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Abstract Shearlet Transform

R.A. Kamyabi-Gol* V. Atayi

Abstract

In this paper, the shearlet theory is extended from Euclidean spaces to
locally compact groups. More precisely, the abstract shearlet group is
defined as a 3-fold semidirect product and the abstract shearlet transform
is constructed by means of a quasiregular representation of the semidirect
product group. Its properties are investigated and results are illustrated by
some examples.

1 Introduction

Various drawbacks of classic wavelet theory in dealing with multidimensional
data, including problems concerning image processing, stimulated many math-
ematicians during the past 20 years to seek for efficient substitutes such as two
dimensional directional wavelets [1], wavelets with composite dilation [14], curvelets
[5] and Contourlets [9]. Curvelets initially emerged as the most efficient tool for
image processing as well as for sparse approximation, but they had at least two
notable shortcomings: first, they were not generated from a single or even a finite
set of functions and second, the curvelet transform did not stem from representa-
tion of some locally compact group. In 2005, shearlets were introduced to address
these shortcomings (cf. [6],[10],[13],[18],[19] and [20]), while preserving all posi-
tive features of curvelets. Being motivated by applications in image processing,
shearlet theory was initially developed for functions in L?(R?). Natural images
exhibit edges, that is, discontinuities along curves. Since these discontinuities are
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spatially distributed, in order to obtain efficient representations of images, such
representations must contain basis elements with many more shapes and direc-
tions than the classical wavelet bases. Shearlet as ultimate systems, are obtained
by applying the actions of dilation, shear transformation and translation to a fixed
function, and exhibit the geometric and mathematical properties, such as, direc-
tionality, elongated shapes and scales.

There are some generalizations of the idea of shearlets. For example, in [7] and [8]
Dahlke et al. extended shearlet theory to n-dimensional signals. Also, consider-
ing shearlet group as a semidirect product group, it turns out that its standard
representation is the quasiregular representation, a fact useful to characterize
irreducible subrepresentations of the shearlet group [3]. In addition, we found
out that there are groups in both mathematics and physics that can be regarded
as 3-fold semidirect product groups. Moreover, there may be useful transforms
that act on the phase space as trivariate functions, so if there is no possibility to
consider the parameter space as a 3-fold direct product group, one can regard it
as a 3-fold semidirect product group and utilize harmonic analysis.

In a forthcoming paper [4], we have considered the shearlet group as a 3-fold
semidirect product Lie group and were able to compute its Lie algebra.

In this paper we go beyond the Euclidian space and define shearlet group and
shearlet transform relative to locally compact groups.

2 Preliminaries and notations

Fix two locally compact groups H and K, and let i1 — 1, be a homomorphism of
H into the group of automorphisms of K denoted by Aut(K). Also assume that
the mapping (i, k) — T;,(k) from H x K onto K is continuous. Then the set H x K
endowed with the product topology and the operations:

(h,k)(W,K') = (Wi, k7, (K'))

(k)= = (L, g (k1))

is a locally compact group. This group is called the semidirect product of H and K,
respectively, and is denoted by H x ¢ K.
From [2, Lemma 1.4.3] or (15.29) of [16], we have:

Lemma 2.1. Let dup(h) and dug (k) be the left Haar measures of H and K respectively,
and let G = H X1 K. Then the left Haar measure of G is dug (h, k) = 6(h)dug (h)dug (k).
Where 6 is a positive continuous homomorphism of H and is given by

dux (k) = o(h)duk (T, (k)).

There is a standard unitary representation U of G = H x; K on the Hilbert
space L?(K) which can be constructed in the following way:

Uk, K)f(y) = 3(h)2f (T (yk™)),

in which, f € L?(K), (h,k) € G,y € K.
This representation is called quasiregular representation and in general is not irre-
ducible.
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3 Main results

Let H, K and L be three locally compact groups where L is also Abelian. Moreover
assume 7 : H — Aut(K) and A : H X K — Aut(L) are homomorphisms which,
(h,k) — 7, (k) from H x K onto K and ((h,k),) = Ag, (1) from H x K x L onto
L are continuous.

Definition 3.1. With the notations as above, any locally compact group in the
form of (H x K) x, L denoted by S, is called an abstract shearlet group associated
to homomorphisms 7 and A, respectively.

