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Abstract

Length-biased data are widely seen in applications. They are mostly applicable in
epidemiological studies or survival analysis in medical researches. Here we aim to
propose a Berry-Esseen type bound for the kernel density estimator of this kind of
data.The rate of normal convergence in the proposed Berry-Esseen type theorem is
shown to be O(n*(-1/6) ) modulo logarithmic term as n tends to infinity by a proper
choice of the bandwidth.The results of a simulation study is also presented in this paper
inorder to examine the performance of the result.

Keywords: Asymptotic normality; Berry-Esseen theorem; Kernel estimator; Rate of convergence;

Length-biased.

Introduction

Length-biased data happen in different applications.
If larger elements of the population (in size, length or
volume) are more probable to be sampled, then this
sample is called length-biased. One of the most
important applications of analysing this kind of data is
in survival analysis. When survival data are collected
from patients with diseases such as AIDS, cancer or
dementia, in most cases the initiation time of the
diseases is not definite. In these cases it is obvious that
any individual who lives longer, is more probable to be
sampled. Thus, this sample of survival data is length-
biased.

The phenomenon of length-bias is noticed by
Wicksell [18] for the first time. In his research he
noticed that only the cells that were larger than a
particular amount, were visible in the microscope. This
caused a length-biased sample of cells to be studied.
Length-bias was later statistically studied by Mcfadden

[12], Blumenthal [3] and Cox [5]. There are many other
examples of application of length-biased data that give a
good reason to work on various aspects of these kinds of
data. Estimating the density function of the population
of such data is of high interest. Here we use two kernel
density estimators that are proposed by Jones [8] and
Bhattacharyya et al. [2]. Various properties of these
estimators are studied, but the rate of normal
convergence is not investigated. The rate of normal
convergence isusually achieved in the form of a theorem
that is referred to as the Berry-Esseen type theorem in
the similar works. Parzen [14] achieved a Berry-Esseen
type bound for the kernel density estimator when the
sample is independent and identically distributed (i.i.d.),
Rosenblatt [17] investigated the normality of the kernel
density estimator of a sample from a stationary Markov
process and Parakasa Rao [15] proposed a Berry-Esseen
type theorem for this estimator. Isogai [9] investigated a
Berry-Esseen type bound for the estimator of the
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derivatives of the density function of a random sample.

Several works have been done for a random right
censorship model. Liuguan and Lixing [11] investigated
the Berry-Esseen type bound for the kernel density
estimator of the population density function of such
data. Liang and Ufia-Alvarez [10] have proposed a
Berry-Esseen type theorem for the kernel density
estimator when the data are strongly mixing and are also
opposed to random censorship. Asghari et al. [1] have
started ¢ Berry-Esseen type theorem for the kernel
density estimator of left truncated data.Investigating a
Berry-Esseen type bound for the kernel density
estimator of length-biased data is the main purpose of
this paper.

The layout of this paper is organized as follows. In
preliminary section the needed notations and some
preliminaries are given. The main results of the paper
are proposed in th main results section. A simulation
study is performed in the simulation section. A
conclusion from the main results of the paper is briefed
in the conclusion section. The proofs of the main results
are stated in the the proof section.

Prelimaniers

Let P be a population and suppose that Y is the
random variable of interest in this population with
density function f. It is well-known that in a length-
biased model, the data should be positive. n ii.d.
random variables Y;,..,Y, are sampled from this
population with the condition that any individual that is
larger in size, length, volume or lives longer than other
individuals, has a higher probability to be sampled than
other individuals. This sample is length-biased with the
length-biased density function that is shown by g

v
gly) = 7

>0,
in which y = fooo uf(u)du < o is the mean of the

population. According to the definition of g it can be
obtained that

ut =J- ulg(u)du.
0

It gives the idea of using the following estimator of u
that is denoted by /i

=) 0

Here a Berry-Esseen type bound is obtained for two
kernel density estimators that are shown by f,; and f,,
and are deﬁned as follows

fu®) = S 1K (52),
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fnZ(Y) l 1 K (Y;l—ny)'

in which K () is a kernel function. f,; is defined for
y >0 and f,, is defined for y > ¢ for an arbitrary
constant £ > 0. f,,; and f,, are originally proposed and
investigated  respectively by Jones [8] and
Bhattacharyya et al. [2]. In order to achieve the desired
result, we need to present another versions of Jones and
Bhattacharyya estimators of f, which are denoted by f,,;
and f,,,. These estimators are defined as bellow

fnl(Y) = L
fr2(Y) =

llyK(Y‘ y) y>0.
llK(Yl y) y > e

fni(¥) and f,,(y) are usefull when yu is known. In
this paper we present the Berry-Esseen type theorem for
for and f,,,. We also compare their achieved normality
rate. First we give an abstract modification for the
variance of f,; and f,, because of their usage in the
main theorems.

