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Generalized conjugate graph
Abstract: Let G be a finite group. In this paper we introduce the generalized conjugate graph Γc(G,n)
which is a graph whose vertices are all the non-central subsets of G with n elements and two distinct
vertices X and Y joined by an edge if X = Y g for some g ∈ G. General properties of the graph such as
the number of edges, clique, chromatic, dominating, independence numbers, automorphism and energy
of the graph are discussed. We also present a condition under which two generalized conjugate graphs
are isomorphic. Moreover, the generalized conjugate graph is a key to define the probability that two
subsets of the group G with the same cardinality are conjugate. We obtain some upper and lower bounds
for this probability.
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1 Introduction
Recently, combining the branches of group theory and graph theory together is one the most interesting
topics. Erfanian et al. introduced a conjugate graph ΓcG associated to a non-abelian group G with vertex
set G \ Z(G) such that two distinct vertices are adjacent if they are conjugate. The graph theoretical
properties such as planarity, regularity and completeness of the conjugate graph are verified (see [5] for
details). The idea of defining such a graph was obtained from the work of Blackburn et al., who presented
P c(G) as a probability that two elements of the group are conjugate (see [2]). Keeping these facts in
mind, we define a graph associated to a finite group G, with vertex set {X ⊆ G : |X| = n,X 6⊆ Z(G)}
such that two distinct vertices X and Y are joined by an edge if there exists an element g ∈ G with
X = Y g. We denote it by Γc(G,n) and call the generalized conjugate graph. If we put n = 1, then Γc(G,1)
is known as the conjugate graph.

In Section 2, we discuss some preliminary results on the generalized conjugate graph. Some con-
clusions about the line graph and automorphism of the generalized conjugate graph are obtained. The
number of spanning forests of the graph is found. The structure of Γc(D2m,2) is specified, where D2m is a
dihedral group of order 2m. In Section 3, we try to combine graph theory with probability. We define
P c(G,n) which is the probability that two subsets of the group G with the same cardinality n are con-
jugate. Using this probability we present a formula for the number of edges of the generalized conjugate
graph. The upper and lower bounds are obtained for P c(G,n). Furthermore, we find the upper bound
for P c(G,n) by using the energy of Γc(G,n). We deduce that there is no component of the generalized
conjugate graph that is a star or a complete k-partite graph, so we conclude that there is no group G
with certain values for P c(G,n).

Throughout the paper, all graphs are simple and all the notation and terminology are standard (e.g.
see [7, 1]).
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2 Preliminary results
Let us start with the following definition.

Definition 1. Let G be a finite group. We define the generalized conjugate graph with vertex set
V (Γc(G,n)) = {X ⊆ G : |X| = n,X 6⊆ Z(G)} such that two distinct vertices X and Y are joined by
an edge if there exists an element g ∈ G such that X = Y g.

It is clear that if G is abelian, then Γc(G,n) is a null graph for all n ≥ 1. So we may assume that G
is non-abelian. If n = 1, then Γc(G,1) coincides with the known conjugate graph denoted by ΓcG in [5].
Now assume that KG is the set of all subsets of G with n elements. Define the action of G on KG by
(A, g) 7→ Ag := g−1Ag for all A in KG and g ∈ G. If AGi is the orbit of Ai in KG and K(G) is the
number of orbits, then one can easily see that

K(G) =
(
|Z(G)|
n

)
+ r,

where r is the number of orbits which have more than one element.
It is obvious that

|E(Γc(G,n))| =
r∑
i=1

(
|AGi |

2

)
.

Since Ai " Z(G), we have [G : GAi ] ≥ 2 for all 1 ≤ i ≤ r. Thus the following lower bound can be
deduced.

Proposition 2.1. For a non-abelian finite group G, |E(Γc(G,n))| ≥ K(G)−
(
|Z(G)|
n

)
.

The dominating set for a graph Γ is a subset D of V (Γ) such that every vertex outside D is adjacent
to at least one member of D. The domination number γ(Γ) is the size of a minimal dominating set of
Γ. We denote the clique, chromatic and independence numbers of the graph Γ by ω(Γ), χ(Γ) and α(Γ),
respectively. Clearly, ω(Γc(G,n))) = χ(Γc(G,n))) = Max{|AG| : A ∈ V(Γc

(G,n))} and so Γc(G,n) is a perfect

graph. Moreover, α(Γc(G,n))) = γ(Γc(G,n))) = K(G)−
(
|Z(G)|
n

)
.

Proposition 2.2. Let N be a normal subgroup of G. Then χ(Γc(N,n))) ≤ χ(Γc(G,n))).

