE, and CE are nearly close to each other. A
comparison of the FE, Full SE, and CE dispersion curves shows that compacting interior-nodes to the element center increases
stopping bandwidth. When SE and Full SE diagrams are compared, it is found that increasing the equivalent mass of the last
strain mode (by decreasing l3) decreases the phase velocities corresponding to higher frequencies considerably. In fact,
increasing equivalent mass magnitude corresponding to this mode decreases the corresponding frequency, and consequently
the associated phase velocity. Moreover, such mass decreasing spoils some frequency information which broadens the fre-
quency stopping bandwidth. It is also noted that the dispersion curves for BSW1

ð1=6Þ and BSW1
ð1=4Þ, which employ linear interp-

olators, coincide with the ideal one in a shorter range than those corresponding to the elements developed by L3 basis.



Fig. 9. Numerical dispersion error diagrams and snapshots of wave propagation at t = 1.6 s for elements with l = {3, l2, 3}, b = {3, 5}, and X = {1/
p

5}, where
l2 is set to (a) 2; (b) 3; (c) 5; (d) 7; (e) 15. (The red dashed curve on each snapshot shows the exact response.) (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

R. Khajavi / Applied Mathematics and Computation 233 (2014) 445–462 455



Fig. 9 (continued)
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To investigate the performance and efficiency of each aforementioned elements for wave propagation simulation,
Eq. (5-1) is solved in a 1D homogenous continuum of length l = 33.5 km with Young’s modulus a = E = 12.65 GPa and mass
density q = 2000 kg/m3. Boundary conditions at the two ends are supposed to be constrained, and a Ricker-wavelet source
R(t) with maximum amplitude 50 MPa, as shown in Fig. 7a, is exerted at the mid-point of the domain.

The exact solution might easily be obtained by considering the part of the 1D continuum at the right-hand side of the
source point, according to the well-known d’Alembert’s solution. The response at the left side of the source point is then
found based on symmetry. In particular, the exact displacement before any reflection from the two ends, subject to the initial

conditions uðx;0Þ ¼ 0 and @uðx;tÞ
@t





t¼0
¼ 0, is given by:
uðx; tÞ ¼ 1
2a

Z x

0
R t � s

c0

� �
ds ð5-5Þ
The minus (�) and plus (+) signs in Eq. (5-5) are respectively used for the right and left halves of the continuum.
For finite-element approximation, the spatial domain is discretized by the typical 4-noded elements of length 500 m re-

ported in Table 1, and central finite-difference scheme with step Dt = 0.01 s is employed for time integration.
Displacement response diagrams for t = 1.6 s, obtained by different elements, are shown in Fig. 8. The red dashed curves

on each diagram shows the exact response obtained from Eq. (5-5). It is clearly observed that the responses corresponding to
FE, Full SE, and CE are nearly similar, which might again be related to their identical structures, as depicted by Table 1. The
three other elements (SE, BSW1

(1/6), and BSW1
(1/4)) however perform differently; the fact that might have been be concluded

from their different structures reported in Table 1. It can also be seen that except for BSW1
ð1=4Þ, the higher peaks are appro-

priately located by all elements; however their amplitudes are occasionally overestimated or underestimated by the differ-
ent elements. Overall, L3-based elements perform better than BSW1 ones; however, it is shown in Section 6 that well-
performed BSW1 elements might also be created.

It is clear from Fig. 6 that the curve slope (i.e. the phase velocity) of SE, in contrast to the other elements, is always lower
than the slope of the ideal line (i.e. the exact phase velocity) for the range of wavenumbers shown. Thus, waves with higher
wavenumbers move with less velocity, causing forward dispersion oscillations in the wave propagations modeling. In the
BSW1

ð1=6Þ element, however, phase velocities are always above the medium velocity except for a small high wavenumber
range. The simulation by such element thus intensifies forward dispersion oscillations and meanwhile, marks considerable
drop in the backward oscillations, as shown by Fig. 8. In other elements, the phase velocities occasionally go above or under
the real one, which causes both backward and forward dispersion oscillations in the simulation.

6. Template optimization for grid dispersion reduction

A fundamental problem against template optimization is its requirement to symbolic calculations. The extreme compu-
tational effort needed for such calculations hinders any attempts to experience the procedure for elements with quite a few
nodes. On the other hand, researchers try to improve element performance through innovative schemes like presenting, for
instance, new variational formulations, reduced integration, using appropriate shape functions, rather than increasing ele-
ment order.