By virtue of lemma 2.1, one can compute the left Haar measure of an abstract
shearlet group:

Lemma 3.2. The left Haar measure of S = (H x K) x, L is:
dus(h, k1) = 6x(h, k)or (h)dpp (h)dpuk (k)dpr (1),

in which, dug (h), dux (k) and duy (1) are, the left Haar measures of the locally compact
groups H, K and L, respectively and 6,, drare given by:

dug (k) = oz (h)dpx (T, (k))  dpup(l) = 6x(h, k)dur (A (1))

Let U be the quasiregular representation associated with abstract shearlet
group S, namely, for ¢ € L?(L)
1 _
U (h, K, Dp(x) = 83(1, k) (A g1 (7))

A function ¢ € L2(L) is called admissible or abstract shearlet if, for any f € L?(L),
the function (i, k, 1) — (f, U(h,k,1)¢) belongs to L*(S).

Definition 3.3. Let 1 be an abstract shearlet. For f € L?(L), the abstract shearlet
transform of f with respect to i is the mapping:

SHlpf :S§ — C
SHyf(h k1) = (f,U(h k1))
So,  is an abstract shearlet if SHyf € L*(S).

Let S be an abstract shearlet group associated to homomorphisms 7 and A.
Shifting parentheses in the definition of S yields a new isomorphic locally com-
pact group, say S, of course associated to new homomorphisms T and A as
denoted in the following theorem:
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Theorem 3.4. The following mapping is an isomorphism of topological groups:
Q:Hxz(Kx5L) = (Hx:K)x,L
(h, (k1)) = ((h k), 1),
in which, T : H — Aut(K x5 L) and A : K — Aut(L) are homomorphisms defined by
Tk 1) = (T k), A (1)

A1) = Ay (1)

Proof. Since T and A are homomorphisms, it is easy to check that ¥ and A are
homomorphisms. Moreover, in group S = H xz (K x5 L) we have

This implies that () is homomorphism. Indeed:

Q((h, (k) (H', (K, 1)) = (', kTt (K')), 1A (B, K) (I'))
((r, k), D((H',K),1").

Besides, it is evident that () is a continuous bijection. m

Remark: One should be noted that not any 7 and A are satisfying theorem
3.4. Indeed, if so does, then %,(k,I) = (a,B) and Ay = T imply 7,(k) = & and
A (I) = T(B); So, as an example, for the Heisenberg group H(G) = G xz
(G x5 T) with Tg(w, z) = (w,zw(g)) and Aw(z) = z, we can deduce T(w) = w
and Ay )(z) = zw(g). But it is obvious that A and A(, ) are not homomor-
phisms.

The left Haar measure of S can be computed as:

g/w)

Theorem 3.5. The left Haar measure of S = H xz (K x5 L) is related to that of S as:
dug(h k1) = 6c(h")dus (h, 1,1 (k),1).
Proof. we have
dps((h, k), 1) = ox(h, k)or (h)dpp (h)dpk (k)dpr (1)

dug(h, (k1)) = 6z(h)é5 (k)dpp (h)dpx (k)duL (1),
in which,
dux (k) = 6c(h)dpx (y(k)) (3.1)

dur (1) = 6x(h, k)dpr (A (k) (3.2)
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dpxx;L(k 1) = 6z (h)dpxs;L(Tu(k, 1)) (3.3)
dur(1) = 65 (K)dur (A (1)) = 65 (k)dpr (A 10 (1)) (34)
Equation (3.4) for [ := A, 1,)(]) reads:
dpr (A1) (1) = 65(K)duL (A, 0 (Ama(1)) (34)
= 05(k)dur (A (1)
= 05 (k)63 (b, k)dur(1). (from(3.2))

Now from (3.3), we have

65 () dux (kK)dpr (1) = dz(h)dproc; L(Th (K), A1) (1)
Oz (h)05 (i (k) ) dpx (T (k) dpr (A1, (1))
Oz T (

#(h)83 (7 (k)87 (h)dpx (k)3 (k)6 (b, k)dp ().