Proof. Since |AN | | |AG| for any subset A of N with n elements, the result follows.

It is clear that, if Γc(G,n) has t components, then its a complement Γc(G,n) is complete t-partite.

Proposition 2.3. Let G be a group. Then
(i) diam(Γc

(G,n)) = 2.
(ii) girth(Γc

(G,n)) = 3 or 4, where t > 2 or t = 2 respectively.
(iii)χ(Γc(G,n)) = ω(Γc(G,n)) = t.
(iv)Let Γc(G,n) = Kr1,...,rt , where r1 ≤ r2 ≤ · · · ≤ rt. If r1 + · · ·+rt−1 ≥ rt, then Γc(G,n) is a Hamiltonian.

Proof. The proof of (i), (ii) and (iii) is clear and that of (iv) follows by Dirac Theorem.

Theorem 2.4. If G is a group with |Z(G)| ≤ 2, then ΓcG is a Hamiltonian.

Proof. It is clear that
deg(x) = |G| − |Z(G)| − |G|

|CG(x)| ,

where x ∈ V (ΓcG). Moreover, by an easy computation deg(x)≥(|G|−|Z(G)|)/2 whenever |Z(G)| ≤ 2.

The line graph of a graph Γ is the graph L(Γ) with edges as its vertices, and where two edges of Γ are
adjacent in L(Γ) if they are incident in Γ.
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If Γc(G,n) has t complete components Kr1 , . . . ,Krt , then by [7, Lemma 1.7.1] L(Γc(G,n)) is a graph

with t components such that each of them contains
(
ri
2

)
vertices and their degrees are 2ri − 4.

Theorem 2.5. If Γc(G,n) has t complete components Kr1 , . . . ,Krt , then E(Γc(G,n)) = 2(r1+r2+· · ·+rt)−2t.

Proof. We write the adjacency matrix of Γc(G,n) in the form of a block-diagonal matrix such that every
block is the adjacency matrix of a complete graph related to the components. Hence the assertion is
clear by [1, Theorem 3.4].

The energy of the graph Γ is the sum of the absolute values of the eigenvalues of the adjacency matrix
of the graph, which is denoted by E(Γ). The graph Γ of order n whose energy satisfies E(Γ) > 2(n− 1)
is called hyper-energetic and otherwise nonhyper-energetic. The following corollary is a direct result of
the above theorem.

Corollary 2.6. Γc(G,n) is nonhyper-energetic.

Recall that Γ is an integral graph whenever all eigenvalues of its adjacency matrix are integers. Obviously,
Γc(G,n) is an integral graph.

Theorem 2.7. Let Γc(G,n) be a generalized conjugate graph with complete components Kri , 1 ≤ i ≤ t.
Then the number of spanning forests of Γc(G,n) is

∏t
i=1 r

ri−2
i .

Proof. We write the Laplacian matrix of Γc(G,n) in the form of a block-diagonal matrix such that every
block is a Laplacian matrix of a complete graph related to the corresponding components. Therefore by
the result of [1, Lemma 4.4] we have ri and 0 as eigenvalues with multiplicities ri−1 and 1, respectively.
Now by [1, Theorem 4.11] the number of spanning trees is rri−2

i . Hence the assertion is clear.

Theorem 2.8. Let D2m = 〈a, b : am = b2 = 1, ab = a−1〉 be a dihedral group of order 2m, where m ≥ 3.
Then for Γc(D2m,2) we claim:
(i) If m is an odd number, then it has components with one, two, m and 2m elements such that the

number of components with one vertex is (m − 1)/2, the number of components with two vertices
is (m− 1)/2 + (m− 1)(m− 3)/4, the number of components with m vertices is (m− 1)/2 + 1 and
(m− 1)/2 is the number of components with 2m vertices.

(ii) If m = 2p, then it has components with one, two, m/2 and m elements such that the number of
components with one element is (m/2) − 1, the number of components with two vertices is (m2 −
2m)/4, the number of components with m/2 vertices is (m + 8)/2 and the number of components
with m vertices is m− 2 + (m− 2)/4, where p is an odd prime.