Var(fu ) = _Var (1}1 K (Ylh; y)>
-2 ([ () L
~ (f K(uhn}’>giu)d ) )

L kO[] K(OF O+
thn)dt)z),
2 Y, —
Var(fnz(y)) ——V r(K( 1h y))

:nigy2<f KZ( e )g(u)du

- ([ 1 () atoa)

u 1
" nh,y? (f K2y + thy)f(y + thn)dt)
T2 ([ KOO+ th)f & +
thn)dt)z. (7

Let i ():=nhVar(fu() and b ()=
nh,Var(f,2(y)). From (6) and (7) it can be written that

2 —
Gnl(y) - (2)
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u KO g (1 KOF &+ thydr)

+thy

u (!
) =5 f K2()( + thy) f(y + thy)d

Rn (1 2
— 22 ([ KOG + th)f( + thy)dt) .

Another notation that is needed here is g2(y):=
%(y)f_ll K?(t)dt. o?(y) will be clarified in Lemma 1.

Remark 1.t should be noted again that fn;(y),
a1 (¥) and 62, (y) are defined for y > 0 and f,,(y),
fa2y) and 0,5,(y) are defined for y > € in which ¢ is
anarbitrary positive constant. Therefore, in this paper
wherever fo1(y), far(¥) and 0,1 (y) are studied, y is
assumed to be positive and wherever fo,(¥), fona(¥) and
0n2 () are studied, it is assumed that y > €.

Results

Main Theorems

Before starting the main results, some assumptions
are needed. Theseneeded assumptions are simillar to the
assumptions that are used in Asghari et al. [1]. Here we
just use the number of the assumption from Section 3 of
Asghari et al. [1]. So by Assumption Al we mean
Assumption A1l from Section 3 of Asghari et al. [1].

Theorem 1. Under Assumptions Al and A3(i), if f is
continuous in a neighbourhood of y, then we have

igﬂglP(\/nhn i) — Efui )] < x05i(y)) — @ (x)]
= 0((nhy)™Y?) fori=12.

Theorem 2. If the assumptions of Theorem 1 and
A3(ii) are satisfied, we have

sup |P (Vaha[/1u) = Efu)] < x0,)) - @]
X

= 0((nh,)™Y2 + (h,loglogn)'/*) fori=1,2.
Theorem 3. If Assumptions Al, A3-A5 are satisfied and

f and G have bounded first derivatives in a
neighbourhood of y, then for y > 0 we have

iﬁﬁlp(‘/nhn [/ = FD)] € x0(y)) — P(x)]
=0(a,) fori=1,.2,

where  a, = (nh,)™"/? + (h,loglogn)'/* + hy, +

5/2
nt/2p3/?,

Remark 2. As it can be seen from the definition of
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o?(y) when f is unknown, ?(y) is ygknown too, so
Theorem 3 is not applicable to inferential purposes such
as creating a confidence interval or in hypotheses
testing. In order to cover the applicability issue we need
to estimate oz(y). Two estimators a 6) proposed for
c%(y). They are shown by 6%(y) for' i =1,2. The
consistency of these proposed estimators is studied in
Corollary 1. Then we present another version of
Theorem 3 using this estimator instead of o%(y). For
i=1,2let

~ Bfni 1
6% (y): = Uni®) "yl(” [1, K2yt

In the following corollary, we substitute A3(i) with
the following assumption.

. nh
A3()": h, >0 andﬁ — 00 asn — oo,

and we also have an additional assumption which is

H:There exists a small y > 0 such that G(y) = 0 for
ald<y<vy.

