46 Annual Tranian Mathematics Conference

25-28 August 2015

% 2> Yazd University
Talk On generalized covering subgroups of a fundamental group pp.: 1-3

On Generalized Covering Subgroups of a Fundamental Group

S.7Z. Pashaei, M. Abdullahi Rashid} B. Mashayekhy, H.Torabi
Department of Pure Mathematics , Ferdowsi University of Mashhad,

P.O. Box 1159-91775, Mashhad, Iran

Abstract

In this talk, after reviewing concepts of covering. semicovering and gencralized
covering subgroups introduced by J. Brazas, we give a new criterion for a subgroup
H < 7 (X, 20) to be a generalized covering subgroup.
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1 Introduction

Recently. the notion of covering space has been extended using eliminating some of its
properties and keeping some others [1,2,3,5]. For instance, semicoverings are introduced by
eliminating the evenly covered property and keeping local homeomorphismness and unique
path lifting property [2]. In the case of generalized coverings, local homeomorphismness
has been replaced with unique lifting property [1,3,5]. It is well-khown that for connected
and locally path connected spaces every covering is a semicovering and every semicovering
is a generalized covering. Let p : (X',;Eo) — (X, ®z0) be a map and H = p*m(X,a?o) <
7m1(X, z9). Then H is called a covering, a scmicovering or a gencralized covering subgroup
if p is covering, semicovering or generalized covering map, respectively. It is shown that H
is a covering subgroup if and only if it contains an opcen normal subgroup of mep (X, o)
[2,6]. Brazas showed that H is a semicovering subgroup if and only if it is an open subgroup
of 77P(X,x0). He also proved that H is a generalized covering subgroup if and only if
pir : X — X has the unige path lifting property, where pg : Xg — X is the well-known
endpoint projection [3]. Now in this talk, we show that for a connected and locally path
connected space X, a subgroup H of m(X,zo) is a generalized covering subgroup if and

only if (pp),m1 (XH,6H> =H.

2 Notations and Preliminaries

Definition 2.1. A pointed continuous map p : ()2',330) — (X,z0) has UL (unique
lifting) property if for cvery connccted, locally path connected space (Y,yo) and every
continuous map f : (Y,y) — (X, z0) with fimi(Y.v0) C pumi(X,Z0) , there exists a
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unique continuous lifting f with p o f [ and ~(yo) — #. If X is a connected,

locally path connected space and p : X — X is surjective with UL property, then X
is called a generalized covering space for X. A subgroup H < m1(X,x0) is called
a generalized covering subgroup of m(X. xy) if there is a genceralized covering map

p: (X,ﬁ:0> — (X. x9) such that H = p,m((X, Z).

Definition 2.2. A map f : Y — X has UPL (unique path lifting) property if it
has UL property for the closed interval I = [0,1]. A map f:Y — X has urL (only
unique path lifting) property if any two paths «,8 : [0,1] — Y are equal whenever
foa=fopfand a(0) = B(0).

Definition 2.3. Let H be a subgroup of m1 (X, zp) and P (X, z¢) = {«: (I,0) = (X, 20)| @
is a path} be a path space. Then ay ~ a2 mod H if both a; (1) = a9 (1) and [al * 052_1] €
H. Tt is easy to check that this is an equivalence relation on P (X, zp). The equivalence

P(X,Io)

class of a is denoted by (a) ;. Now one can define the quotient space Xy = and

the map py : (Xu,en) — (X,z0) by pr((a)r) = a(1), where ey is the class of constant
path at xzg.

For oo € P(X,zp) and an open neighborhood U of a(1), a continuation of a in U is
a path § € P(X,x) of the form 5 = a *~, where 7(0) = a(1) and y(I) C U. Thus we
can define a sct (U, (o)) = {(B)y € Xg| B is a continuation of o in U}. It is shown
that the subsets (U, () ) as defined above form a basis for a topology on X for which
the function py : (Xg) — X is continuous [7, Theorem 10.31]. Morcover, if X is path
connected, then py is surjective. This topology on X is called the Whisker topology [4].

Some properties of the space X and the map py are as follows: The map py : Xy —
X has the path lifting property. Moreover, every path « in X beginning at xg can be
lifted to a path & in Xy beginning at ey and end at (a)pr [7, Theorem 10.32]. For every
H < m(X,x0) the space Xy is path connected [7, Corollary 10.33].

Brazas [3, theorem 24] showed that a subgroup H < (X, xo) is a generalized covering
subgroup of 71 (X, xo) if and only if py : Xir — X has UPL property.

3 Main results

In the trivial casc H = 1, clearly H < (pg),m1(Xg, ex). Fischer and Zastrow [5] using
this fact found an equivalent condition for UPL property in pe : X, — X. They also
showed that a space X admits a generalized universal covering if and only if pe : X, — X
has UPL' property [5, Lemma 2.8]. Then Brazas extended the result for every generalized
covering subgroup [3, Lemma 21| and showed that for any subgroup H < m (X, o),
H < (pH)*m(XH,eH) [3, corollary 20]. Moreover, he showed that if py : Xy — X has
UPL property, then H = (pg),m1 (XH, er) [3, Lemma 21]. In the following theorem we
investigate the convers of the above result.

Theorem 3.1. For any H < m (X, 20), if (pr),m (Xu,en) < H, then py : Xy — X
has UPL property.

The following corollary is the main result of this talk.

Corollary 3.2. Let H < m(X,x0). Then the end point projection py : Xy — X isa

generalized covering map if and only if (pg),m1 (XH, eH) = H.
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Proof. Brazas showed that I < (pg),m1(Xp,ep) for any subgroup H of m (X, zo) [3,
Corollary 20]. Combining this fact with Theorem 3.1 implies that if (pg),m (X' H,e H) =

H, then py : Xy — X has UPL (unique path lifting) property. The convers holds
using [3, Lemma 21].

Brazas [3, Theorem 15] showed that for any collection of generalized covering subgroups
of m1 (X, xo). the intersection of them is also a generalized covering subgroup. But its proof
is too long and need to use pullbacks. We will give a simple proof using Corollary 3.2.

Corollary 3.3. If{H; | j € J} is any set of generalized covering subgroups of w1 (X. xg),
then H = N;cyH; is a generalized covering subgroup.

Proof. At first, we show that (pm),m (XH,eH) < ﬂ(ij)*ﬂ'l (XHj,eHj) = H
then, use Theorem 3.1 and assume that [o] = [pg oa] = (pu), [a] € (pu),m (XH,eH)

where aI — Xp is a loop in Xy at ey with a(t) = (Be) - We define for every j € J,
oI — XHj by o (t) = <Bt>Hj. It is clear that a; is a loop at ey,, pyoa = py; o a; and
so [pgoal = [ij o&j] = [a] for cvery j € J. Thercefore, (py), < H. Now using Theorem
3.1 the result holds.

For a pointed space (X, zg) we define: 7{°(X,z0) = ({H < m(X,20)|H is a gener-
alized covering subgroup}.

Corollary 3.4. For a pointed space (X, x0), 77" (X, o) is a generalized covering subgroup.
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