(from (3.1) and (3.4"))
Finally we deduce
1 (h, K)oz (h) = 05(h)d5 (Ty (k).
In particular for k := 7,1 (k), we have
dug(h k1) = 6c(hV)dugs(h, 7,1 (), 1). n

Hereafter, we investigate properties of abstract shearlet transform which gen-
eralize some classic results. In particular, the abstract shearlet transform acts on
translated signals as the following proposition shows.

Proposition 3.6. Based on the notations as above,
SHy[Lef](h k1) = SH¢f(h,k,x_1l) = [La a0 0SHylf (1, K, 1).
Proof. Since Ly is a unitary operator and L, is its adjoint, we have

SHy[LfI(h k1) = (L f, U(h, k, )ip)
= (f, Ly U(h K, D)

_ /Lf(t)u(h, k,1)p(xt)dt

-1

= [ SO IR gy 1 (D) e

= (f,U(hk,x)y)
= SHyf(hk x7 ).

But on the other hand,

SHyf(hkx ) = SHyf(1p, 1k, %) (k1)) = [Layy 1,008 Hyl f(K,1). m
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For (h,k) € H X7 K, define the (unitary) operator Q; ) on L2(L) by

QUi B(E) = 6,2 () P(EoA g )-

By virtue of Q, ), we link the abstract shearlet transform to signals living on
frequency domain. More precisely,

Proposition 3.7. With the notations as above, we have
SHyf(h k1) = (f, MiQu0¥),
in which, M; is the modulation operator defined by [M;p](¢) = E(1)(&).

Proof. For (h,k) € H x K, assume Py, ) is the operator on L*(L) defined by

1
Py iyp(x) = 65(h, k)lp(/\(h,k)*l(x))' Then we can rewrite the abstract shearlet
transform as

SHyf(h k1) = (f, TiPg1 ),
in which, Tjy(x) = ¥(I~1x). Now by applying the Plancherel theorem, we have

SHyf(h k1) = (F, MiPg ),

where, P(/hk)\tp can be computed as
Poo®(@) = [ Pop (D0l
= 53(0K) [ 901 (D)EDH

=5, k) [ TRy D)l
=5, (1K) [ p()ZoA g (Dl

= 5,2 (1 K)§ (EoA )

-~

= Q-
So we have, SHy f(h k1) = (f, MiQ 1 9)- n

Let U be the quasiregular representation of abstract shearlet group S on the
Hilbert space L?(L) and F : L?(L) — L?(L) be the Fourier transform, that is uni-
tary by Plancherel theorem. Then U defined by U = FUF~! is a unitary represen-

tation of shearlet group on the Hilbert space L?(L) which is unitarily equivalent
to U.
We observe that for any (k,k,1) € S, [U(h,k 1)p]" = U(h,k,1)§. So we deduce:

SHyf (k1) = (F, Ul k).
k

Moreover, by virtue of proposition 3.7 we have, U(h, k, 1) = MiQ 1 )

We can write abstract shearlet transform as a convolution in the following man-
ner:
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Proposition 3.8. We have:
SHyf(h k1) = [f = U(h, k,1)9](1),
in which, ¥(x) = P(x~1).

Proof. Indeed with the notations as above, we have

Uk 1,) % /f DUk Kk, 1) Pt )dt
— [ fan 610 KA+ (7))t
- [ ar )63 (1, P (A 1(1)dt
_/f 62 (h, k k)_l(l_lt))dt (t — 1715
_/f Ul kDo (1)dt
= (F, Uk, 1)) = SHyf (k). .

Similar to any “good” transform in the setting of applied harmonic analysis,
the abstract shearlet transform is an isometry, as the following theorem shows:

Theorem 3.9. ¢ € L?(L) is admissible if and only if,
Cp= [ 1B(v0A ) Poc()dun(Wdpx (k) < oo,
~ 1
for almost every «y € L. If so, then Cy, *SHy : L*(L) — L2(S) is an isometry.
Proof. We have

ISHpflT2(s

Il
=
—

=

[ 1SHuf 0k D)6 8, ik

Uk 1)y p) (1) dio< (h)6x (h, k)dkdh

(&)12|U(h, k, 1L) b (&)|*dEo. (h)6, (h, k)dkdh

w\w\\
)