Corollary 1.Let Assumptions Al, A3(i), A3(ii), A4
and A5 be satisfied,

i: if Assumption H is also satisfied, then for y > Owe
have

logn

1621 () —a*| =0 nh, +h2 |a.s.
ii: for y > & we have
loglogn
165,00 -2l = 0| |4 p2 s,
nh,

Theorem 4. Let Assumptions Al and A3-A5 are
satisfied,

i: if Assumption H is also satisfied, then for y > Owe
have

sup [P [/, (fu1 ) = ) < 2804 )] - 00|

logn
ha

=0|a,+ a.s.

S

ii: for y > ewe have

supP [V (£i20) = ) < 36,2 0)] - @)

loglogn
nh,

=0|a,+ a.s.
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Remark 3.Let h, =0n"%) for §< a<1 By
choosing a close to % the Berry-Esseen type bound for

P ~ 1
fn1 and frn, in Theorem 4, reduces to O (n_g) modulo

logarithmic term as n — oo,

Simulation study
In this section we invetigate the convergance rate of
Theorem 4 via a simulation study. To simulate a length-

biased sample Yi,..,Y,, the distribution of the

population is assumed to be the gamma distribution with
3.

density fucntion f(y) = 2= > y > 0.

2
So the length-bias density function would be

yte™
giy) = S y > 0.It should be noted that the

distribution of the population is chosen to be the
mentioned gamma distribution, so that the length-biased
density satisfies Assumption H.Here 1000 samples of
size n=Y00 are generated from this gamma distribution.
We chose x = 0 for different values of y which are 0.5,
1.5, 2 and 3. The following kernel function is used

K () =3 (1-0%)1 (] 1),

Then we evaluated P [,/nhn (fni(y) —f (y)) <
x&ni(y)] fori=1,2,using Monte Carlo based on

1000 replications. This estimator would be noted by

P [Vrhn (Fu) = f)) < 264 ()] fori=12.

Then A,;(x,y) fori=1,2 is calculated. A,;(x,y)
is defined as bellow

Ani () = |P [k (Fu @) = FO)) < 28]
- <b(x)| fori=1,2.

The used bandwidth is the bandwidth that minimizes
the observed integrated square error (ISE) of f,,;(y) and
the population density which is f(y). ISE is caclulated
as bellow

ISE (fni’hn;f ):”:fm' (y )_f (y ):|2dy >
and
hISE = arg min2 ISE (f ni ,h,, v )-Results of the

n<h,<n 3

as it is mentioned
performed simulation are presented in Table 1.

From Table 1, it can be concluded that for small
values of y such as 0.5, the Berry-Esseen rate for f,,(y)
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Table 1. Simulation results

Y Anl (oiy) An2 (09y)
0.5 0.0101 0.0007
1.5 0.0019 0.0022
2 0.0056 0.0107
3 0.0041 0.0060

works better thanf,; (¥). The reason appears to refer to
the Assumption H. On the other hand the Berry-Esseen
rate for f,;(y) works better than f,,(y) for higher
values of y such as 1, 1.5, 2 and 3.

Conclusion

In this paper a Berry-Esseen type bound for the
kernel density estimator of length biased data is
investigated . Two types of estimators are used. One is
proposed by Jones [8] (f,;) and the other one is
presented by Bhattacharya et al. [2] (f,;). From
Theorems 3 and 4 it can be concluded that f,,; and f,,
appear to have similar normal convergence rates, but
there is a principal difference between them. The results
for f,; are valid for all y > 0, but the results for f,,, are
not valid for y’s near 0.

Proofs

In this section we start the proofs to the theorems
and corollary that are stated in main results section. In
order to ease the procedure of the proofs, some lemmas
are presented. These lemmas are stated where they are
needed. From here on, let C be a positive constant that
can be changed from one line to other line.

Lemma 1. If Assumptions Al and A3(i) are satisfied
and f is continuous in a neighbourhood of y, then
a2 (y) = o?(y) as n - o for i = 1,2. Furthermore, if
f has bounded first derivative in a neighbourhood of y
then we have

loZ,(y) — a?(y)| = 0(hy), fori=1,2.

Proof. Since f is continuous in a neighbourhood of
y, it is also bounded in this neighbourhood. So for
02,(y) since h, > 0 asn — oo we have

| 111<2(t>

1 2
h(f K(t)f(y+thn)> 0,

f(y+thy)
y+th,

IO
dt y j_lK (t)dt,

as n — oo. So using (8) we have
o5 (y) - a?(y)asn - o,
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and for .2,(y) we have

f 1 K2(@t)(y + thy)f(y + thy)dt
- Yf(}’)f K?(t)dtasn - oo,

2
-0 asn

1
ha ( f KO + thy)f(y + thn>dt)

so from (9) we have
05 (y) - a?(y)asn - .

