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Abstract— This paper represents the principle of stochastic 
optimization and clarifies the rule of probability density function 
estimation in probabilistic optimization methods. Because of 
stochastic nature being in renewable energy power sources, 
during recent years, mentioned method has frequently and 
effectively been used and considered in several experimental 
sectors like renewable and hybrid power generation systems. 
Meanwhile, it describes and compares analytical, Monte Carlo 
simulation, point estimation and two-point estimation methods to 
estimate probability density functions. Several simulation results 
have been represented to clarify the offered concept. Finally, 
mentioned methods are implemented on a stochastic GA problem 
and the simulation results have been represented and compared. 

Index Terms— Stochastic optimization, genetic algorithm 
(GA), Monte-Carlo simulation, point estimation, two-point 
estimation, wind power generation, solar power generation, 
hybrid power generation.  

I. INTRODUCTION 
We are living in a complex world completely been merged 

with different kinds of uncertainties. So, if we want to face the 
reality we have to consider uncertainties [1]. Soft-computing is 
a branch of science claiming to deal with this fact. Since 
optimization issue is considered as one of the infrastructures of 
soft computing science, we anticipate that uncertainties will be 
covered by mentioned sector too. This kind of optimization is 
considered as stochastic optimization [2]. Even though several 
sporadic articles have been established in probabilistic 
optimization sector, in this paper, we will review, investigate 
and compare them entirely in simple and understandable 
expressions together with their implementations and 
simulations of different offered methods. Since in this issue 
some basic statistical concepts are applied, first we briefly 
review them. 

II. BASIC STATISTICAL CONCEPTS 
In a statistical population the mean on the population is 

define as below [3]: 
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The variance of a statistical population representing the 
scattering rate of population is calculated by the following 
formula [4]: 
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The square root of variance is called standard deviation. 
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The skew rate of population can be obtained by skewness 

factor [5]. 
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The effect of skewness variations in a statistical population 
has been illustrated in Fig. 1. 

The n-th moment of a real-valued continuous function f(x) 
of a real variable about a value c is defined as below [6], [7]: 
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The moment of a function, without further explanation, 
usually refers to the above expression with c = 0. So the first, 
second and third moment of a statistical population is equal to 
mean, variance and skewness factor respectively [6]. 

It can be shown that distribution functions of a statistical 
population can be represented in terms of its moments [8]. If a 
distribution function includes m unknown parameters, these 
parameters can be determined by using first m moments of 
statistical population. This issue clarifies the importance of 
moments in estimation of probability density functions. 

III. PROBABILITY DENSITY FUNCTION ESTIMATION 
One of the most important parts of probabilistic 

optimization is the estimation of probability density functions. 
Here we try to consider some different methods regarding to 
this issue. 

A. Analytical method 
This method is completely accurate but includes longsome 

solution and cannot be represented as a general algorithm. As a  



 
Fig. 1. The effect of skewness factor variation on probability density function 
 
general description, the work space should be separated into 
several areas, in each area cumulative density function should 
be stated in terms of some integrals and finally we should 
differentiate them to get probability density function [9]. 
Because of heavy computational burden this method usually is 
not considered in probabilistic optimization procedures. For 
example, if we want to calculate cumulative distribution 
function of Z=XY, we should calculate following time 
consuming integral and then differentiate it to get probability 
density function (Fig. 2). 
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B. Monte Carlo method 
Monte Carlo method is one of the most famous and 

accurate methods used to model uncertainties. This method is 
very simple and the only disadvantage of this method is heavy 
computational burden which in not suitable in evolutionary 
algorithms [10]. As a fact, the more number of samples, the 
more accurate results will be. In this method we should follow 
some simple steps [11], [12]:  

• Let )(XFY =  and ],...,[ 1 nxxX = be a vector of n 
input random variables. 

• Determine the number of samples m which will be 
used in Monte Carlo algorithm. 

• Generate m random values for each random variable 
according to their probability density functions. 