Proof. (i) We compute the conjugacy classes of D2m as follows

{1, ai}D2m = {{1, ai}, {1, am−i}},

{a, aj}D2m = {{a, aj}, {am−1, am−j}},

and {ak, at}D2m = {{ak, at}, {am−k, am−t}}, {ak, am−k}D2m = {{ak, am−k}},

where 1 ≤ i ≤ (m− 1)/2, 2 ≤ j ≤ m− 2, 2 ≤ k ≤ (m− 1)/2, k + 1 ≤ t ≤ m− k − 1.
It is obvious that the number of components with one element is (m− 1)/2, and (m− 1)/2 + (m−

1)(m− 3)/4 is the number of components with two elements. One can observe

{1, b}D2m = {{1, b}, {1, ab}, . . . , {1, am−1b}},

{b, aub}D2m = {{a−2sb, au−2sb} : 0 ≤ s ≤ m− 1},

where 1 ≤ u ≤ (m− 1)/2. Clearly, we have

{av, b}D2m = {{av, awb}, {am−v, awb} : 0 ≤ w ≤ m− 1},

where 1 ≤ v ≤ (m− 1)/2.
(ii) is similar to the first part.
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Corollary 2.9. Let D2m be a dihedral group of order 2m.

(i) If m = 2p, then Γc(D2m,2) has (m/2)− 1 vertices of degree
(

2m
2

)
− 1, (m2− 2m)/2 vertices of degree(

2m
2

)
− 2, m(m + 8)/4 vertices of degree

(
2m
2

)
− (m/2) and m(5m − 10)/4 vertices of degree(

2m
2

)
−m, where p is an odd number.

(ii) If m is an odd integer, then Γc(D2m,2) has (m − 1)/2 vertices of degree
(

2m
2

)
− 1, (m − 1) + (m −

1)(m − 3)/2 vertices of degree
(

2m
2

)
− 2, m((m − 1)/2 + 1) vertices of degree

(
2m
2

)
− m and

m(m− 1) vertices of degree
(

2m
2

)
− 2m.

Although Aut(L(Γc
(D2m,2))) ∼= Aut(Γc

(D2m,2)), but Aut(L(Γc
(D2m,2))) 6∼= Aut(Γc

(D2m,2)) by [7, Exercise
1.8.15].

I. Fabrici in [6] proved the following lemma for an arbitrary graph.

Lemma 2.10. Let Γ be a 1-planar graph on n vertices and m edges. Then m ≤ 4n− 8.

The converse of the above lemma is not true in general. Consider Γc(D10,2) which satisfies |E(Γc(D10,2))| ≤
4|V (Γc(D10,2))| − 8, but one of its component is K10 which is not 1-planar. Therefore it is not 6-colorable
(see [4]).

Theorem 2.11. There is no generalized conjugate graph Γc(G,2) for which the number of vertices is a
prime number.

Proof. Suppose the contrary
(
|G|
2

)
−
(
|Z(G)|

2

)
= p, where p is a prime number. Therefore possible

cases for |Z(G)| are 1, 2, p or 2p. Let |Z(G)| = 1, so
(
|G|
2

)
= p which implies that G is abelian, a

contradiction. Assume |Z(G)| = 2. It is clear that

|G|2 − |G| − 2(p+ 1) = 0, (1)

the roots of which are possible numbers for |G|. An easy computation shows that ((2|G| − 1)2 − 9)/2 is
not a prime number, so there is no group like G satisfying (1). Now if |Z(G)| = p, then |G| = p+ 1 and
again we have a contradiction. Clearly, |Z(G)| = 2p does not take place. Hence the assertion is clear.

In the next three theorems we observe that there is no group G associated to the generalized conjugate
graph which has p distinct line, triangle or square complete components.

Theorem 2.12. There is no group G whose associated graph Γc(G,2) has p distinct edges, where p is a
prime number.

Proof. Similarly to the proof of Theorem 2.11 suppose that Γc(G,2) satisfies the hypothesis. Therefore(
|G|
2

)
−
(
|Z(G)|

2

)
= 2p. The cases |Z(G)| = 1, 2, 4 imply that p is not a prime number, which is a

contradiction. If |Z(G)| = p, 2p, 4p, then |G| 6∈ N. Hence the proof is complete.

Theorem 2.13. There is no group G whose associated graph Γc(G,2) has p complete components of order 3,
where p is a prime number.

Proof. Suppose the contrary that Γc(G,2) is a graph consisting of p triangles, so that |V (Γc(G,2))| = 3p.
Therefore |Z(G)| = 6p. Assume |Z(G)| = 1, then we have p = (|G|(|G|−1))/6, which is a contradiction.
For |Z(G)| = 2, we have p = (|G| − 2)(|G|+ 1)/6. Since |G|+ 1 is greater than |G| − 2 by 3 unities, so
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one of them is odd and the other is an even number. Thus p is not a prime number. If |Z(G)| = 3, 6,
the argument is very similar and we omit it. For the rest of the cases |Z(G)| = p, 2p, 3p, 6p we have
|G| 6∈ N.