Now using Assumption Al, if f has bounded first
derivative in a neighbourhood of y, it can be written that

1
f Kz(t)f(y+thn)dt

2 _ 42 —
log1 (V) —a“W)| = |u Y+ th,

2

1
~ hy < f KOF Gy + thn)dt>
—%(”)f_ll Kz(t)dt|

= O(hn);
0500 =001 = |55 f K0y + thy) f(y
+ th,)dt

—22 ([, KOO + th)f &y +
thn)dt)z - %(” ™ 1(2(t)dt|
= O(hn);

and the proof is completed.

Proof of Theorem 1. Let

= {1(f2§“h;y>—E[%K(%>]}'
Vit = e (52) £ [k (2]}

so it can be written that

fus @) = Elfua D] = ) W,

fu2 @) = Elfua ] = ) Vo

Let By1: = 2w, Var(W,,;) and B,,,: =

Y-y Var(V,;). Now from Theorem 5.7 of Petrov
[16] it can be concluded that

i'énglp[\/ nhn(fnl(y) - Efnl(y)) < xanl(y)] - (b(x)l
[ Z?:l Wni <x
VVar (Z?:l Wni) B

= sup |P
x€R

— d(x)

<5
B2,

¢ 3

= nElelll )

2

B2
suplP[\/nh (fnz(J’) Efnz(}’)) <x0n2(}’)] CD(x)l

ln=1 E|Wni|3

Z?:l Vi
Var (T, Vai)

:l=1 E|Vni|3

= sup |P <x|—®(x)

XER
c
=3
2
Bgz
_ 3
=—nE|V,°.

2
an

From the definition of E|W,,|® and E|V,;|® and by
using the C, inequality (Gut [6]) we have

c y =Y\ [?
ElWn [ < N CTERE 17 K( Ry )
_cC 1 3 f(y+thy)
T n3n} I K (t)( +thp)? at,
(16)

vy —Y]
EWVnl? < < y)3 |1<( 1)
n

[ KOG+ thn)f(y + thy)dt,

= n3h$1
so using Assumption Al, Lemma 1, (16) and (17) it

can be written that
(14) < f K3(t )(Mijthn)z dt

3
2

C f Kg()f(y+thn)

dt
1 2
03, (y) (nhy)? O+ thy)

= 0((mhy)2),

and
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j K30 + thy) f(
-1

+th,)dt
= ;1[ K3(t)(y + thy)f(y + th,)dt
02 (0 ()2 7~
=0 ((nhn)-z).

In the last equalities in (18) and (19) we used
Assumption Al and the fact that f is bounded in a
neighbourhood of y. O

Proof of Theorem 2. Using Lemma 2 of Asghari et
al. [1], for any a; > 0 and a, > 0 it can be written that

sup |P [k, (fun @) = Efis ) < 26, ()]

xER
- CI>(x)|
s Slélulglp[\l nhn(fnl(}’) - Efnl(}’)) <
X0 ()] — @] + 2=
(Jz 1) = fr O] > al)
and

sup |P [k (fuz ) = Efuz3)) < %05 ()]
XER
- Cb(x)|
< i‘éﬁlp[‘/ nhy(fuz() — Efn2)) <
xUnz()’)] - <D(x)| + %

(;/n_’(l;l) /220 = fr2 O] > az)

on the other hand we have

(% |7 — fui)] > al) <

|fn1(y) fnl(y)| fOTl— 1,2.

nhn
ajoni(y)

By the law of the iterated logarithm for partial sums
of i.i.d. random variables, we have

|id — ul =0< ’@)a.s.