• Evaluate the Y function for each vector of generated 
random values ( ),...,,( 21 niiii xxxFY = ). 

• Sort the values of obtained iY  from previous step in a 
vector. The histogram of Y can be drawn from 
mentioned sorted vector. 

• The histogram of Y can be used to evaluate probability 
density function parameters of different distribution 
functions (MATLAB curve-fitting and distribution 
fitting toolboxes can be used to calculate mentioned 
parameters) 

 
Fig. 2. Plotted Z=XY function 

C. Taylor expansion method 
The usual following approximate formulas are obtained 

from the Taylor expansion of the function about the 
expectations of the random variables. This approach imposes 
excessive restrictions on the function (existence and continuity 
of the first or first few derivatives) and requires the 
computation of derivatives [13]. 
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D. Point estimation method 
This method applies Taylor expansion to get some 

simplified equations resulting in expectations of the random 
variables [14]: 

nnn yPyPYE −−++ +=)(                                               (9) 

Where )( ±± = xyy and n is a real number. 

±P  and ±x  must satisfy following simultaneous equations to 
meet the following conditions [14]: 
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2333 )()( xxvXxPXxP σ=−+− −−++                             (13) 
The solution of above equations is: 
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“V” is the coefficient of variation. 
We can extend point estimation method; normally used for 

functions including only one random variable, to functions 
supporting n random variables by using following equations 
[14]: 
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iY  and yV  are the expectation and coefficient of variation 

of Y computed as though iX  were the only random variable 
and the others were equal to their expectations. 

Point estimation method is a popular method because of its 
simplicity, and its speed. 

 

E. Two point estimation method 
Two-point estimation (2PE) method is a variation of point 

estimation (PE) method applied to model uncertainties [14]. 
The aim of this method is to estimate the first and second 

moments of a function of random variables according to the 
first, second and third moments of input random variables and 
two concentration values related to each input random 
variables. 

Imagine we have a function of n input variables 
as )(XFY = , ],...,[ 1 nxxX = . In order to use this method, 
we should know the three first moments of input variables 
( 3,,, kkk λσµ , nk ,...,1= ). If we do not know the third 
moment of some input random variables, we can use following 
equation to calculate that [15]. 
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In this method, first, we should calculate kς  ),...,1( nk =  
from the following equation for each input random variable 
[16], [17], [18], and [19]. 
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Then ik ,ξ  called the location of concentration, for each 

input random variable should be evaluated nk ,...,1( =  
)2,1=i [17]. 
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Next, the value of probabilities of concentrations ikP ,  can 
be obtained from the following equation [18]. 
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Now we can calculate the concentrations of Xkf as below 

equation: 

XkikXkikx σξη ,, +=                                                      (27) 
Finally the mean and variance of Y can be calculated by 

using following equations [19]: 
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This method not only offers an acceptable accuracy, but it 

also provides less computational burden in comparison with 
previous methods. 

IV. SIMULATIONS AND EVALUATION OF ESTIMATION  
METHODS 

In this part we will simulate and implement estimation 
methods represented in previous section and we will also make 
a comparison between the results of mentioned methods.  

We assume a simple function 2121 ),( XXXXFY +==  
which both input random variables follow normal distributions 
( )2,1(~1 NX , )4,3(~2 NX ) and the problem is calculation 
of probability density function of Y. 

A. Aanalytical method 
In this problem the analytical distribution of Y can be 

obtained by convolution of X₁ and X₂ as below [20]: 
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As a result, the expectation and variance of Y for this 

example can be obtained via following formulas: 

YXY µµµ +=                                                               (33) 
22
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So the Y distribution can be represented as 
)20,4(~ NY  and has been displayed in Fig. 3. 

In order to confirm the results, we have used MATLAB 
curve-fitting toolbox to obtain the mean and variance of Y 
distribution. We witness that the analytical results completely 
coincides with numerical calculation of curve-fitting toolbox. 
In this paper, we will use analytical results as the benchmark 
and we will compare the results of other methods with this 
criterion. These results have been presented in Fig. 4. 