The proof of the following theorem is similar, so we omit it.

Theorem 2.14. There is no generalized conjugate graph Γc(G,2) with p distinct square components, where
p is a prime number.

Now Theorems 2.11, 2.12, 2.13 and 2.14 lead us to stating the following conjecture.

Conjecture. There is no regular generalized conjugate graph Γc(G,n) with m components, where m is an
integer and n ≥ 2.

The following theorem is the evidence that for the above conjecture holds for n = 2.

Theorem 2.15. Let G be a non-abelian group. Then Γc(G,2) is not regular.

Proof. Since G is not abelian, there exist non-central elements x and y in G and therefore CG(x) 6=
CG(y). It is clear that |{1, x}G| = |xG| and |{1, y}G| = |yG|. Now if |xG| 6= |yG|, then the result is clear.
Assume |xG| = |yG|. Let |{x, y}G| = |xG| = |yG|. We have

{x, y}G = {{x, yg1}, {xg2 , yg2}, . . . , {xgk , ygk}},

where {g1, g2, . . . , gk} is a right transversal of CG(x) in G. Since {x, y} ∈ {x, y}G, we should have
{x, y} = {x, yg1} for all g1 ∈ CG(x). Thus CG(x) ⊆ CG(y). By a similar argument we deduce CG(x) =
CG(y), which is a contradiction and the result follows.

One can similarly deduce the following two theorems and the corollary.

Theorem 2.16. There is no generalized conjugate graph Γc(G,2) with p2 vertices, where p is a prime
number.

Theorem 2.17. If the number of vertices of the graph Γc(G,2) is p3, then G ∼= D8 or Q8, where p is a
prime number.

The following graph is the generalized conjugate graph Γc(D8,2) which is isomorphic to Γc(Q8,2).

{1, b}

{1, a2b}

{1, a}

{1, a3}

{a, a2}

{a3, a2}

{1, ab}

{1, a3b}

{b, a2}

{a2b, a2}

{a2, ab}

{a2, a3b}

{a, a3}

{a2b, b}

{ab, a3b}

{a, b}

{a, a2b}

{a3, b}

{a3, a2b}

{ab, b}

{ab, a2b}

{a3b, a2b}

{a3b, b}

{ab, a}

{a3, a3b}

{a3, ab}

{a3b, a}

Fig. 1. Graph Γc
(D8,2)

Corollary 2.18. There is no group G such that |Z(G)| = kps and |V (Γc(G,2))| = ps, where s ∈ N ∪ {0}, p
is a prime number and k = 1, 2.

Lemma 2.19. Let Si be the symmetric group on i symbols, where i = m,n or 2. Then
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(i) Aut(Km ∪Kn) ∼= Sm × Sn, if m 6= n, and
(ii) Aut(Km ∪Km) ∼= Sm o S2.

Proof. (i) By [7, Exercise 1.1] the first part is clear. (ii) It is clear that Sm o S2 = (Sm × Sm)o S2. Thus
(s1, s2)π = (sπ(1), sπ(2)), where s1, s2 ∈ Sm and π ∈ S2. Hence the result is clear.

The following theorem is a direct result of Lemma 2.19.

Theorem 2.20. If Γc(G,n) has components Kri with multiplicity fi, 1 ≤ i ≤ t, then

Aut(Γc
(G,n)) = (Sr1 o Sf1)× (Sr2 o Sf2)× · · · × (Srt o Sft),

where Si are symmetric groups on i objects.

The following theorem is the generalization of Theorem 4.8 in [5], so we omit its proof.

Theorem 2.21. If G and H are two non-abelian finite groups and |G/Z(G)| = |H/Z(H)|, then Γc(G,n)
∼=

Γc(H,n).

By the above theorem it follows that Γc(D2m ,2)
∼= Γc(Q2m ,2).

3 Generalized conjugate graph and probability
Blackburn introduced in [2] the probability that a pair of elements of a finite group is conjugate. We
generalized it as follows.

Definition 2. Let G be a finite group. We define the probability that two sets with the same cardinality
are conjugate by the following ratio,

P c(G,n) = |{(X,Y ) ∈ KG ×KG : X = Y g}|
|KG|2

,

where KG is the set of all n-element subsets of G.