Now using Assumption Al, continuousness of f in a
neighbourhood of y and (23), it can be written that
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Elfur () — fun )| S

<C (loglogn)i/2 E 1
Y1

g [Iﬁ _ Ml (Yih—ny)]

4G

nl/2n,
_ loglogn f(y+thy)
_C( n ) f K(t) y+thy dt
— 0( /loglogn>’
" (19)
and
. Yi—y
Elfe®) = fr < ——>" B |1 - ulk (<=2
n
(loglogn)”2 Yi-y
SC i, nl/zhny E[ ( )]
(loglogn)*/
= ¢ L8V [ K@) (v +

th,)dt
-0 ( loglogn)
\/ n

1
Now by letting a; = a, = (h,loglogn)# in (20) and
(21), substituting (24) and (25) in (22) and by using
Theorem 1 we get the result. o (20)

Proof of Theorem 3. By triangular inequality and
using Lemma 2 of Asghari et al. [1] for a=

| 1) — F9). we have

sup P [Jn_hn (fm(y) - f(y)) <x0(y)| - <1>(x)|

(9D A\
- q)<0-n1(Y)x>r )
+sup|@ (275x) - 0G0 +
nh-,1

Tty | Efm ) — fFD)I.

22
It should be noted that in (26) we (use)d the fact that
12 |E fra(y) — f(¥)| > a does not happen

the event
a(y)
for the sellected a.

Jnhy .
oy |Efiz () = FO)Lin
Lemma 2 of Asghari et al. [1] an({zﬁging the same
argument, we have

Also by letting a=

sup [P [k, (fra ) = f3)) < x03)] = @)

\/Tn U(Y)
<
- igug [rf 2 fnz(}’) Ef"Z(y)) e
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* (2255%)
+sup o (5) — 00 +
B () — FO

a little calculation and a usage of Lemma 1 yields

sup CD< °) x> - )| = 0(a3 () —a*)

x€ER Uni(}’)
=0(h,) fori=1,2.

On the other hand using a Taylor expansion gives

|Efu) = fO)] = 0(h})fori =12,

now by substituting (29) in (26) and (27), using
Theorem 3 and (28) we get the desired result. O

Proof of Corollary 1. From the definition of 62, and
a2 we have

1
K?(t)dt
-1

< C{fMIa - ul + alfu ) -
fI} (30)
For the second part of (30), the triangle inequality
gives

162 () — a? W) =

[/ () — FO)] < s;telglfm(y) — Efui )]

+ |fn1(y) _fnl(Y)|

+HEf1(v) — fFO)I
=1+ 11 +IIL

Under the assumptions of the corollary, using the
method that is used in the proving procedure of Lemma
1 of Ould-Said and Tatachak [13], results the following

I = 0( /loﬂ) a.s
nhy
For II we have
. n 1 ’ n 1 _
2 7K Cn) a2 7 ()
nhn . Yl n nh’ﬂ le.
i=1 n i
Iu ul

2

“IHg 6y 63

0( /mglﬂ> a.s.
n

In (33), g,(¥) is a kernel density estimator of g(+)
based on Y, ...,Y,. Here we used the fact that g,(y)
converges to g(y). Recall that from the proof of
Theorem 3 we have

II=

=1
Y, — y)
h,
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Il = 0(h2).
Substituting (32), (34) and (35) in (31) gives

(31)=0<\/@+h2) @7)

Now using (23) and (36) it can be concluded that

logn 28
(30) = nil a.s. @8
For 67, we have (29)
1
|67 () — a2V = _le(t)dt
< C{fOIa—pl +alfu () -

fI} (37

For the second part of (37), by using the triangle
inequality it can be written

[fn2 ) = FO] < |fn2 () — Efuz (0]
+|Efn2() = FO)|
=1 +1I'.

Under Assumptions A1, A3(i) and A3(ii), Theorem 2
of Hall [7] gives the following

I'= 0( loglﬂ)a.s.,

nhy
and on the other hand from the proof of Theorem 3
we know that
II' = 0(h2),
now using (37), (38), (39) and (40()32}1e corollary is
proved.

(€2))

Proof of Theorem 4. Here we only give the proof to
the first part (f,;). The proof to the second part (f,,,) is
analogous. From Corollary 1 we have

= 0(lo,(») — a*MD

(D<x6n1(y))—¢(x)
=0<\/%+h2) (3 )

a(y)
By using triangular inequality, it can be concluded
that

sup
x€R

sup [P [/, (fu1 ) = ) < 2801 )] - 00|



Vol. 26 No.3 Summer 2015

yn Gn1 (y)
< sup P ()(fm(y) f»)sx al(y)]
_ ( Unl(Y))
a(y)
+sup ( nl(}’))_q)(x)‘
xXER
=sup|P \/(_(fnl(y) f(y))<x]

tb(x)|+0(\/@+h2)as (42)

By using Theorem 3, we get the desired result. The
same argument for f,, gives the result.
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