B. Monte Carlo method 
The histogram of Y distribution using Monte Carlo method 

has been represented in Fig. 5. Next, the obtained histogram 
data has been analyzed via MATLAB curve-fitting tool box to 
determine its mean and variance values [21], [22]. These 
results have been presented in Fig. 6. 

C. Two point estimation method 
In this section, we have implemented and simulated two-

point estimation method for previous problem.  
Two point estimation simulation results together with 

analytical and Monte Carlo simulation results have been 
presented and compared in Table I. 

V. STOCHASTIC OPTIMIZATION 
The aim of deterministic optimization methods is to find 

out a point resulting in the best objective function value, but in 
stochastic optimization a single point is not considered and a 
distribution of random variables with special probabilistic 
functions are evaluated instead. So, the answer of optimization 
procedure will be presented as a probability cumulative or 
density distribution function. Since in a real world we face 
stochastic phenomena covering different types of uncertainties, 
investigation of probabilistic optimization should specially be 
considered. 

The randomness of input variables in probabilistic 
environments is taken into account by using stochastic 
optimization [16]. The latter is performed using analytical 
methods or simulation methods. Monte-Carlo simulation 
(MCS) is a simple and accurate simulation method that uses 
historical data to determine their probability density functions 
(PDFs). Random values from these PDFs are used to quantify 
the uncertainties. The large computational effort is the main 
obstacle for efficient use of this method. Several approximate 
methods have been proposed to reduce the computational 
burden including Taylor series expansion, first-order second- 

 

 
Fig. 3. Plotted density function of X₁,X₂ and Y=con(X₁,X₂) 

 

 
Fig. 4. Distribution parameters of Y obtained by MATLAB curve-fitting 

toolbox 
 

 
Fig. 5. Histogram of Y distribution obtained by Monte Carlo method 

 
 

 
Fig. 6. Distribution parameters of Y (MATLAB distribution-fitting toolbox) 

based on Y histogram obtained by Monte Carlo method 
 
 

TABLE I 
COMPARISON BETWEEN Y DISTRIBUTION PARAMETERS OBTAINED FROM 

DIFFERENT METHODS 
 

Method Analytical Monte Carlo Two point estimation 

Yµ  4 4.00219 3.995585 

Yσ  4.4721 4.47095 4.470364 

 
moment method (FOSMM) and point estimation (PE). PE is a 
popular analytical method because of its accuracy, simplicity, 
and speed. Two-point estimation (2PE) is a modified version of 
PE [16]. 

In this paper we will try to implement stochastic GA 
optimization by using different types of uncertainty modeling 
methods and finally we will compare the results. 

Hybrid power generation systems are good examples in this 
field. They are inherently uncertain because of the stochastic 
nature of wind speed, solar irradiance, and load characteristics. 
The uncertainties of wind and solar power generation are 
characterized using the probability density functions whose 



statistics are obtained from historical data of wind speed, solar 
irradiance and load variations. These data can artificially be 
generated by random values based on their statistical 
distributions [16]. 

As an example, we assume that solar power, wind power 
and load variations follow normal distributions (X1, X2 and X3 
random variables respectively) as below: 

 
)3,12(~1 NX                                                                    (35) 
)5,17(~2 NX                                                                    (36) 
)2,20(~3 NX                                                                  (37) 

 
The problem is to find out the statistical distribution of 
necessary solar power ( 4~ YPpv ) and wind power ( 5~ YPw ) 
resulting in maximizing of following fitness function: 
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where Y1, Y2 and Y3  are solar power, wind power and load 
distributions and are defined as below: 
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A. Analytical GA stochastic optimization 
In this part, we have used analytical method to obtain 

distribution of Y1 and Y2 random variables in stochastic GA 
optimization. 
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These results have been analyzed by distribution-fitting 

MATLAB toolbox and have been represented in Fig. 7. A 
sample view of this optimization procedure has been illustrated 
in Fig. 8. The results of this stochastic algorithm have been 
represented in Table II and have also been compared with other 