F@)PI53 (h, k)Q (k¥ (8)[2dCor (h)dkdh
F@P [ 19(70A ) Poc(h)dkanag
Hx K
= 2 D(YOA (o)) 20¢ () dkdhd
JVF@F [ 1910 Poc(h)dkdna
= [IF@P [ 180 q,u)[0c(n)akahag
= /A F(&)PCyd.
So Cy < oo yields two outcomes: first, HS Hyf || ) < o which in turn means ¢
is admissible and second, ||SHyf|| = qu; ILfIl- n

=)~

R
SN—
s

N\E\I\I\
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4 Examples

1. The first and the most important example is the shearlet group introduced
in [20]. As mentioned before, we showed that the shearlet group S = R x
R x IR? is a type of abstract shearlet group. More precisely, S = (R* x; R) x,
R?, in which, T and A are given by 7,(s) = /as and Aas)(t) = SsAat, where
1 s a 0 . . il
Ss = 01 and A, = 0 \/E) are respectively, shear and anisotropic dilation

matrices. Also in [3, Theorem 3.8] we showed how the admissibility condition for

i 2
two dimensional shearlets reduces to [ W()A‘i’zﬂ)‘d/\diy < oo,

Shearlet group is isomorphic to a group S = Rt xz (R x5 R?), in which, T and A

are given by
Ta(s,t) = (Vas, Ast)
As(t) = St

The standard representation of shearlet group, namely,

o (a,5,)(x) = usp(x) = a TP(A71S; (x — 1)),

is the quasiregular representation of the semidirect product group
S = (Rt x:R) x, R?. Indeed,

1
U(a,s, t)p(x) = 5i(a,s)1p()\(als)_1 (x—1)),
in which, d,(a, s) is given by:
dpga(t) = 0x(a,5)dpgz (A(as) (1))
=0x(a,s)dura(SsAqt).

By (2.44) of [11] it is known that for any T € GL(n,R), durn(Tt) = |detT|dpgn (t).
This yields d,(a,s) = a=3.So

U(a,s,b)p(x) =a=3p(Aa () (x—1)

2. Three dimensional shearlets are very useful tools for analyzing signals with
three dimensional domain such as seismic waves. We utilize the approach taken
in [7] (see also [12] and [15]) and investigate the locally compact group

S; = (R* x;R?) x; R?in which, T and A are given by 1,(s) = a3sand Mas)(t) =
SsAqt, where for s = (s1,s2), Ss and A, are given by:

1 51 s
SS - O 1 0 ,Aa -
0 0 1



Abstract Shearlet Transform 677

Since det(SsAq) = a3, 506 A(a,s) = a~3, then, similar to the preceding example,
one can compute the quasiregular representation of S3 as:

U(a,s, bp(x) = a~sp(A1 ) (x 1)

_5
=a 09 (Sq, (—5)A1(x — 1))

= a i (A 1S (x — 1)),

IS
Q=

This is precisely the representation defined in [7].

S3 is isomorphic to §3 = R* x5 (R? X5 IR3), in which, T, (s,t) = (a%s, Agt), and
As(t) = St

3. Consider the Galilei space-time R* = R x R as the space of pairs (g, t) describ-
ing events in a four dimensional (nonrelativistic) space-time. Here g and t stand,
respectively, for the position and (absolute) time of the event.

There are four types of symmetries of this space-time:

a) Movements with constant velocity v : (g,t) — (g + vt t)
b) Rotations by A € SO3(R) : (g,t) — (Ag,t)
c) Space translations : (q.t) = (g +p,t)
d) Time translations : (q,t) = (g, t+5s)

All these maps are affine maps on R*. We recall that the subgroup T' C Aff4(RR)
generated by these four maps is called proper Galilei group. T is the natural sym-
metry group of nonrelativistic mechanics. As it is shown in [17, Example 2.2.6], T
is isomorphic to the abstract shearlet group:

G = (SO3(R) x¢ R%) <) RY,
in which, 74 (v) = Av, and A(4,4)(q, 1) = (Aq + vt, t).
In the matrix form, the action of A(4 ) on (g, t) reads: (13 71)) (?) ,

this implies 6, (A, v) = |det(A)|~! = 1. So the quasiregular representation of this
abstract shearlet group reduces to:

U:G — ULA(RY))
U(A,0,(q,0)9(p,s) = p(A7 (p — g — (s — t)o),s — ).