In the present research, well-performed elements are sought for by adjusting free parameters involved in the mass and
stiffness templates defined in Section 4. For this, the parameterized dispersion relation is established according to the pro-
cedure in Section 5, and the involved parameters are found so that the most possible coincidence with ideal dispersion rela-
tion is achieved in the desired frequency range. It is notable that optimization may also be performed in the framework of
modal analysis [5]; however the resulted eigenproblem is more difficult due to symbolic forms of the characteristic matrices.



Fig. 10. Numerical dispersion error diagrams and snapshots of wave propagation at t = 1.6 s for elements with l = {3, 5, l3}, b = {3, 5}, and X = {1/
p

5},
where l3 is set to (a) 2; (b) 3; (c) 5; (d) 7; (e) 15; (The red dashed curve on each snapshot shows the exact response.) (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10 (continued)

458 R. Khajavi / Applied Mathematics and Computation 233 (2014) 445–462
The numerical dispersion analysis from the previous section provided two frequencies x1;2ðkÞ for any wavenumber k
when the finite element discretization of the 1D wave equation is considered. Physically, at each wavenumber, only one
of these frequencies, which is closer to the ideal dispersion curve x ¼ c0k is acceptable. The discrepancy between the accept-
able FE-based frequency (x1 or x2) and the ideal one give rise to the numerical dispersion error, that can be defined for the
finite element template as below:
errðk;l;b;XinÞ ¼ Minfjx1ðk;l; b;XinÞ � c0kj; jx2ðk;l;b;XinÞ � c0kjg ð6-1Þ
where x1ðk; l; b;XinÞ and x2ðk;l; b;XinÞ are obtained according to the procedure introduced in Section 5. It is thus desired to
alleviate these discrepancies over a specific frequency (or wavenumber) range. The template optimization problem is there-
fore formulated as follows:
Min
l;b;Xin

Xnk

i¼1

jerrðki;l; b;XinÞjp
 !1=p

s:t: 1 6 l 8l 2 l

1 6 b 8b 2 b

xi�1 < xi < xiþ1 8xi 2 Xin

ð6-2Þ
where fkijki 2 Dk � Rþgnk
i¼1 is a set of nk wavenumbers selected from a wavenumber range Dk over which the dispersion error

minimization is desired, and 1 6 p <1: For p � 1 as a limit case, the objective function is defined as max
i2f1;...;nkg

jerrðkiÞj. The

nonlinear programming problem in Eq. (6-2) might be solved by any appropriate global optimization procedure [38].
To give an example, the optimization process of 4-noded bar template to reduce numerical dispersion error for the prob-

lem introduced in Section 5 is investigated. The 4-node configuration is the simplest one in which FE, SE and CE have differ-
ent characteristic matrices. For the 3-node configuration, the three methods will give the same results.

For the 4-noded element configuration, the free parameters of the template are: mass parameters l = {l1, l2, l3}, stiffness
parameters b = {b2, b3}, and nodal parameter Xin = {n0}. It is also possible to choose different orthogonal basis functions. Here,
the two orthogonal bases L3 and OBS1 are used. For any selected basis, an infinite number of elements are accessible by set-
ting free parameters to different values. The dispersion curve and phase velocities corresponding to different frequencies are
adjustable by appropriately determining the mass-stiffness pairs {l1, 1}, {l2, b2} and {l3, b3}.

Fig. 9 shows some typical diagrams for numerical dispersion errors and time snapshots of the wave propagation history at
t = 1.6 s, obtained for L3 basis, and the parameters l = {3, l2, 3}, b = {3, 5} and Xin = {1/5} where l2 is set to different values.
Fig. 9.c pertains to SE. It is seen that the best coincidence with the ideal response among the five elements is achieved for SE
with l2 = 5, and also the one with l2 = 7. In SE, the dispersion errors for dimensionless wavenumbers less than 4 are below
6%.

Fig. 10 illustrates the same diagrams as Fig. 9, for L3 basis, and the parameters l = {3, 5, l3}, b = {3, 5} and Xin = {1/5}
where this time, l3 has been sequentially changed. Fig. 10b pertains to SE. Clearly by increasing l3 (i.e. decreasing the equiv-
alent mass of the fourth strain state), the phase velocities corresponding to high frequencies increase, backward dispersion
oscillations vanish, and forward ones appear. A comparison of diagrams in Figs. 9 and 10 show that the results are more sen-
sitive to l2 than l3. In fact, numerical dispersion is more sensitive to lower modes than higher ones.