 

 
Fig. 7. Distributions of optimal Y4 and Y5 obtanied by stochastic GA  

(MATLAB distribution-fitting toolbox) 

 

 
Fig. 8. A sample view of stochastic optimization procedure for one sample of 

input random variables (Green point is the result ans white points are GA 
population) 

 
stochastic optimization methods. As it can be clearly seen, the 
answers of this problem by using analytical stochastic 
optimization have been approximated with two normal 
distribution functions of Y4 and Y5 where 

)48123.958,4.2(~4 NY  and )1049851.6431,9.(~5 NY . 
Finally the cumulative distributed functions have been 

obtained via distribution-fitting MATLAB toolbox and are 
represented in Fig. 9. As it can be clearly seen, we will need 
about 38MW solar power and about 79MW wind power to 
cover the consumer’s load. 

B. Monte Carlo GA stochastic optimization 
In this part, we have used Monte Carlo method to obtain 

distribution of Y1, Y2 and Y3 random variables in stochastic 
GA optimization. 
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 The results of Monte Carlo stochastic algorithm have been 
represented in Table II and have also been compared with other 
stochastic optimization methods. We witness that the answers 
of this problem via Monte Carlo optimization have been 
approximated with two normal distribution functions Y4 and 
Y5 where )81924.006,4.2(~4 NY  and )32850.197,8.5(~5 NY . 

Finally the cumulative distributed functions have been 
obtained by distribution-fitting MATLAB toolbox and the 
results were very similar to Fig. 9. The cumulative distributed 
functions of results for this method show a similar trend to 
those of analytical GA optimization and are not provided for 
brevity. 

TABLE II 
COMPARISON BETWEEN Y OPTIMAL DISTRIBUTION PARAMETERS OBTAINED 

FROM DIFFERENT STOCHASTIC GA METHODS 
(MATLAB CURVE-FITTING TOOLBOX) 

 
Method Analytical Monte Carlo Two point estimation 

4Yµ  23.9587 24.0067 24.0784 

4Yσ  4.24812 4.28198 4.2996 

5Yµ  51.6431 50.197 50.9936 

5Yσ  9.10498 8.53283 8.59119 



 

 
Fig. 9. Cummulative distributed function of Y4(fit 1) and Y5(fit 2) 

(MATLAB distribution-fitting toolbox) 
 

C. Two point estimation GA stochastic optimization 
In this part, we have used two-point estimation method to 

obtain distribution of Y1, Y2 and Y3 random variables in 
stochastic optimization GA. 
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These results have been analyzed by distribution-fitting 

MATLAB toolbox and have been represented in Table II and 
have also been compared with other stochastic optimization 
methods. 

As it can be clearly seen, the answers of this problem via 
analytical stochastic optimization have been approximated with 
two normal distribution functions Y4 and Y5 where 

)29896 24.0784,4.(~4 NY  and )5911950.9936,8.(~5 NY . 
The cumulative distributed functions of results for this method 
are also similar with analytical and Monte Carlo methods and 
are not provided for brevity. 

 
Comparing the data represented in Table II we can perceive 

that two-point estimation method offers a great accuracy while 
its computational burden is considerably lower than Monte 
Carlo and analytical methods. 

VI. CONCLUSION 
In this paper we have investigated, simulated and compared 

analytical, Monte Carlo, point estimation and two point 
estimation methods to model uncertainties. Analytical method 
is completely accurate but includes longsome solution and 
cannot be represented as a general algorithm. Monte Carlo 
method is also accurate but it uses many data samples resulting 
in high computational burden. Two-point estimation method 
which is a varied version of point estimation method leads us 
to accurate results and less process time. Finally we have 
implemented mentioned estimation methods in stochastic GA 
optimization problem and we have compared the results. We 
witnessed an acceptable accuracy and low computational 
burden in two-point estimation GA optimization in comparison 
with other methods. 
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