4. The similitude group of plane defined by
Simy(R) = (RT x; SO2(R)) x, R?,

in which, for any (a, M, t) € Simy(R), T,(M) = M and A(, ) (t) = aMt, is a kind
of abstract shearlet group. This group is the group theoretical framework of two
dimensional continuous wavelet transform. Its quasiregular representation reads

1

U(a, M, p(y) = -9 M (y ~ 1) = TiDup(y),
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in which, D and T are respectively, the standard dilation and translation opera-
tors on L2(IR?). So the abstract shearlet transform on Sin, (IR) is given by

SHq;f : Slmz(]R) —C
SH¢f(a, M, t) = <f, TtDuMlp>-
The group Simy(R) is isomorphic to a group given by
G = R x7 (SO2(R) x5 R?),
in which, T,(M, t) = (M, at) and Ay (t) = Mt.
5. Consider the abstract shearlet group S = (Zy X1 Z,) X, Z,, in which, T and
A are given by:
o(r)=r, T(r)=-—r
Mopy(8) =1+s, Agp(s) =r—s.
§ is isomorphic to the locally compact group S = Zy x5 (Zy X5 Z,),in which, T
and A are given by:
%0(7",5) = (V,S), %1(1/15) = (—7’, _S)
Ar(s) =7 +s.

The quasiregular representation of S can be computed as:

1
Ulkr,s)p(x) = 6 (a2 (x =),
in which, k € Z,7,s,x € Zy, € L?>(Z,,) and 5, (k, r) is given by:
dpz,(s) = ox(k,r)duz, (A (s))-

But, we have (0,7)"' = (0,—r), (1,r)"' = (0,r). Moreover, for k = 0,1 we
have 6, (k,r) = 1, no matter counting measure or discrete uniform distribution is
assumed on Z, as Haar measure. So, finally we have:

U(0,r,5)p(x) = (A, (x =5)) = p(x =5 —71),

UL 1, 8)p(x) = p(Aqn(x —s)) = (s —x+7).

6. Consider these three locally compact groups: (2%,.), (R, +) and Klein 4-group
Ky = (a,bla® = b* = (ab)®> = 1). It is well known that K, is Abelian and
Aut(Ky) = S3. Now let S be the abstract shearlet group S = (22 x; R) x, Ky, in
which, for 2/ € 2% we have T,(x) = 2/x and A is given by permutations:

a b ab
Awo) = (a b ab)

AMoiyy = (aab Z abb) p if eitherr j=0 or x=0
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a ) )
Aoy =, ab if j>0x>0
a ab ) )
A2 ) :<ab b a) if j>0x<0
b a ab ) )
Aix) = (a b ab) if  j<0,x>0

a b ab . .
/\(zj’x):(b ab a)’ if j<0,x<0.

S is isomorphic to the locally compact group S =2Zx: (R x5 Ky), in which,
7 and A are given by:

Ti(x,a) = (2/x,ab), T,i(x,b) = (2x,a) for j#0

ab a

7\x:<a b abb), for x #0.

For2/ € 22,x € R,1,a,b,ab € Kyand ¢ € L2(Ky) the quasiregular representation
of S reads as:

U(Zj,x,l)l[)(l) = U(Zj,x,a)tp(a) = U(Zj,x, b)yp(b) = U(Zj, x,ab)p(ab) = (1),

U(Zj,x,l)tp(a) = U(Zj,x,a)tp(l) = U(Zj,x, b)y(ab) = U(Zj,x,ab)tp(b)
= ¢(/\(2*f,—2*fx)(a))/

U(Zj,x,l)l[)(b) = U(Zj, x,a)P(ab) = U(Zj,x,b)l[)(l) = U(Zj,x,ab)tp(a)
= 1P(A(2 ~J,—2ix) (b)),

U(Zj,x,l)tp(ab) = U(Zj,x,a)tp(b) = U(Zj,x,b)tp(a) = U(Zj,x, ab)y(1)
= P(A i _o-ix)(ab)).

One should note that §,(2/,x) = 1, no matter counting measure or discrete
uniform distribution is assumed on K as Haar measure.
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