In Fig. 11, the influence of interior node coordinates is investigated on the results. The diagrams are obtained for l = {3, 5,
3}, b = {3, 5} and Xin = {n0} where n0 is given different values. Fig. 12d pertains to SE. It can be observed that interior node
locations may cause decrease in amplitudes of dispersion oscillations; shifting the interior nodes to the corners lowers dis-
persion oscillations and packs them to the corners, while their shifting to the center distributes them uniformly along the
range.



Fig. 11. Numerical dispersion error diagrams and snapshots of wave propagation at t = 1.6 s for elements with l = {3, 5, 3}, b = {3, 5}, and X = {n0}, where n0

is set to (a) 0.01; (b) 0.1; (c) 0.3; (d) 1/
p

5; (e) 0.49; (The red dashed curve on each snapshot shows the exact response.) (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11 (continued)

Fig. 12. Numerical dispersion error diagram and snapshot of wave propagation at t = 1.6 s for the optimized 4-noded bar element with L3 basis and l = {2.9,
2.8, 2.7}, b = {2.51, 4.0}, and X = {0.336}; (The red dashed curve on snapshot shows the exact response.) (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 13. Numerical dispersion error diagram and snapshot of wave propagation at t = 1.6 s for the optimized 4-noded bar element with OBS1
ð1=6Þ basis and

l = {2.75,4.64,3.26}, b = {2.1,1.5}, and X = {1/3}; (The red dashed curve on snapshot shows the exact response.) (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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In Figs. 12 and 13, the results pertaining to two sample optimized elements are shown. For both elements, the minimi-
zation problem Eq. (6-2) is solved with p = 1, and the set fkignk

i¼1 is created by uniformly sampling the dimensionless wave-
number range Dj � [0.0,8.0] using the wavenumber step Dj = 0.1. The differential-evolution optimization procedure [39] is
employed, which has shown to be very efficient when solving nonlinear global optimization problem with simple bounds is
concerned [40]. The optimized elements are then applied for solving the wave equation problem introduced in Section 5. The
figures show the numerical dispersion errors and the snapshots of wave propagation modeling for t = 1.6 s.

Fig. 12 presents diagrams for the optimized element obtained by L3 basis. The optimization process gives free parameters
equal to l = {2.9, 2.8, 2.7}, b = {2.51, 4.0} and Xin = {0.336}. It is seen that dispersion error has much reduced compared with
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those of L3-based classic elements introduced in Section 3; however, the displacement response at t = 1.6 s is no much better
than SE, which might be a consequence of the non-asymptotic behavior of the numerical errors for higher wavenumbers
[41].

In Fig. 13, the diagrams for the OBS1(1/6)-based optimized element are reported. It is observed from the displacement–
time diagram that numerical dispersion has considerably decreased. There is no sign of the high backward dispersion oscil-
lations anymore, as is the case for BSW1

ð1=6Þ (Fig. 8). The amplitudes are also well recovered, which is an improvement over the
classical L3-based elements. Optimization on the basis OBS1(1/4) will not give satisfactory results; i.e. appropriate dispersion
error reduction is not achievable for BSW1

ð1=4Þ in the desired frequency range.

7. Conclusion

In this paper, a general template is proposed for retrieving characteristic matrices of n-noded bar elements, based on their
reduced diagonal representations. Such template is able to reconstruct finite elements obtained by various techniques like
considering different shape functions, reduced integration, or different locations of the interior nodes. Any arbitrary element
might be achieved by basis selection and mass/stiffness/nodal parameter adjustment.

The influence of different parameters on dispersion error reduction is investigated in this research. The results verify high
sensitivity of numerical dispersion phenomenon to the parameter values. A slight change in parameters l or b may deform
dispersion curve intensively. Generally, the parameters corresponding to lower strain states are more effective that those of
higher ones. It is also notable that parameters corresponding to lower modes are more effective in the lower frequency
ranges, while those of higher ones will mostly influence higher ranges.

Locations of the interior nodes are also important in element success. For example, OBS1(1/6) basis with nodes at {�L/2,
�L/6, L/6, L/2} is much more suitable for parameter optimization than OBS1(1/4) with nodes at {�L/2, �L/4, L/4, L/2}. The
arrangement of the interior nodes has influence on amplitudes of dispersion oscillations and their distribution along the do-
main, and may not change dispersion curves or phase velocities of different frequencies except in the case of severe changes.
It is also interesting to note that results are more sensitive to changes in parameters for OBS1 basis than L3.
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