It is clear that if KG is the set of all singletons of the group G then P c(G,n) corresponds to the
probability which was defined by Blackburn. Consider the set A = {(X,Y ) ∈ KG×KG : X = Y g}. Now
by using P c(G,n) we can obtain the number of edges of Γc(G,n). We have

|KG|2P c(G,n) = |A| = |KG|+ |{(X,Y ) ∈ KG ×KG : X = Y g, X 6= Y }| = |KG|+ 2|E(Γc(G,n))|,

where |E(Γc(G,n))| denotes the number of edges of the graph and |KG| =
(
|G|
n

)
. Therefore we have

|E(Γc(G,n))| =
|KG|(|KG|P c(G,n)− 1)

2 . (2)

Theorem 3.1. Let Γc(G,n) be the generalized conjugate graph associated to the group G. Then

P c(G,n) ≤
1
2E(Γc(G,n)) + |KG|

|KG|2
.

Proof. By [8, Theorem 9] and equation (2), the result is clear.

Proposition 3.2. Let G be a finite group. Then

P c(G,n) < |Z(G)|!(|G| − n)!
|G|!(|Z(G)| − n)! .
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Proof. Since Γc(G,n) is not a complete graph, we have

|E(Γc(G,n))| <
|V (Γc(G,n))|(|V (Γc(G,n))| − 1)

2 ,

where |V (Γc(G,n))| =
(
|G|
n

)
−
(
|Z(G)|
n

)
. Now by equation (2) the result follows.

Since there is no generalized conjugate star graph, one can deduce the following result by (2) and the
edge-degree formula.

Proposition 3.3. There is no group G such that

P c(G,n) = 3(
|G|
n

) − 2
(
|Z(G)|
n

)
(
|G|
n

)2 − 2(
|G|
n

)2 .

Clearly, there is no complete k-partite graph. In particular, there is no complete k-partite graph with
equal vertices in each part. By this fact we can deduce the following result.

Proposition 3.4. There is no group G with

P c(G,n) =
(k−1
k )
((
|G|
n

)
−
(
|Z(G)|
n

))2

+
(
|G|
n

)
(
|G|
n

)2 .

Proof. If Γc(G,n) is a k-partite graph with |V (Γc(G,n))|/k in each part, then by [3, Exercise 1.2.9] it follows
that

|E(Γc(G,n))| =
(k − 1)

2k (|V (Γc(G,n))|)
2. (3)

Equations (2) and (3) imply the following assertion.

Theorem 3.5. Let G be a finite group. If P c(G,n) < 7
4|KG| , then G is abelian, where KG is the set of

all subsets of G with n elements.

Proof. Suppose G is a non-abelian group and Xi are subsets with n elements of G. If Xi ⊆ Z(G),
1 ≤ i ≤ m , then

P c(G,n) = |XG
1 |

|KG|2
+ · · ·+ |X

G
m|

|KG|2
+ |X

G
m+1|2

|KG|2
+ · · ·+ |X

G
t |2

|KG|2
. (4)

If |XG
m+1| = A1, . . . , |XG

t | = At, then A2
1 + · · · + A2

t has its minimum whenever Aj ≤ 3, 1 ≤ j ≤ t.
Moreover, at most one of the Aj is equal to 3. Therefore

A2
1 + · · ·+A2

t ≥
22
((
|G|
n

)
−
(
|Z(G)|
n

))
2 . (5)

Now by the substitution of (5) in (4) and the fact that

|XG
1 |+ |XG

2 |+ · · ·+ |XG
m| =

(
|Z(G)|
n

)
,

we have

P c(G,n) ≥ 1
|KG|2

(
2
(
|G|
n

)
−
(
|Z(G)|
n

))
.

On the other hand, |Z(G)| ≤ |G|/4, so
(
|Z(G)|
n

)
≤ 1/4

(
|G|
n

)
. Hence P c(G,n) ≥ 7/4|KG| and the

assertion is clear.
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The following corollary is a direct result of the above theorem, so we omit the proof.

Corollary 3.6. There is no Γc(G,n) associated to the non-abelian group G such that |E(Γc(G,n))| < 3/8|KG|.

In probabilistic group theory, finding the upper and lower bounds and comparing the value of the
probability of the group with its subgroups is interesting. So in the sequel we discuss these facts.

Theorem 3.7. Let N be a normal subgroup of G. Then

P c(G,n) < P c(G/N, n).

Proof. The proof is similar to that of Lemma 3.1 in [2], so we omit it.

By mimicking the proof of Theorem 1.2 in [2] we conclude that the following theorem ia valid.

Theorem 3.8. If G and H are two isoclinic groups, then |KG|P c(G,n) = |LH |P c(H,n), where KG and
LH are the sets of all n element sets of G and H, respectively.

Acknowledgement: The authors would like to thank the referee for some helpful comments and sugges-
tions.
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